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PREFACE. 


THE  present  work  on  Trigonometry  is  intended  first  for 
students  who  are  beginning  the  subject  but  are  hoping  to 
proceed  to  more  advanced  mathematics,  and  secondly  for 
those  who  are  wishing  to  revise  their  study  of  Trigonometry 
and  to  extend  it  beyond  the  limits  of  an  ordinary  elementary 
text-book. 

It  is  in  Trigonometry  that  the  student  is  first  introduced 
to  almost  all  the  principles  which  lie  at  the  foundation 
of  mathematics.  Here  negative  and  (so-called)  imaginary 
symbols  receive  a  use  and  meaning;  symbols  of  quantity, 
of  function,  and  of  operation  are  distinguished  from  one 
another;  ideas  relating  to  limits,  and  to  the  indefinitely 
small  and  indefinitely  great  are  brought  into  prominence ; 
methods  of  approximation  and  errors  of  measurement  are 
recognised ;  and  the  principle  of  continuity  is  made  of  ser- 
vice. With  the  purpose  of  bringing  out  clearly  the  train  of 
reasoning  required  to  establish  and  expound  these  princi- 
ples, it  has  been  thought  desirable  to  make  short  digressions 
into  Geometry,  Algebra,  and  the  Theory  of  Equations. 

A  description  of  the  plan  of  the  work  may  be  given. 
It  is  divided  into  two  parts,  headed,  respectively,  Geo- 
metrical and  Algebraical.  In  the  first,  Geometrical  appli- 
cations and  methods  are  prominent ;  in  the  second,  the 
purely  theoretical  and  analytical  side  is  developed.  The 
first  part  culminates  in  the  properties  of  the  points  and 
circles  connected  with  triangles  and  rectilineal  figures.  A 
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chapter  has  been  introduced  here  on  the  Geometry  of  the 
Triangle  which  is  intended  to  connect  the  purely  geometrical 
with  the  trigonometrical  treatment.  Here  symmetry  and 
completeness  demand  the  introduction  of  the  cosine-circle 
(whose  centre,  the  symmedian  point,  has  the  same  relation 
to  the  centre  of  gravity  that  the  circumcentre  has  to  the 
orthocentre).  The  other  related  points  and  circles  associated 
with  the  names  Lemoine,  Tucker,  Brocard  naturally  follow. 
In  the  treatment  of  this  branch  of  the  subject,  the  writer 
is  mainly  indebted  to  Prof.  Casey's  'Sequel  to  Euclid':  but 
the  theorems  and  proofs  are  arranged  and  formulated  anew, 
and  the  terminology  of  '  Modern '  and  Analytical  Geometry 
is  as  far  as  possible  avoided.  The  useful  term  '  antiparallel ' 
is,  however,  introduced  from  the  above  text-book.  The 
chapter  is  of  course  a  mere  introduction,  which  it  is  hoped 
will  be  useful  for  students  interested  in  the  modern  de- 
velopments of  Geometry. 

The  algebraical  part  deals  with  Logarithms,  the  appli- 
cation of  signs  to  Trigonometry,  developments  of  the  formulae 
for  the  sums  of  angles,  factorisation  and  summation.  All 
the  formulse  are  first  established  in  a  simple  manner  inde- 
pendently of  De  Moivre's  Theorem.  Several  of  the  methods 
of  proof  in  Chapter  xiv.  on  Multiple  Angles  are  new.  The 
treatment  of  infinite  series  is  introduced  by  a  few  compre- 
hensive theorems  on  convergency  of  series,  which  will  prepare 
the  student  for  some  of  the  particular  difficulties  attaching 
to  trigonometrical  series.  A  modification  is  given  of  Euler's 
proof  of  the  Binomial  Theorem,  by  which  it  is  made  to 
depend  directly  on  the  Index  Theorem.  In  this  way  the 
indeterminateness  of  fractional  powers,  which  has  to  be 
noted  in  the  expansions  arising  from  De  Moivre's  Theorem, 
can  be  treated  in  close  connection  with  the  Binomial  Ex- 
pansion. 
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The  introduction  of  imaginaries  (and  of  De  Moivre's 
Theorem)  is  postponed  to  Chapter  XXL,  where  a  careful 
determination  of  the  values  of  expansions  in  the  case  of 
fractional  indices  is  given.  Here  also  an  attempt  is  made 
to  justify  the  use  of  imaginary  indices.  In  the  last  chapter 
an  interpretation  of  V(  — 1)  is  given,  by  which  it  is  hoped 
that  the  transition  has  been  made  easy  from  the  point  of 
view  of  Argand  to  that  of  Hamilton's  quaternions. 

To  students  who  are  reading  the  subject  for  the  first 
time  it  should  be  explained  that  the  chapters  have  been 
arranged  with  a  regard  rather  to  logical  sequence  than  to 
gradation  in  difficulty.  Hence  a  modification  in  the  order 
of  reading  the  book  might  be  useful  to  many  students. 
Thus  Chapter  n.  might  be  postponed  until  Chapter  xix.  is 
reached :  for  the  proofs  in  Chapter  v.  might  be  substituted 
those  in  Chapter  xin.,  and  any  part  of  Part  II.  might  be 
studied  before  Chapters  IX.  and  x.  are  mastered. 

The  Rev.  J.  P.  Taylor,  M.A.,  gave  in  the  Quarterly  Journal 
of  Mathematics,  Vol.  xiu.,  p.  197,  an  extremely  simple  proof 
that  the  nine-points  circle  touches  the  inscribed  and  escribed 
circles.  I  have  ventured  to  introduce  a  proof  on  p.  139  of 
this  theorem,  which  is  in  substance  borrowed  from  the 
above  contribution,  but  has  been  simplified  by  the  omission 
of  any  reference  to  the  method  of  Inversion. 

For  much  time  and  trouble  spent  in  correcting  the  proofs 
I  have  to  express  gratitude  to  my  brother  G.  W.  Johnson, 
M.A.,  late  scholar  of  Trinity  College,  Cambridge,  whose 
careful  accuracy  has  done  much  to  free  the  work  from  errors. 
Corrections  of  such  mistakes  as  remain  and  suggestions  for 
improvement  will  be  gratefully  received. 

CAMBRIDGE, 

March  28,  1889. 
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-CHAPTER  I. 
INTRODUCTION. 

§  1.     THE  TRIGONOMETRICAL  ANGLE. 

1.  IN  ordinary  Geometry,  an  angle  is  entirely  determined  by 
the  relative  position  of  its  two  bounding  straight  lines.  Thus,  it 
is  represented  in  a  figure  by  two  straight  lines  meeting  at  a 
point. 


A  B 

Two  such  angles  are  said  to  be  equal  if  the  pair  of  lines — 
supposed  to  be  rigidly  connected — which  bound  one  angle  may 
be  superposed  exactly  on  the  pair  of  lines  which  bound  the  other 
angle.  Thus,  in  the  accompanying  figure,  the  acute  angles  A  and 
B  are  equal :  and  the  obtuse  angles  C  and  D  are  equal. 

2.  But  in  Trigonometry  we  consider  the  mode  in  which 
an  angle  is  described. 

An  angle  is  described  by  the  revolution  of  a  straight  line 
about  one  of  its  extremities  which  is  fixed. 

Thus,  the  hand  of  a  clock  describes  an  angle  by  revolving  about 
the  centre  of  the  clock-face. 

The  lines  which  bound  a  geometrical  angle  are  those  between 
which  the  revolver  moves  in  describing  the  corresponding  trigo- 
nometrical angle. 

/•-J.  T.  1 
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The  trigonometrical  angle  is  measured  by  the  Amount 
of  Revolution  which  the  revolver  undergoes  in  its  movement 
between  the  two  bounding  lines. 

3.  A  line  which  has  revolved  continuously  from  any  position 
back  to  that  same  position  is  said  to  have  described  a  Complete 
Revolution. 

Thus,  the  minute-hand  of  a  clock  describes  a  complete  revolution  in 
an  hour  :  the  hour-hand  in  12  hours. 

The  quarter  of  a  complete  revolution  is  called  a  quadrant. 
This  angle  is  the  same  as  the  geometrical  right-angle.  In 
describing  a  complete  revolution,  the  Quadrants  are  called  the 
first,  second,  third,  and  fourth,  respectively,  in  the  order  in  which 
the  revolver  passes  through  them. 

4.  To  every  Geometrical  angle  (see  Fig.  of  Art.  1)  there  corre- 
sponds an  indefinite  number  of  Trigonometrical  angles.    For  there 
is  an  indefinite  number  of  ways  by  which  the  revolver  may  be  sup- 
posed to  have  moved  from  the  one  to  the  other  of  the  two  lines 
which  bound  the  Geometrical  angle. 

(1)  The   revolver  may  begin   to  revolve  towards  either 
side  of  one  of  the  bounding  lines  to  reach  the  other. 

(2)  The  revolver  may  describe  any  number  of  complete 
revolutions  before  coming  to  rest. 

Thus,  to  represent  in  a  Figure  the  Trigonometrical  angle, 
we  must  indicate  the  side  of  the  bounding  lines  on  which  the 
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angle  is  formed,  and  the  number  of  complete  revolutions  which 
have  been  described. 

A  part  of  a  small  spiral  terminated  by  the  two  bounding 
lines  may  be  used  to  indicate  the  Amount  of  Revolution. 

Thus,  the  four  acute  angles  in  the  accompanying  figure  are 
geometrically  equal,  but  the  spirals  indicate  in  each  case  different 
amounts  of  revolution. 

Similarly  as  regards  the  four  obtuse  angles. 

The  position  of  the  minute-hand  of  a  clock  gives  us  the  geometrical 
angle  between  its  present  position  and  its  position  at  the  beginning  of 
the  hour.  But  it  is  the  position  of  the  hour-hand  which  tells  us  how 
many  complete  revolutions  the  minute-hand  has  described  since  12 
o'clock.  Thus  the  minute-hand  and  the  hour-hand  combined  give  the 
measure  of  the  trigonometrical  angle  which  the  minute-hand  has  de- 
scribed. The  way  of  revolution  is  of  course  indicated  by  the  order  of 
the  numbers  on  the  circumference  of  the  clock-face. 

5.  Sometimes  it  is  necessary  to  distinguish  between  the  line 
from  which  the  revolver  starts  and  the  line  at  which  the  revolver 
stops  in  describing  any  angle.     The  first  is  called  the  Initial 
Line  and  the  second  the  Final  Line.     The  words  initial  and 

final  thus  refer  to  the  beginning  and  end,  respectively,  of  any 
particular  revolution  considered.  The  letters  /  and  F  will  be 
used  to  indicate  the  initial  and  final  lines  bounding  any  angle. 

6.  From  the  above  it  follows  that,  whereas  every  Geometrical 
angle  is  [properly]  less  than  two  right-angles,  a  Trigonometrical 
angle  may  have  any  magnitude  whatever.     In  fact,  any  Trigo- 
nometrical angle  greater  than  two  right-angles  may  be  regarded 
as   made   up  by  the   summation  of   a  number   of   Geometrical 
angles  each  less  than  two  right-angles.     [Such  an  angle  is  con- 
templated in  Euc.  VI.  33.]     And 

Two  trigonometrical  angles  are  said  to  be  equal,  if  the  geo- 
metrical angles  into  which  the  one  may  be  divided  are  equal,  each 
to  each,  to  those  into  which  the  other  may  be  divided. 

Subdivisions  of  the  Right-angle. 

7.  The   right-angle   is    subdivided   in   two   ways  according 
to  the  following  tables. 

1—2 
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Sexagesimal  method. 

1  Right-angle  =  90  degrees,  written  90° 
1°  i.e.  1  Degree  =60  minutes,  written  60' 
1'  i.e.  1  Minute  =60  seconds,  written  60" 

Centesimal  method. 

1  Bight-angle  =  100  grades,  written  100g 
lg  i.e.  1  Grade  =100  minutes,  written  100V 

r  i.e.  1  Minute         =100  seconds,  written  100* 


8.  The   advantage   of   the  centesimal  method  is  that  it  is 
a  mere  application  of  the  decimal  system  of  notation.     Thus 

2  rt.  L  s  35*  27V  25vv-4  =  2  rt.  L  s  35*  27N-254 
=  2  rt.  L  s  35*-27254 
-2-3527254  of  art.  i. 

Similarly          9*  3N  lvv-73  =  -09030173  of  a  rt.  L  . 

In  reducing  angles  so  expressed  to  decimals  of  a  right-angle, 
we  have  only  to  transform  the  integral  numbers  into  decimals, 
taking  care  to  express  the  units  of  each  kind  as  hundredths  of 
the  next  higher  subdivision. 

9.  Observe  that  a  complete  revolution  =  4  right  angles  =  360°, 
and  that  half  a  complete  revolution  =  2  right  angles  =  1 80°. 

The  student  must  be  careful  to  avoid  confusing  the  three  dif- 
ferent uses  of  the  words  minute  and  second. 

The  English  or  sexagesimal  angular  minute  is  a  sixtieth  of  an  angular 


The  French  or  centesimal  angular  minute  is  a  hundredth  of  an 
angular  grade. 

The  minute  of  Time  is  a  sixtieth  of  an  hour. 
Similarly  as  regards  the  second. 

10.  To  reduce  an  angle  from  the  Sexagesimal  to  the  Centesimal 
measurement. 

Reduce  the  angle  to  the  decimal  of  a  right-angle,  and  mark 
off  the  grades  &c.  as  in  Art.  8. 
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Ex.  17°     11'     22"-98. 

60)22-98  seconds 
60)11-383  minutes 
90)17-189716  degrees 

•190996&51  right-angle 
Answ.     19«     9V     96vv-$5l. 

11.     To   reduce   an  angle  from  the  Centesimal  to   the  Sexa- 
gesimal measurement. 

Mark  off  the  angle  as  a  decimal  of  a  right-angle  as  in  Art.  8, 
and  reduce  to  degrees  &c. 

Ex.  19*     9N     96xv-$5l 

•190996^51(851  &c.)  right-angle 
90 


17-189716(66659  &c.)  degrees 
60 


11-3829(96  &c.)  =  11-383  minutes 
60 


22-98  seconds. 
Answ.     17°     11'     22"-98. 

12.  In  all  tables  of  reference,  records  of   observation   &c. 
angles   are  expressed  in  terms  of   the  sexagesimal  subdivisions 
of   the   right-angle.     The  immense   labour  which  would  be  in- 
volved in  reducing  these  to  the  centesimal  system  has  not  yet 
been   undertaken.     Hence   the   centesimal  subdivisions,  though 
introduced  by  the  French  at  the  beginning  of  the  century,  have 
performed  no  service  except  that  of  supplying  elementary  exer- 
cises in  Reduction  for  the  Trigonometrical  student. 

13.  Angles  which  together  make  up  one  right-angle  are  said 
to   be    Complementary  to  one   another:    and  each   angle  is 
called  the  Complement  of  the  other. 

Thus,  the  pairs  of  angles  30°  and  60°,  47°  13'  29"  and  42°  46'  31"  are 
complementary  pairs.  If  A  denote  any  angle,  90°  -  A  denotes  its 
complement. 
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Angles  which  together  make  up  two  right-angles  are  said  to 
be  Supplementary  to  one  another:  and  each  angle  is  called 
the  Supplement  of  the  other. 

Thus,  the  pairs  of  angles  30°  and  150°,  47°  13'  29"  and  132°  46'  31" 
are  supplementary  pairs.  If  A  denote  any  angle,  180°  -  A  denotes  its 
supplement. 

The  trigonometrical  in  terms  of  the  corresponding  geometrical 
angle. 

14.  Let  I'  01,  K'OK  be  two  lines  at  right-angles  cutting 
in  0. 


Let   a   line   revolve   from    01,    as  initial  position,    towards 
the  perpendicular  OK.     Then,  when  the  revolver 
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is  between  01  and  OK,  it  is  in  the  1st  Quadrant 
when  ......  O^and  01',     .........     2nd     ...... 

when  ......  01'  and  OK',    .........     3rd     ...... 

when  ......  OJTandO/     .........     4th      ...... 


15.  To  find  the  general  expression  for  the  trigonometrical 
angle,  when  the  final  position  of  the  revolving  line  is  given. 

Let  OF  be  the  final  position  of  the  revolving  line  corre- 
sponding to  any  angle. 

1.  Let  OFX  be  in  the  1st  Quadrant. 
Let  the  acute  angle  10  F^  be  A. 

Then,  the  revolving  line  may  have  described  any  number  of 
complete  revolutions,  bringing  it  back  to  01,  before  finally 
resting  at  OF±. 

Hence  the  trigonometrical  angle  IOF1  is  n  .  360°  +  A  where  n 
is  any  whole  (positive)  number. 

2.  Let  OF2  be  in  the  2nd  Quadrant. 

Let  the  acute  angle  I'OF2  be  A. 

Then,  any  number  of  complete  revolutions,  i.e.  n  .  360°,  may 
be  first  described,  bringing  the  revolver  back  to  01. 

Now  IOF2  +  rOF2=l80°:.IOF2=18Q0-rOF2  =  l80°-A. 
Thus  the  trigonometrical  angle  IOF2  is 

n  .  360°  +  180°  -  A  =  (2n  +  1)  180°  -  A. 

3.  Let  OF3  be  in  the  3rd  Quadrant. 
Let  the  acute  angle  I'OFS  be  A, 

Then,  the  revolving  line  may  be  supposed 
first,  to  make  n  complete  revolutions  from  01  back  to  01; 
then,  to  revolve  from  01  to  01',  through  180°; 
and  finally,  to  revolve  from  OT  to  OFS,  through  angle  A. 
Thus,  the  trigonometrical  angle  IOF3  is 

n  .  360°  +  180°  +  A  =  (2n  +  1)  180°  +  A. 
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4.     Let  OF4  be  in  the  Mh  Quadrant. 
Let  the  acute  angle  IOF4  be  A. 
Then,  the  revolving  line  may  be  supposed 
first,   to   make    (n-l)   complete   revolutions   from   01  back 

to  oil 

then,  to  revolve  from  01  to  OT,  through  180°; 
and  finally,  to  revolve  from  OT  to  OF&  through  180°  -  A. 
Thus,  the  trigonometrical  angle  IOF4  is 

(n  -  1)  360°  +  180°  +  180°  -A  =  n.  360°  -A*. 

16.  By  the  last   article,  we  see  that  we  may  express  any 
trigonometrical  angle   in   terms   of   the  geometrical  acute  angle 
which   the  final  position  of   the  revolving  line  makes  with  the 
initial  position  (produced  if  necessary). 

Summing  up  the  results,  when  the  final  line  is  in 

1st  Quad.,  trig,  angle  =  even  multiple  of  180°  +  an  acute  angle. 
2nd  Quad.,  trig,  angle  =  odd  multiple  of  180°  -  an  acute  angle. 
3rd  Quad.,  trig,  angle  =  odd  multiple  of  180°  +  an  acute  angle. 
4th  Quad.,  trig,  angle  =  even  multiple  of  180°  -  an  acute  angle. 

These  results  should  be  carefully  noted  and  remembered  t. 

§  2.     AREAS. 

17.  In  order  to  measure  an  area,  it  is  necessary  to  express 
the   ratio  it  bears  to  some  known  area;   just  as  to  measure  a 
length  or  a  weight,  it  is  necessary  to  express  the  ratio  it  bears  to 
a  known  length  or  weight. 

*  In  these  four  results,  n  is  understood  to  be  0  or  some  positive  integer. 
An  explanation  will  be  given  later  according  to  which  n  may  be  positive  or 
negative. 

t  The  student  should  observe  that  to  speak  of  an  angle  as  being  in 
a  certain  Quadrant  is  misleading:  it  is  the  revolving  line  which  passes 
through  the  several  Quadrants,  and  whose  final  position  in  one  or  other  of 
the  Quadrants  indicates  the  magnitude  of  the  angle. 


AREAS.  9 

18.  To  find  the  area  of  a  rectangle,  when  the  lengths  of  its 
adjacent  sides  are  known. 

Let  A  BCD  be  a  rectangle.  D 

Let  AB  contain  m  parts,  each 
equal  to  AP;  and  let  AD  contain  n 
parts,  each  equal  to  AQ. 

From  the  points  of  division  draw 
lines  parallel  to  the  sides  of  the 
rectangle.  A  P  B 

Then  the  whole  rectangle  A  BCD  is  divided  into  small  rect- 
angles— the  adjacent  sides  of  each  of  these  rectangles  being 
equal  to  AP  and  AQ, 

And  the  number  of  these  rectangles  is  m  x  n. 

Thus, 

rect.  whose  adj.  sides  are  m  times  AP  and  n  times  AQ, 
=  mn  times  rect.  whose  adj.  sides  are  AP  and  AQ. 

19.  In  the  above  proposition,  suppose  that  AP  -AQ.     Then 
the  rectangles,  into  which  ABCD  is  divided,  are  squares. 

Let  AP  or  AQ  be  taken  as  the  unit  of  length.  Then,  the 
measure  of  AB  in  terms  of  this  unit  is  m,  and  the  measure 
of  AD  in  terms  of  this  unit  is  n. 

If  we  take  the  square  on  the  unit  of  length  as  the  unit 
of  area,  then  the  measure  of  ABCD  in  terms  of  this  unit  is  mn. 

Thus,  the  measure  of  the  area  of  a  rectangle  is  equal  to  the 
product  of  the  measures  of  the  lengths  of  its  two  adjacent 
sides. 

20.  The  student  should  observe  that  an  area  is  measured  by 
the  product  of  two  numbers  which  measure  lengths. 

This  is  expressed  by  saying  that  area  is  of  the  second  dimen- 
sion in  length. 

21.  The  conclusion  of  Art.  19  may  be  expressed  more  briefly 
thus  : — 

The  area  of  a  rectangle  =  product  of  the  lengths  of  its  sides. 
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But  arithmetically  we  can  only  multiply  a  quantity  by  an  abstract 
number.  If  we  extend  the  meaning  of  the  term  multiplication  beyond 
that  understood  in  Arithmetic,  we  may  speak  of  physically  multiplying 
one  physical  quantity  by  another,  whenever  the  arithmetical  multipli- 
cation of  the  measures  of  these  quantities  gives  us  the  measure  of  some 
other  physical  quantity  depending  on  these.  It  should  be  clearly 
understood  that  we  are  in  this  case  extending  the  meaning  of  the  word 
multiplication. 

The  area  of  a  triangle. 

22.  By  Euc.  I.  41,  if  a  parallelogram  and  a  triangle  be 
on  the  same  base  and  between  the  same  parallels,  the  parallelo- 
gram is  double  of  the  triangle. 

P  Q  A 


B  LCBCLB  CL 

Now,  let  ABC  be  any  triangle, — acute-angled,  obtuse-angled 
or  right-angled. 

From  the  vertex  A,  draw  AL  perpendicular  to  the  base  BC 
produced  if  necessary. 

If  the  angle  C  is  acute,    L  will  fall  between  B  and  C, 

if     obtuse,  L  will  fall  beyond  C, 

if     right,    L  will  fall  on  C. 

Through  A  draw  PAQ  parallel  to  BC\  and  draw  BP,  CQ 
parallel  to  LA. 

Then,  in  each  case,  the  triangle  ABC  and  the  parallelogram 
PBCQ  are  on  the  same  base  BC,  and  between  the  same  parallels 
BC,  PQ, 

.'.  the  A  ABC  is  £  the  parallelogram  PBCQ. 
But  the  rectangle  PBCQ  is  measured  by  the  product  of  the 
measures  of  BC  and  BP-}  i.e.  of  BC  and  AL, 

:.  the  A  ABC  =  J  the  product  BC,  AL 
=  \  (base  x  altitude). 
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23.  The  student  should  compare  the  algebraical  and  the  geometri- 
cal uses  of  the  word  square.     In  Geometry  a  square  is  a  figure  of  a 
certain  shape.  -  In  Algebra,  a  square  is  a  product  of  two  equal  numbers. 
Now,  by  Art.  19,  the  measure  of  the  area  of  a  square = the  product  of 
the  two  equal  measures  of  its  adjacent  sides.     It  might  be  supposed 
that  this  explains  the  identity  of  names  in  Algebra  and  Geometry. 
But  this  is  only  a  partial  explanation.     In  the  above  article,  we  had 
arbitrarily  taken  a  square  as  our  unit  of  area.     If  we  had  taken  some 
other  figure  as  unit  of  area,  a  figure  of  a  corresponding  shape  would 
have  been  represented  by  the  product  of  two  equal  numbers.     If,  e.  g., 
the  unit  of  area  had  been  a  triangle  whose  base  and  altitude  were  equal, 
then  any  other  triangle  whose  base  and  altitude  were  equal  would  have 
been  measured  by  the  product  of  two  equal  numbers  [and  any  triangle 
would  be  the  product,  (instead  of  \  the  product,)  of  its  base  and  alti- 
tude].    It  is,  thus,  purely  arbitrary,  but  (as  the  student  may  see  on 
reflection)  highly  convenient,  to  choose  a  square  as  the  unit  of  area. 
Whatever  unit  of  area  had  been  chosen,  any  other  area  would  have  been 

proportional  to  the  product  of  two  lengths.  This  is  equivalent  to  Euclid's 
statement  that  "  Similar  rectilineal  figures  are  to  one  another  in  the 
duplicate  ratio  of  their  homologous  sides." 

24.  The  area   of   any  rectilineal   figure  may  be  found  by 
dividing  it  into  triangles  :  and  applying  the  formula, 

triangle  =  J  (base  x  altitude). 

25.  Since 

triangle  =  J  (base  x  altitude), 
.'.  triangles  of  equal  altitudes  are  to  one  another  as  their  bases. 

This  is  Prop.  1  of  Euc.  Book  VI.  The  student,  who  has  not 
read  Book  VI.  is  advised,  here,  to  read  and  learn  Props.  2,  4,  5, 
6  and  7  of  that  book.  These  props,  are  necessary  for  a  great 
deal  of  what  follows. 


§  3.    MISCELLANEOUS  PROPOSITIONS. 
Equality  in  all  respects  of  two  triangles. 

26.  In  Euc.  I.  (4,  8,  26)  is  proved  the  equality  in  all 
respects  of  two  triangles,  three  elements  of  which  in  each  case 
are  given  equal.  Euclid  omits  one  case,  which  may  be  now 
considered. 
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Let  ABC,  DEF  be  two  triangles,  having  the  two  sides  AB, 
AC  equal  to  the  two  sides  DE,  DF,  each  to  each;  and  likewise 
the  angle  ABC,  opposite  to  AC,  equal  to  the  angle  DEF,  opposite 
to  DF.  The  angles  ACB,  DFE  opposite  the  other  equal  sides 
AB,  DE  shall  be  either  equal  or  supplementary. 

(i)  If  EF  and  BC  are  equal,  then,  by  Euc.  I.  4,  the  triangles 
ABC,  DEF  are  equal  in  all  respects.  But  (ii)  if  not,  one  of 
them  must  be  the  greater.  Let  EF  be  the  greater.  Produce 
BC  to  C',  so  that  BC'  =  EF,  join  C'A.  Then,  by  Euc.  I.  4,  the 
triangles  ABC',  DEF  are  equal  in  all  respects. 

But  •.-  AC  =  AC',  /.   L  ACC'=  L  AC'C.     [Euc.  I.  5.] 

And  the  angles  ACB,  ACC'  are  supplementary, 

.'.  the  angles  AC B,  AC'C  are  supplementary, 

i.e.  the  angles  ACB,  DFE  are  supplementary, 

.'.in  case  (i)  ACB,  DFE  are  equal, 

and  in  case  (ii)  ACB,  DFE  are  supplementary.     Q.E.D. 

Cor.  1.  Since  of  two  supplementary  angles,  not  equal  to  one 
another,  one  must  be  acute  and  the  other  obtuse,  therefore  if,  in 
the  above  proposition,  we  know 

either  that  both  the  angles  ACB,  DFE  are  acute, 
or     that  both  the  angles  A  CB,  DFE  are  obtuse, 
or     that  one  of  the  angles  ACB,  DFE  is  right, 
then  it  follows    that  ACB,  DFE  are  necessarily  equal  without 
any  other  alternative. 

Cor.  2.  If  AC  is  equal  to  or  greater  than  AB,  then  L  ABC 
is  equal  to  or  greater  than  L  ACB. 
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But  two.  angles  of  a  triangle  are  together  less  than  two 
right- angles,  therefore  z  ACB  is  acute. 

Similarly  DF  being  equal  to  AC,  and  DE  to  A£,  the  angle 
DFE  is  acute. 

This  brings  us  to  Cor.  1,  showing  that  the  angles  AC£,  DFE 
are  necessarily  equal. 

27.  The  proposition  of   the  last  article  is  called  The  Am- 
biguous Case  of  the  equality  of  two  triangles.     The  ambiguity  is 
removed  by  the  corollaries.     Further  consideration  of  the  matter 
is  postponed  to  the  chapter  on  Solution  of  Triangles. 

28.  We  see  from  Art.  26,  that  there  are  four  cases  in  which 
the  exact  equality  of  two  triangles  may  be  shown.     But  the  last 
case  is  Ambiguous. 

In  each  case,  a  side  is  given  equal. 

The  three  elements  given  equal  are  in 

Case  I.     Two  angles  and  a  side.     Euc.  I.  26. 

Case  II.     Three  sides.    Euc.  I.  8. 

Case  III.  Two  sides  and  the  angle  included  by  them.  Euc. 
I.  4. 

Case  IV.  Two  sides  and  the  angle  opposite  one  of  them. 
Art.  27. 

These  four  cases  correspond,  respectively,  to  the  four  propo- 
sitions 4,  5,  6,  7  of  Book  VI.  in  which  the  similarity  of  two 
triangles  is  shown. 

Case  I.     Two  angles  given  equal.     Euc.  VI.  4. 

Case  II.     Three  sides  given  proportional.     Euc.  VI.  5. 

Case  III.  Two  sides  given  proportional,  and  the  angle  in- 
cluded by  them  given  equal.  Euc.  VI.  6. 

Case  IV.  Two  sides  given  proportional,  and  the  angle  opposite 
one  of  them  given  equal.  Euc.  VI.  7. 

29.  By  Euclid  I.  32,  the  angles  of  a  triangle  are  together 
equal  to  two  right-angles. 
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But  1  right-angle   =90  degrees  or  90°, 
.'.    2  right-angles  =  180  degrees  or  180°, 
.*.   the  angles  of  a  triangle  are  together  equal  to  180°. 

Example.     The  angles  of  a  triangle  are  as  2  :  3  :  4.     Find  them. 

We  have  to  divide  180°  into  3  parts,  which  are  in  the  proportion 
:  3  :  4. 


The  required  parts  are 
2 


(1) 
(2) 
(3) 


180°=  I 


180°  = 


2  +  3  +  4 

4 

2  +  3  +  4 


=     °f 


of  180°  =      of  180°  =  80°. 


30.  By  Euclid  I.  47,  the  square  on  the  hypothenuse  of  a 
right-angle  is  equal  to  the  sum  of  the  squares  on  the  two  sides 
containing  the  right-angle. 

Let  ABC  be  a  right-angled  tri- 
angle, right-angle  at  A. 

If  a,  b,  c  are  the  measures  of  the 
b     sides   opposite   to   A,  JB}  C,  respec- 
tively; then  a2,  62,  c2  are   the  mea- 
sures of  the  squares  on  these  sides, 
respectively, 


By  this  equation,  we  can  find  any  one  side  of  a  right-angled 
triangle  when  the  other  two  are  given. 

Example  1.     The  sides  of  a  right-angled  triangle  are  5ft.  and  12  ft. 
respectively,  find  the  hypothenuse. 

Take  a  foot  as  the  unit  of  length. 

Then  5  and  12  are  the  measures  of  the  two  sides. 

/.  (measure  of  hypothenuse)2  =  52  +  122=  25  +  144  =  169, 

.'.  measure  of  hypothenuse  =N/169  =  13, 

/.  hypothenuse  =13  ft. 
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Example  2      The  hypotenuse  and  base  of  a  right-angled  triangle  are 
2  ft.  5  in.  and  1  ft.  9  in.  respectively.     Find  the  altitude. 

Take  an  inch  as  unit  of  length.     Let  x  measure  altitude.     Then  we 
have, 


.'.  #2  =  292  -  212=841-441  =400, 

/.  #=20, 

.  •.  altitude  =  20  in.  =  1  ft.  8  in. 


EXAMPLES  I. 

1.  Express  in  grades,   minutes  and    seconds  the  following 
decimals  of  a  right-angle. 

(1)    -000003,  (2)    -0025,  (3)    -04,  (4)    -356, 

(5)    1-888,         (6)   234-25789,         (7)    52-04065042003. 

2.  Express  the  above  angles  in  degrees,  minutes,  seconds. 

3.  Express  as  decimals  of  a  right-angle  :  — 

(1)  4V\  (2)  70\  (3)  -04*,  (4)  5"  2V  45VV,  (5)  26*  46' 
35VN-62,  (6)  32"-4,  (7)  3"  -24,  (8)  0"-324,  (9)  11°  4'  12", 
(10)  31°  3',  (11)  61°  1'  12". 

4.  Express  in  the  centesimal  method  :  — 

(1)    1°  8'  8"-8,         (2)    3°  4'  7"-2,          (3)   61°  1'  12". 

5.  Express  in  the  sexagesimal  method  :  — 

(1)    3*  33V  33vv-3,         (2)    45«  5^  3^         (3)  ^  8N  79N\ 

6.  Show  that  the  number  of  degrees  contained  in  any  angle 
is  ^  of  the  number  of  grades  contained  in  the  same  angle. 

7.  If  an  angle  is  expressed  as  a  decimal  of  a  degree,  show 
that  it  may  be  expressed  as  a  decimal  of  a  grade  by  removing 
the  decimal  point  one  place  to  the  right  and  dividing  by  9. 

8.  If  an  angle  is  expressed  as  a  decimal  of  a  grade,  show 
that  it  may  be  expressed  as  a  decimal  of  a  degree  by  subtracting 
from  the  given  decimal  the  decimal  formed  from  it  by  removing 
the  point  one  place  to  the  left. 
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9.  The  angles  of  a  triangle  are  in  arithmetical  progression, 
and  the  greatest  of  them  is  §  of  the  least.     Find  them. 

10.  The  number  of  degrees  in  an  angle  is  to  the  number  of 
grades  in  its  complement  as  3  is  to  5.     Find  the  angle. 

11.  A,  B,  C  are  the  three  angles  of  a  triangle.     The  number 
of  degrees  in  A  is  equal  to  the  number  of  grades  in  B  and  to  the 
product  of   the  number  of   degrees  and  of   grades  in  C.     Find 
A,  B,  C. 

12.  The  side  AB  of  a  triangle  ABC  is  produced  to  D,  and 
AE  is  drawn  making  an  angle  with  AC  equal  to  BCA  which  is 
less  than  BAG.     The  angle  CBD  is  112°  11'  44";  and  the  angle 
EAB  is  67°  48'  16".     Find  the  angles  of  the  triangle  ABC. 

13.  What  trigonometrical  angles  has  the  minute  hand  of  a 
clock  described  since  midnight  at  3.15  a.m.,  at  7.40  p.m.,  and  at 
9.10  a.m.,  respectively? 

14.  ABCD  is  a  square,  AC  and  BD  are  its  diagonals.     Find 
the  general  expressions  for  the  trigonometrical  angles  bounded 
by  the  lines  * 

(1)     AB  and  AC,  (2)  AB  produced  and  BD. 

15.  Find  in  degrees  the  angles  of 

(1)  an  equilateral  triangle,  (2)  a  regular  hexagon,  (3)  a 
regular  pentagon,  (4)  a  regular  dodecagon,  (5)  a  regular  quinde- 
cagon. 

16.  Find    the    hypothenuse   of    the   right-angled   triangles 
whose  sides  are  respectively, 

(1)  3  ft.  and  4  ft.  (2)  2  ft.  9  in.  and  4  ft.  8  in.  (3)  4  ft. 
and  4  ft.  7  in. 

17.  Find  the  third  side  of  the  right-angled  triangles  whose 
hypothenuse  and  other  side  are,  respectively, 

(1)  26  in.  and  10  in.  (2)  4  ft.  5  in.  and  2  ft.  4  in.  (3)  7  ft. 
1  in.  and  3  ft. 

18.  The  sides  of  a  right-angled  triangle  are  a?  —  b2  and  2ab 
respectively.     Find  the  hypothenuse. 
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19.  OA   is  a  line  of   any  length.     AB  is  perpendicular  to 
OA,  EC  to  OB,  CD  to  OC,  DE  to  OD  &c.,  and 

AB  =  BC=CD  =  DE  =  &c.  -  OA. 

Find  the  lengths  of   the  lines  OB,  OC,   OD,  OE  &c.  in  terms 
of  OA. 

20.  Show  in  the  method  of  Euclid,  Book  I.,  that 

(1)  Two  triangles,  which  are  equal  in  area  and  have  a  side 
and  adjacent  angle  of  one  equal  to  a  side  and  adjacent  angle  of 
the  other,  are  equal  in  all  respects. 

(2)  Two  triangles,  which  are  equal  in  area  and  have  two 
angles  of  the  one  equal  to  two  angles  of  the  other,  each  to  each, 
are  equal  in  all  respects. 

(3)  Two  triangles,  which  are  equal  in  area  and  have  a  side 
and  opposite  angle  of   one  equal  to  a  side  and  opposite  angle 
of  the  other,  are  equal  in  all  respects. 

(4)  If   two   triangles,  which   are  equal  in  area,  have  two 
sides  of  the  one  equal  to  two  sides  of  the  other,  each  to  each, 
then  the  angle  contained  by  the  two  sides  of  the  one  is  equal  or 
supplementary  to  the  angle  contained  by  the  two  sides  of  the 
other. 


J.  T. 


CHAPTER  II. 
THE  ANGLE  AND   THE   CIRCLE. 

§  1.     ON  MEASUREMENT. 

31.  Two  quantities  are  said  to  be  homogeneous  or  com- 
parable, when  one  is  either  equal  to,  less  than,  or  greater  than 
the  other. 

Thus,  an  inch  and  a  mile — a  degree  and  a  grade — a  triangle  and  a 
square — are  pairs  of  quantities  which  are  comparable  in  magnitude. 
But  a  line  and  an  angle — a  line  and  an  area — an  angle  and  an  area — 
are  pairs  of  quantities  incomparable  in  magnitude. 

Two  homogeneous  quantities  are  said  to  be  commensurate, 
when  the  multiplication  of  the  smaller  by  some  finite  number 
gives  a  quantity  greater  than  the  greater. 

Thus,  an  inch  and  a  mile  are  commensurate  ;  but  the  space  occupied 
by  an  atom  and  that  occupied  by  the  Solar  System  are  practically  in- 
commensurate. 

Two  homogeneous  commensurate  quantities  are  said  to  be 
commensurable,  when  both  are  exact  multiples  of  some 
common  quantity  commensurate  with  each. 

Thus,  3|  inches  and  17^  inches  are  commensurable;  for  3^  inches 
=  21  sixths-of-an-inch  and  1*7J  inches  =  104  sixths-of-an-inch.  Also 
3V2  inches  and  5>/2  inches  are  commensurable.  But  1  inch  and 
^/2  inches  are  incommensurable :  for,  since  there  is  no  fraction  with 
integral  numerator  and  denominator  exactly  equal  to  ^2,  1  inch  cannot 
be  divided  into  any  finite  number  of*  parts  such  that  a  number  of  those 
parts  shall  exactly  equal  ^2,  inches*. 

*  The  distinction  between  commensurable  and  incommensurable  is  purely 
theoretical.  Practically  we  cannot  compare  the  measures  of  two  quantities 
exactly ;  hence  we  can  never  determine  whether  they  are  really  commen- 
surable or  not. 
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32.  The  definitions  of  the  last  article  are  equivalent  to  the 
following : 

Two  quantities  are  comparable,  when  the  one  has  some  ratio 
to  the  other :  they  are  commensurate,  when  the  ratio  of  either  to 
the  other  is  finite  :  they  are  commensurable,  when  their  ratio  is 
measured  by  a  fraction  with  finite  integral  numerator  and 
denominator. 

33.  A  quantity  of  any  kind  is  measured  by  assigning  the 
ratio  it  bears  to  some  known  quantity  of  the  same  kind  called 
the  unit. 

Thus  we  measure  lengths  by  assigning  their  ratio  to  (say)  a  foot ; 
we  measure  angles  by  assigning  their  ratio  to  (say)  a  right  angle. 

The  ratio  of  the  given  quantity  to  the  unit  is  called  the 
abstract  or  numerical  measure  of  the  quantity ;  or  sometimes, 
more  shortly,  the  measure  of  the  quantity. 

34.  An  accurate  measurement  of  any  quantity  is  practically 
impossible. 

Suppose  that  we  know  that  a  magnitude  lies  between  m  —  1 
units  and  m  +  1  units.  Then  the  error  involved  in  taking  m 
units  for  the  true  value  is  less  than  1  unit.  We  should,  therefore, 
say  that  to  within  1  unit  its  measure  is  m  units. 

If  another  magnitude  has  to  be  found  by  multiplying  the 
above  by  any  number  k,  this  second  magnitude  lies  between 
km-k  units  and  km  +  k  units.  The  error  involved  in  taking 
km  units  for  the  true  value  is  less  than  k  units.  We  should, 
therefore,  say  that  to  within  k  units  its  measure  is  km  units. 

Therefore,  the  possible  error  in  assigning  the  measure  of  a 
magnitude  by  multiplying  the  measure  of  another  magnitude  by 
k  is  increased  Mold.  The  ratio  of  the  possible  error  to  the  whole 

measure  is  as  before,  viz.  — . 
m 

If  now  the  number  k  is  fractional  and  we  wish  to  find  an 
integral  number  of  units  in  our  product,  we  need  not  calculate 

2—2 
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k  more  closely  than  to  within  —    of  unity.      For,   by  the    same 

reasoning  as  above,  provided  the  error  in  k  is  less  than  — ,  the 
error  in  mk  will  be  less  than  1. 

Example  1.  The  side  of  a  square  is,  to  within  an  inch,  57  yd. 
2  ft.  3  in.  Find  the  diagonal  and  assign  the  accuracy  of  the  result. 

57yd.  2ft.  3  in.  =  2079  in. 
.-.,  by  Euc.  I.  47,  (diagonal)2 =(2079  in.)2 +  (2079  in.)2 

=  2x(2079)2  sq.  in. 
.-.  diagonal =V2  x  2079  in. 

Now  ^2  =  1*4142  &c.  This  differs  from  1-414  by  less  than  -0003, 
i.e.  less  than  ^Vo- 

.-.  in  finding  an  integral  number  of  inches  in  the  diagonal,  we  may 
use  1-414  for  v/2. 

.-.  diagonal = 1-414  x  2079  in.  =  2939706  in. 
=  2940  in.  or  81  yd.  2  ft.  nearly. 

Since  the  original  possible  error  was  1  inch,  the  possible  error  in  the 
result  is  ^2  inches,  i.e.  about  1^  in. 

Example  2.  The  ratio  of  the  circumference  to  the  diameter  of 
a  circle  being  3'14159  &c.,  find  the  circumference  of  a  circle  whose 
diameter  is,  to  within  an  inch,  13  yd.  8  in. 

13yd.  8  in.  =  476  in. 

Now  3-14159  &c.  differs  from  3£  by  less  than  -002  or  ^, 

.-.  in  finding  an  integral  number  of  inches  in  the  circumference  we 
may  use  3^  instead  of  3'141  &c. 

.-.  circumference  =  572-  of  476  in.  =  41  yd.  1  ft.  8  in. 
The  result  is  correct  to  within  about  3  inches. 

Fundamental  Proposition  on  Incommensurables. 

35.  Let  there  be  two  quantities  which  vary  together,  in  such 
a  way  that  to  any  value  of  one  there  corresponds  a  value  of  the 
other,  and  that  when  either  increases  the  other  increases.  Then, 
if  the  ratio  of  any  two  commensurable  values  of  the  one  is  equal 
to  the  ratio  of  the  two  corresponding  values  of  the  other,  the 
same  will  hold  for  all  pairs  of  values  whether  commensurable  or 
incommensurable. 
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Let  x  and  y  represent  the  two  varying  quantities.  Let  sub- 
script numbers  indicate  particular  values,  the  same  subscript 
number  being  used  for  corresponding  values. 

We  have  to  show  that 


where  x1  and  xz  are  incommensurable  values  of  x. 

If  possible,  let  a^  :  x2  =  yl  :  y3  (1) 

where  2/3  >  yz  and  .  •.  x3  >  a;2. 

Suppose  #!  to  be  divided  into  a  number  m  of  parts,  each  equal 
to  a,  where  a  <  x3  —  x2. 

Then,  if  na  is  the  largest  multiple  of  a  less  than  xs, 

na  <  #3  but  na  >  #2. 

Call  na,  x4:  then,  since  #4<£C3,  .'.  2/4<2/3. 
Again,  since  a^  and  x4  (viz.  ma  and  na)  are  commensurable, 
.'.  Xj.  :x4  =  yl  :y4  (2). 

Comparing  (1)  and  (2), 
since  x4  >  x.2  .'.  y4  >  y%  . 

But  y4  has  been  shown  to  be  <y3.  Which  is  impossible. 
.'.  ojj  :  a2  is  not  unequal  to  2/1  •  y%  i.e.  it  is  equal  to  it.  Q.E.D. 

§  2.     THE  ANGLE  AND  THE  CIRCLE. 

36.  A  circle  may  be  described  by  the  revolution  in  a  plane 
of  a  straight  line  about  one  of  its  extremities  which  remains 
fixed. 

The  fixed  extremity  is  called  the  centre;  the  moving  extremity 
traces  out  the  circumference. 

Any  part  of  the  circumference  is  called  an  arc;  and  any  part 
of  the  area,  traversed  by  the  revolving  radius,  is  called  a  sector. 

Now  the  length  of  the  arc  and  the  area  of  the  sector  clearly 
depend  on  two  elements,  viz.  (1)  The  length  of  the  revolving 
radius.  (2)  The  amount  of  revolution  described. 
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Hence  we  see  how  naturally  a  circle  is  connected  with  an 
angle  as  described  in  the  first  chapter. 

The  two  fundamental  propositions  connecting  angle,  arc,  and 
radius  will  now  be  proved.  The  first  proposition  is  proved  in  a 
manner  intended  to  show  the  connexion  between  Euclid's  method 
of  treating  proportionals  and  the  algebraical  method. 

37.  In  circles  of  equal  radii,  arcs  which  subtend  unequal 
angles  are  to  one  another  as  the  angles. 


Let  the  arcs  AB,  A'E'  of  circles  whose  radii  OA,  O'A'  are 
equal,  subtend  angles  AOB,  A'O'B'  at  the  centres  0,  0'  respec- 
tively. Then 

arc  AB  :  arc  A'B'  shall  equal  angle  AOB  :  angle  A'O'B'. 

If  not,  let  the  fractions  which  measure  these  ratios  be  unequal  : 
and  suppose  that  pjq  is  a  fraction  lying  between  them,  so  that  (say) 
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axcAB      p  angle  AOB       p 

.    arc  A'B'  <  q   C        angle  A'O'B'  >  q  ' 
Then   q  .  arc  AB  <  p  .  arc  A'B' 

and   q  .  angle  AOB  >  p  .  angle  A'O'B'. 

At  0  describe  q  angles  (including  AOB}  each  equal  to  AOB, 
and  at  0'  describe  p  angles  (including  A'O'B'}  each  equal  to  A'O'B'. 
Then,  the  whole  angle  AOQ  =  q.  angle  AOB ; 
and  the  whole  angle  A'0'P'  =  p .  angle  A'O'B', 

:.  whole  angle  AOQ  >  whole  angle  ^'O'P7. 
Again,  by  Euc.  III.  26,  the  arcs  AB,  EC  &c.  which  subtend 
equal  angles  are  equal  to  one  another. 

.'.  the  whole  arc  AQ  =  q  .  arc  AB, 
and  the  whole  arc  A'P  =p  .  arc  A'B', 
.'.  whole  arc  AQ  <  whole  arc  A' P. 

But  again,  by  Euc.  III.  26,  since  the  radii  OA,  O'A'  are  equal, 
and  since  angle  AOQ>  angle  A'O' /", 

.'.  arc  AQ  >  arc  .4'P'.     Which  is  absurd. 
.'.  arc  AB  :  arc  .4 '.5'  =  angled 0,5  :  angle  A'O'B'.     Q.E.D. 
Or  the  proposition  may  be  proved  as  follows : 

Using  the   same   figure,  but   considering   the   angles   AOB, 
A'O'E  to  be  equal)  it  follows  at  once  from  Euc.  III.  26,  that 

arc  AQ  :  arc  A'P  =  angle  AOQ   :  angle  A'O'P 
i.e.  the  ratio  of   any  two  commensurable,  values   of   the   arc  is 
equal  to  the  ratio  of  the  corresponding  values  of  the  angle, 
.'. ,  by  Art.  35,  the  same  holds  for  all  values. 

38.     In   circles  of  unequal    radii,  arcs  which  subtend  equal 
angles  are  to  one  another  as  the  radii. 

Let  the  arcs  AZ,  az  subtend  equal  angles  at  the  centres  0,  o 
respectively.     Then 

arc  AZ  :  arc  az  shall  equal  radius  OA  :  radius  oa. 

Within  angle  AOZ,  draw  any  number  of  radii  OB,  OC...OY: 
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and  at  o,  make  the  angles  aob,  boc...xoy  equal  to  AOB,  BOG,  ... 
XOY,  respectively.     Then 


Y  whole  angle  AOZ  =  whole  angle  aoz, 
.'.  remaining  angle  YOZ  =  remaining  angle  yoz. 
^g,  BC...YZ;  ab,  bc...yz. 
Then  •/  AO  :  B0  =  ao  :  bo,    and  /  AOB  =  /.  aob, 

.'.    A  AOB  is  similar  to  A  aob.  [Euc.  VI.  6. 

/.  AB  :  ab  =  AO  :  ao. 

Similarly  BG  :  be  =  BO  :  bo  =  AO  :  ao, 

and  CD  :  cd=  CO  :  co  =  AO  :  ao. 


.'.  AB  +  BC  +  CD  + :  ab  +  bc  +  cd+ =  AO  :  ao. 

Now,  as  we  increase  the  number  of  divisions  of  the  arcs  AZ, 
az,  the  rectilinear  boundaries  evidently  approximate  more  and 
more  closely  to  the  arcs. 

Hence  ultimately  we  may  assume  that 

AB  +  BC  +  CD  + =  arc  AZ; 

and  ab  +  bc  +  cd+  — , .  =  arc  az. 

.'.  arc  AZ  :  arc  az  =  radius  OA  :  radius  oa*.          Q.E.D. 

39.     The  above  proposition  is  of  the  highest  importance. 
*  A  stricter  proof  of  this  proposition  will  be  given  later. 
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Since  arc  and  radius  are  both  lengths,  we  may  interchange 
the  second  and  third  terms  of  the  proportion,  and  write 

arc  AZ  :  radius  OA  =  arc  az  :  radius  oa, 
when  the  angle  AOZ  =  angle  aoz. 

In  other  words,  the  ratio  arc  to  radius  is  constant  for  the 
same  angle  described  at  the  centre  of  a  circle. 

40.  PROP.  I.     The  ratio  of  the  circumference  to  the  diameter 
of  a  circle  is  the  same  for  all  circles. 

For,  in  the  last  article,  suppose  the  angles  A  OZ,  aoz  to  be  each 
four  right-angles.  Now  the  arc  subtended  by  four  right-angles, 
i.e.  by  a  complete  revolution,  is  the  whole  circumference.  Hence, 

circumference  AZ  :  radius  OA  =  circumference  az  :  radius  oa. 
.'.  circumference   AZ  :  diameter  2  .  OA 

=  circumference  az  :  diameter  2  .  oa. 

i.e.  the  ratio  of  the  circumference  to  the  diameter  in  any  one 
circle  is  equal  to  the  ratio  of  the  circumference  to  the  diameter 
in  any  other  circle.  Q.E.D. 

PROP.  II.  The  angle  which,  at  the  centre  of  a  circle,  subtends 
an  arc  equal  to  the  radius,  is  the  same  in  magnitude  for  all  circles. 

For,  in  the  last  article,  suppose  the  arc  AZ  to  have  been 
measured  equal  to  the  radius  OA,  and  the  angle  aoz  to  be  still 
equal  to  the  angle  AOZ.  Then,  since 

arc  AZ  :  radius  OA  =  arc  az  :  radius  oa. 

.'.  arc  az  is  also  equal  to  radius  oa. 

Thus,  the  angle,  which,  at  the  centre  of  any  one  circle,  is 
subtended  by  an  arc  equal  to  the  radius,  is  equal  to  the  angle, 
which  at  the  centre  of  any  other  circle,  is  subtended  by  an  arc 
equal  to  the  radius.  Q.E.D. 

41.  From  the  above  two  propositions,  follow  two  definitions. 
1.     The  ratio  of  the  circumference  to  the  diameter  of  any 

circle  is  called  TT*. 

*  The  Greek  for  circumference  is  7re/>t0e/>eta,  of  which  TT  is  the  initial 
letter. 
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2.  The  angle,  at  the  centre  of  any  circle,  subtended  by 
an  arc  equal  to  the  radius  of  the  circle,  is  called  a  Radian. 

The  student  must  particularly  observe  that,  since  TT  is  the 
ratio  of  one  length  to  another  length,  TT  is  an  abstract  number: 
and  since  the  ratio  of  the  circumference  to  the  diameter  is  con- 
stant, TT  is  of  constant  magnitude. 

Also,  since  the  angle,  which  at  the  centre  of  a  circle  subtends 
an  arc  equal  to  the  radius,  is  constant  in  magnitude,  therefore  the 
radian  is  an  angle  of  fixed  magnitude. 

circumference          .  .    _ 

42.     Since  -•-,.-  = -TT.  in  any  circle, 

diameter 


.'.  circumference  =  TT  .  diameter  =  2-rr .  radius. 


43. 


To  show  that  TT  is  somewhat  greater  than  3. 

Let  six  angles  AOB,  BOG 
&c.  each  equal  to  J  of  4 
right-angles,  i.e.  J  of  2  right- 
angles,  be  placed  round  the 
centre  of  the  circle.  Join  AB, 
BC  &c. 


Then  the  three  angles  AOB, 
OB  A,  OAB  being  together 
equal  to  2  right-angles,  and  the 
angle  AOB  being  J  of  2  right- 
angles,  the  angles  OB  A,  OAB 
are  together  equal  to  §  of  2  right-angles.  And  OA  =  OB, 

.'.  each  of  the  angles  OBA,  OAB  is  |  of  2  right-angles, 
.'.  the  triangle  OAB  is  equilateral, 

.'.  each  side  of  the  hexagon  ABCDEF  equals  the  radius, 
.'.  perimeter  of  the  hexagon  =  6  times  the  radius, 

=  3  times  the  diameter, 

.'.  circumference  of  the  circle  is  somewhat  larger  than  3  times 
the  diameter:  or  ratio  of  circumference  to  diameter  is  somewhat 
greater  than  3. 
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44.  To  show  that   the  radian  is  somewhat  smaller  than  the 
angle  of  an  equilateral  triangle. 

Suppose   the  arc  AR   to  be  measured  equal   to   the  radius 
OA,  so  that  the  angle  AOR  is  the  radian. 

Then,  the  figure  AOR  is  a  curvilinear  equilateral  triangle. 

If  the  curved  side  AR  is  bent 
into  the  straight  line  AJ3,  we 
have  a  rectilinear  equilateral 
triangle,  showing  that  the  radian 
angle  AOR  is  somewhat  smaller 
than  the  angle  AOB  of  an  equi- 
lateral triangle.  Thus  the  radian 
is  somewhat  less  than  60°. 

45.  To  find  the  relation  be- 
tween the  radian  and  the  right- 
angle. 

Since  angles  at  the  centre  of  a  circle  are  to  one  another  as  the 
arcs  which  they  subtend, 

.  two  right-angles      arc  subtended  by  two  right-angles 
one  radian  arc  subtended  by  radian 

semi-circumference      circumference 


arc  equal  to  radius 

.'.  2  right-angles  =  TT  radians. 


diameter 


46.     The  result  of  the  preceding  art.  must  not  be  forgotten. 
Since  TT  radians  =  2  right-angles, 

2  right-angles 
. .  1  radian        = — 


Now  TT  is  somewhat  greater  than  3,  hence  the  radian  is  some- 
what smaller  than   ^  ^ — ,  i.e.    somewhat  smaller  than 

o 

the  angle  of  an  equilateral  triangle,  as  we  have  shown. 
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47.  We  have  shown  that  TT  is  somewhat  greater  than  3. 
Its  value  cannot  be  exactly  expressed  by  any  fraction  having 
a  finite  numerator  and  denominator.  In  other  words  the  circum- 
ference and  diameter  of  a  circle  are  incommensurable. 

The  value  of  TT  as  far  as  the  first  8  decimal  places  is 
3-14159265... 

Thus,  if  we  use  this  value  for  TT  in  determining  the  circum- 
ference of  a  circle  from  its  diameter,  our  error  will  be  less  than 
one  hundred  millionth  of  the  diameter.  The  student  is  advised 
to  remember  that  TT  =  3-14159  approximately. 

2  right-angles      180° 
Hence  1  radian  =  -  -  -  -  —  =  - 


7T 


2C5 


=  57-29577951. 


Example  1.     Show  that  as  far  as  two  places  of  decimals 

22        1 


0 
Hence,  =  3. 


Example  2.     Show  that,  correctly  to  one  millionth,  TT  =  -=-^5. 

1  lo 

Dividing  355  by  113,  the  quotient  is  3*1415929  &c. 

Example  3.     Find  the  number  of  radians  in  15°. 
We  have  180° =77  radians, 

'*'  15°=  ^  °f  18°° =  1%  radians  =  '261799  radians. 

Example  4.     Find  the  number  of  degrees  in  11  radians. 
We  have  TT  radians  =  180°, 

.-.     1  radian   =  — °  =  57°'29578, 

77 

.-.11  radians  =  630°'25358. 

Circular  Measure  of  Angles. 
48.     Since  the  radian  is  an  angle  of  invariable  magnitude,  it 
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may  be  taken  as  the  unit  angle  in  terms  of  which  other  angles 
may  be  measured. 

Def.     The  ratio  of   any  angle   to   the  radian   is   called   the 
circular  measure  of  the  angle.     In  other  words,  the  radian  is 
the  unit  of  circular  measurement.     Thus,  since  180°  =  TT  radians, 
.'.  circular  measure  of  180°  is  TT. 

Similarly  the  circular  measure 

of  90°  is  | ;  of  60°,  ^;  of  45°,  ^;  of  30°,  ^,  &c. 

49.  Using  the  symbol  c  to  denote  the  radian,  or  the  unit  of 
circular  measurement,  we  have 

2  right-angles  =  180°  =  200g  =  TTC. 

Thus  the  same  angle  is  expressed  severally  by  the  numbers 
2,  180,  200,  3-14159,  when  we  take  the  different  units— right- 
angle,  degree,  grade,  radian — respectively. 

By  the  above  system  of  equations,  we  may  always  find  the 
number  of  degrees  or  of  grades  in  an  angle  whose  circular 
measure  is  given;  or  conversely. 

Example.  Find  the  number  of  degrees  in  the  angle  whose  circular 
measure  is  6. 


We  have  77°  =  180°, 

180° 

7T     ' 

180 .  6° 


lc=180° 

7T 


.    , .   180 . e 

.'.  the  number  of  degrees  required  is  . 

7T 

50.  The  circular  measure  of  angles,  i.e.  the  measure  when 
the  radian  is  taken  as  unit,  is  so  frequently  used  in  theoretical 
investigations,  that  the  symbol  for  the  unit  is  usually  dropped. 
But  a  Greek  letter  is  generally  used  to  denote  such  a  measure  of 
an  angle  :  hence,  the  confusion  arising  is  minimised. 

Thus  the  angle  0  is  understood  as  an  abbreviation  for  the 
angle  0  radians.  In  particular,  the  angle  TT  is  short  for  TT  radians 
i.e.  180  degrees. 
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To  avoid  confusion  the  student  should  at  first  introduce  the 
symbol  c  in  any  examples  in  which  it  is  omitted. 

51.  The  circular  measure  of  an  angle  is  the  same  as  the 
ratio  of  the  arc,  subtended  by  the  angle  at  the  centre  of  a  circle, 
to  the  radius  of  the  circle. 

Shortly,  circular  measure  of  angle  =  — -p—  . 

For,  the  circular  measure  of  any  given  angle  means 
given  angle 
radian  angle ' 

But  angles  are  to  one  another  as  the  arcs  they  subtend. 

arc  opp.  given  angle 

arc  opp.  radian 
_  arc  opp.  given  angle 
radius 


.*.  circ.  meas.  of  given  angle  = 


Q.E.D. 


52.     If  0  =  circular  measure  of  any  angle,  by  above, 

T-». 

radius 

.'.  arc  =  6  x  radius. 
This  result  is  important. 

53..  The  area  of  the  sector  of  a  circle  is  equal  to  that  of 
a  triangle  having  the  radius  and  arc  of  the  sector  for  base  and 
altitude  respectively. 

Let  AZ  be  the  arc  and 
OA  the  radius  of  the  sector 
AOZ. 

Within  the  angle  AOZ 
draw  any  number  of  radii 
OB,  00,  &c.  From  the  ex- 
tremity of  each  radius,  draw 
a  perpendicular  to  it  meeting 
the  next  radius  produced.  Then,  by  Euc.  III.  16,  these  perpen- 
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diculars  are  the  straight  lines  which  are  the  closest  possible  to 
the  arcs. 

The  A  s  AOP,  BOQ,  &c.  have  each  the  same  base  equal 
to  the  radius;  and  the  several  altitudes  AP,  BQ,  &c. 

.'.  the  sum  of  these  A  s  =  a  A  having  its  base  equal  to 
the  radius  and  its  altitude  equal  to  the  sum  of  the  altitudes 
of  the  A  s. 

But  when  the  number  of  the  A  s  is  increased,  the  sum  of  the 
heights  AP,  BQ,  &c.  approximates  more  and  more  closely  to  the 
arc  AZ;  and  the  sum  of  the  A  s  to  the  sector  AOZ. 

.'.  ultimately, 

area  of  sector  =  area  of  triangle  having  radius  and  arc  for  base 
and  height  respectively"*5'. 

54.  If    0  be   the  circular  measure  of   any  angle  described 
at  the  centre  of  a  circle  of  radius  r,  we  have  shown  (Art.  52) 
that 

arc  opposite  0  =  0  .  r  (1). 

Again,  any  triangle      =  J  base  x  altitude, 

.'.  (by  Art.  53)  sector  —  J  arc  x  radius, 

.'.  sector  containing  0  —  J0r2  (2). 

The  student  should  note  and  compare  (1)  and  (2).  In  these 
equations,  0  is  an  abstract  number.  Now,  since  arc  is  a  length, 
it  is  proportional  to  radius,  r.  But  since  sector  is  an  area,  it 
is  proportional  to  square  on  radius,  r2. 

55.  To  find  the  area  of  a  circle. 

In  the  result  of  (2)  last  article,  suppose  that  6  is  the  circular 
measure  of  four  right-angles  i.e.  of  a  complete  revolution.  Then 

(9-27T. 

But  the  sector  containing  four  right-angles  is  the  whole  circle. 
.'.  area  of  circle  =  wr3. 

*  A  stricter  proof  of  this  proposition  will  be  given  later. 
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This  equation  should  be  noted  and  compared  with  the  equation 
length  of  circumference  =  27rr. 

56.  From  the  equation  sector  —  J0r2  it  follows  that 

(1)  Sectors  of  circles  of  equal  radii  are  to  one  another  as 
the  angles  they  contain.     (Compare  Art.  37.) 

(2)  Sectors   of    circles    of   unequal   radii   containing   equal 
angles  are  to  one  another  as  the  squares  on  their  radii.     (Com- 
pare Art.  38.) 

(3)  The  circular  measure  of  an  angle  is  the  same  as  the 
ratio  of  the  sector  containing  it  to  the  triangle  whose  base  and 
altitude  are  each  equal  to  the  radius.     (Compare  Art.  51.) 

More  Rigid  Proofs. 

57.  The   chord   of   an   arc  is  the  straight  line  joining   its 
extremities.     The  tangent  of  an  arc,  subtending  an  acute  angle 
at  the  centre,  will  be  here  denned  as  "the  perpendicular  drawn 
from  the  extremity  of  one  bounding  radius  and  terminated  by 
the  other  produced."     In  what  follows,   the   angles  considered 
will  be  acute.     The  results  may  easily  be  extended  to  angles  of 
any  magnitude. 

58.  PROP.  I.     The  chord  of  an  arc 
is  entirely  within  and  the  tangent  en- 
tirely without  the  circle.       (Euc.   III. 
2,  16.) 

Let  AOB  be  any  sector  of  a  circle. 
From  centre  0,  within  the  angle  AOB, 
draw  any  straight  line  cutting  the 
chord  AB  in  L,  the  arc  AB  in  M,  the  °  A 

tangent  AP  in  N. 

y  exterior  /  OLB>  ^  OAL,  i.e.  i  OB  A      .*.  OB,  i.e.  OM,>OL, 

V  right  L  OAN>  /  ON  A  .'.  ON>  OA,  i.e.  OM, 

.'.  OM  lies  in  magnitude  between  OL  and  ON, 

.'.  arc  AMB  lies  in  position  between  chord  AB  and  tangent  AP. 
COR.     Hence  the  area  of  the  sector  AOB  lies  in  magnitude 
between  that  of  the  triangles  AOB  and  AOP. 
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59.     PROP.  II.     The  arc  of  a  circle  lies  in  magnitude  between 
its  chord  and  its  tangent. 

For,  in  above  figure, 
joining  BM  and  AM, 

sum  of  chords,  AM  and  BM 
>  chord  AB. 

And  drawing  from  M, 
the  tangent  MQ,  and  MR 
parallel  to  NP, 

then,  the  angle  MQR  being 
obtuse,  MQ  <  MR. 


.'.  a  fortiori  MQ  <  NP,  and,  adding  AN, 

sum  of  tangents,  AN  and  MQ  <  tangent  AP. 

Now,  the  bent  line  A  MB  has  more  points  in  common  with 
the  arc  AB  than  the  straight  line  AB. 

And,  the  two  lines  AN,  MQ  have  more  points  in  common 
with  the  arc  AB  than  the  single  line  A  P. 

Therefore,  we  may  assume  that 

sum  of  chords  AM  and  BM  is  nearer  in  magnitude  than  chord 
AB  to  the  arc  AB,  and 

sum  of  tangents  AN  and  MQ  is  nearer  in  magnitude  than  tangent 
AP.  to  the  arc  AB. 

Combining  these,  results  with  those   above,  it   follows  that 
arc  AB  >  chord  AB,  and  arc  AB  <  tangent  AP. 

COR.     A  fortiori,  arc  AB  >  perpendicular  from  B  on  OA. 
J.  T.  3 
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60.     Let  AZ  be  an  arc  of  a  circle,  centre  0. 


LA 


Suppose  this  arc  divided  at  B,  C,  &c.   and  radii  drawn  to 
B,  <7,  <fec. 

From  each  point  of  division, 

drop   perpendiculars,  BL,  CM,  &c.  on  the  preceding  radii,  and 
draw  tangents  AP,  BQ,  CR,  &c.  to  meet  the  succeeding  radii. 

We  shall  refer  to 

BL,  CM,  &c.  as  the  Internal  Perpendiculars, 
and       AP,  BQ,  &c.  as  the  External  Perpendiculars. 

And  to 

triangles  OAB,  OBC,  &c.  as  the  Internal  Triangles, 
and       triangles  OAF,  OBQ,  &c.  as  the  External  Triangles. 

Also  let  AP,  OZ  produced  meet  in  T. 

61.     PROP.   III.     The   difference   between  the  sums  of   the 
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external   and   internal    triangles   may  be   made   less  than  any 
assigned  area. 

Let  a  triangle  equal  to  the  assigned  area  be  described  on  AT 
as  base.  Let  Tu  be  its  height. 

Suppose  the  arc  to  have  been  divided  so  that 

AL,  £M,  &c.  are  each  of  them  not  greater  than  Tu, 

Then  A  GAP  -  A  OAB  =  A  ABP  =  A  of  (height  AL)  and  (base  AP\ 
A  OBQ  -  A  OBC  =  A  BCQ  -  A  of  (height  BM]  and  (base  BQ\ 

&c. 
.'.  sum  of  external  triangles  -  sum  of  internal  triangles 

is  not  greater  than  A  of  (height  Tu)  and  (base  AP  +  BQ  + ) 

and  is  .'.  less  than  A  of  (height   Tu)  and  (base  AT), 

i.e.  less  than  the  assigned  area.  Q.E.D. 

62.  PROP.  IV.  The  area  of  the  sector  of  a  circle  is  equal  to 
the  triangle,  which  has  its  base  equal  to  the  radius  and  its  height 
equal  to  the  arc  of  the  sector. 

Suppose  the  sector  divided  as  above.     Then 

every  internal  triangle  has  the  radius  for  base  and  an  internal 
perpendicular  for  height :  and 

every  external  triangle  has  the  radius  for  base  and  an  external 
perpendicular  for  height. 

.'.  sum  of  the  internal  triangles  is  equal  to  a  triangle  having 
its  base  equal  to  the  radius  and  its  height  equal  to  the  sum  of  the 
internal  perpendiculars  : 

and  sum  of  the  external  triangles  is  equal  to  a  triangle  having 
its  base  equal  to  the  radius  and  its  height  equal  to  the  sum  of  the 
external  perpendiculars. 

Now  the  arc  of  the  sector  lies  between  the  two  sums  of 
perpendiculars.  (Prop.  II.) 

/.  the  triangle  having  the  radius  for  base  and  arc  for  height 
lies  between  the  two  sums  of  triangles. 

But  the  area  of  the  sector  also  lies  between  the  two  sums  of 
triangles.  (Prop.  I.  Cor.) 

3—2 
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.'.  the  difference  between  the  area  of  the  sector  and  the 
triangle  having  the  radius  for  base  and  arc  for  height  is  less  than 
the  difference  between  the  two  sums  of  triangles. 

But  this  latter  difference  may  be  made  less  than  any  assignable 
area.  (Prop.  III.) 

.'.  a  fortiori,  no  difference  can  be  assigned  between  the  area 
of  the  sector  and  the  triangle  having  the  radius  for  base  and  arc 
for  height :  i.e.  these  are  equal.  Q.E.D. 

63.  PROP.  Y.  Sectors  of  circles  which  contain  equal  angles 
are  to  one  another  in  the  duplicate  ratio  of  their  radii. 

Suppose  the  sector  AOZ  divided  as  above  :  and  that  another 
sector  aoz,  whose  angle  aoz  —  angle  AOZ,  is  similarly  divided: 
i.e.  so  that 

L  aob  =  z  AOB,  t  boc=t  BOG,  £c. :  and  z  xoy=  /  XOY. 

Then,  since  the  whole  angle  aoz  =  whole  angle  A  OZ, 

:.  the  remaining  angle  yoz  =  remaining  angle  YOZ. 

Then,  since  ao  :  AO  —  bo  :  BO  and  £.  aob  =  /.  AOB, 

.'.  triangles  aob,  AOB  are  similar, 

.'.    A  aob  is  to  A  AOB  in  the  duplicate  ratio  of  ao  to  AO. 

.'.  sum  of  the  internal  A  s  of  aoz  is  to  sum  of  the  internal  A  s  of 
AOZ  in  the  duplicate  ratio  of  ao  to  AO  :  i.e.  as  square  on  ao  is 
to  square  on  AO. 

Similarly,  sum  of  the  external  AS  of  aoz  is  to  sum  of  the 
external  triangles  of  A  OZ  as  square  on  ao  is  to  square  on  A  0. 

But  sector  AOZ  lies  between  its  external  and  internal  triangles. 
(Prop.  I.) 

.'.  the  fourth  proportional  to  square  on  AO,  square  on  ao, 
and  sector  AOZ  lies  between  the  external  and  internal 
triangles  of  aoz :  and,  therefore,  differs  from  the  sector  aoz  by  a 
difference  less  than  that  between  the  external  and  internal 
triangles  of  aoz. 

But  this  latter  difference  may  be  made  less  than  any  assignable 
area.  (Prop.  III.) 
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.'.  the  fourth  proportional  to  square  on  AO,  square  on  ao,  and 
sector  AOZ  is  equal  to  the  sector  aoz:  i.e.  sector  AOZ  :  sector 
aoz  =  square  on  AO  :  square  on  ao,  or,  the  sectors  are  in  the 
duplicate  ratio  of  their  radii. 

64.  PROP.    VI.     The  arcs  of  circles,  which  subtend  equal 
angles,  are  to  one  another  as  their  radii. 

For,  by  Prop.  IV.,  sector  AOZ=  J  rectangle  OA,  AZ, 

and  sector  aoz  =  J  rectangle  ao  :  az. 
/.by  Prop.  V. 

^  rectangle  OA,  AZ  \\  rectangle  oa  :  az  =  sq.  on  OA  :  sq.  on  oa. 
:.  AZ  :  az  =  OA  :  oa.  Q.E.D.* 

65.  These   propositions   are    fundamental   in   all    questions 
connecting  angles  and  circles.     Thus,  by  Prop.  VI.,  we  prove  the 
equality  of  all  radians,  and  the  constancy  of  the  ratio  of  cir- 
cumference to  diameter. 

Hence,  by  Prop.  IV.,  if  6  be  the  circular  measure  of  an  angle, 
sector  containing  0  =  ^Or2, 
and  area  of  circle  =  -n-r2. 

EXAMPLES  II. 

1.  Express  the   circumference  of   a    circle   in    an   integral 
number  of  inches  and  assign  the  accuracy  of  your  result  from 
each  of  the  following  data  : — 

(1)  Given  diameter,  to  within  an  inch,  =  7  yds. 

(2)  Given  diameter,  to  within  an  inch,  =  1  mile. 

(3)  Given  radius,  to  within  an  inch,  =  8  yds.  2  ft.  3  in. 

2.  Reduce  to  circular  measure  the  following  angles  : 

(1)  1°.  (2)  1«  (3)  TT°.  (4)  TT*.  (5)  2°  3'.  (6)  15°  30'. 
(7)  12°. 

*  To  aid  the  student  in  learning  the  above  six  propositions,  he  should 
note  that  Props.  I.  III.  V.,  which  concern  Sectorial  areas  and  not  at  all 
Lengths  of  arcs  are  independent  of  the  other  three :  but  not  vice  versa. 
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3.  Express  in  degrees  the  angles  whose   circular   measures 
are 

(1)   TT.     (2)    STT.     (3)   ^.     (4)    i.     (5)    3.     (6)    3}. 

4.  Find  in  degrees  the  angles,  at  the  centre  of  a  circle  of 
radius  3  yards,  subtended  by  the  following  arcs : 

(1)     11  in.     (2)     3yds.  2ft.     (3)     1ft.  10  in.     (4)    11  yards. 

5.  The  sum  of  two  angles  is  l'47r  radians.     There  are  twice 
as  many  grades  in  one  of  them  as  degrees  in  the  other.      Find 
them. 

6.  Find  the  arcs  of  a  circle  of  diameter  4  ft.  which  subtend 
at  the  centre  the  following  angles  : 

(1)    30°.     (2)    49°.     (3)    70°.     (4)   22J°. 

7.  Find  the  area  of  a  clock-face  whose  radius  is  3|  ft. 

8.  Find  the  area  covered  in  7  minutes  by  a  minute-hand 
which  is  1  ft.  6  in.  long. 

9.  Show  that  the  circumference  of  a  circle  is  a  little  greater 
than  6  times  the  radius  added  to  ^  of  the  side  of  the  inscribed 
square. 

10.  Which  of  the  following  pairs  of  angles  is  the  greater  ? 
(1)     76gorl-2c.        (2)     126°  or  2 -3C. 

11.  If  the  angle  subtended  at  the  centre  of  a  circle  by  the 
side  of  a  regular  heptagon  be  the  unit  of  angular  measure,  by 
what  numbers  are  the  angles  45°,  15°,  1  right-angle  expressed? 

12.  If  the  circumference  of  a  circle  be  divided  into  five  parts 
in  arithmetical  progression,  the  greatest  part  being  six  times  the 
least,  express  in  radians  the  angle  each  subtends  at  the  centre. 


CHAPTER  III. 

THE   TRIGONOMETRICAL   RATIOS   AND  THEIR 
FUNDAMENTAL   RELATIONS. 

[In  this  and  the  following  chapters  we  confine  ourselves  to  acute 
angles  and  to  a  geometrical,  not  trigonometrical,  view  of  the  angle.] 

66.     Let  XOY  be  any  acute  angle.. 

In  either  of  the  lines  containing  it,  say  OX,  take  any  point  M. 

Draw  HP  at  right-angles  to  OX,  meeting  OY  in  P. 

[Euc.  Axiom  XII. 

Let  X'O'Y'  be  another  acute  angle:  and  let  the  same  con- 
struction be  represented  by  dashed  letters. 


M 


O' 


M1 


67.  PROP.  I.  If  the  angle  XOY  is  equal  to  the  angle  X'O'Y', 
then  the  ratio  of  any  pair  of  sides  of  MOP  shall  be  equal  to  the 
ratio  of  the  corresponding  pair  of  sides  of  M'O'P'. 

For  the  angles  at  0  and  0',  and  the  angles  at  M  and  M '  are 
equal. 

/.  the  triangles  MOP,  M'O'P  are  equiangular.       [Euc.  I.  32. 

':.  OM-.OP:  MP  =  0'M'  :  O'P'  :  M'P.  [Euc.  VI.  4. 
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68.  PROP.  II.     If  the  ratio  of  any  one  pair  of  sides  of  MOP 
is  equal  to  that  of  the  corresponding  pair  of  sides  of  M'O'P',  then 
the  angle  XOY  shall  be  equal  to  the  angle  X'O'T. 

For  the  angles  at  M  and  M'  are  equal,  being  right-angles. 

.'.  each  of  the  other  angles  is  less  than  a  right-angle. 
Also  the  ratio  of  one  pair  of  sides  of  MOP  is  equal  to  the 
ratio  of  the  corresponding  pair  of  sides  of  M'O'P', 

.'.the  triangles  MOP,  M'O'P'  are  equiangular.    [Euc.  VI.  6,  7. 

.'.  the  angle  XOY=the  angle  X'O'T. 

69.  The    two    converse  propositions   above   proved   are   of 
fundamental  importance  in  all  that  follows.     Their  results  may 
be  expressed  thus : 

The  determination  of  the  magnitude  of  any  acute  angle 
determines  also  the  ratio  of  every  pair  of  sides  of  the  right-angled 
triangle  containing  that  acute  angle ;  and,  conversely, 

The  determination  of  the  ratio  of  any  one  pair  of  sides  of  a 
right-angled  triangle  determines  also  the  magnitude  of  the  acute 
angles  of  that  triangle. 

Briefly — the  acute  angle  and  its  rectangular  ratios  vary 
together  and  are  constant  together. 

70.  Let  XOY  be  any  acute  angle.  Y 
In  either  of  its  containing  lines,                          P/ 

say  OX,  take  any  point  M. 

Draw  MP  at  right-angles  to  OX 
meeting  OF  in  P. 

Then,  in  reference    to    the    angle 
XO  Y,  or  MOP,  

(1)  OM  is  called  the  base.  O  M  X 

(2)  OP  is  called  the  hypothenuse  (hyp.). 

(3)  MP  is  called  the  perpendicular  (perp.). 

It  will  be  convenient  to  observe  and  retain  the  order  0,  M,  P-, 
which  indicates  the  order  in  which  both  the  lines  themselves  and 
the  letters  which  express  them  are  written. 
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The  hypothenuse  is  that  side  which  is  opposite  to  the  right- 
angle. 

The  base  and  perpendicular  are  distinguished  by  reference  to 
the  angle  in  question  : 

i.e.  the  base  is  adjacent  to  the  angle  in  question, 
and       the  perp. is  opposite  to  the  angle  in  question. 
Thus,  in  reference  to  the  angle  MPO, 
MO,  being  opposite  to  the  angle  MPO,  is  its  perp. : 
and  PM,  being  adjacent  to  the  angle  MPO,  is  its  base. 

71.  Names  have  been  given  to  the  6  ratios  of  the  sides  of  the 
right-angled  triangle  as  follows. 

base 


1.     Sine  = 


3.     Tangent  =  \    ^ . 
base 


2.     Co-sine  = 


5.     Secant  = 


hyp. 


4.     Co-tangent  = 
6.     Co-secant  = 


hyp-' 

base 


perp. 

hyp. 
perp. 


72.     The   following   observations    will    aid    the    student   in 
learning  these  definitions. 

(1)  We  will  call  the  Sine,  Tangent,  and  Secant  the  Primary 
Ratios;    the    Cosine,    Cotangent,    and    Cosecant   the   Secondary 
Ratios. 

(2)  Note,    then,    that    each 
Secondary  Ratio  is  derived  from 
the  corresponding  Primary  Ratio 
by    interchanging  Base  and  Per- 
pendicular. 

(3)  In    the    triangle    OMP, 
call  each  side  by  the  little  letter 
corresponding   to   the    angle    op- 
posite  it.     Then,    we   follow   the 
same    order    of   lettering    in    the        ^ 
Primary  Ratios  as  in  the  Sides.        ° 


•m, 


M 
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Thus 


Base  =  OM 
Sin.   =  o  :  m 


Hyp.    =OP 

Tan.      =  o  :  p 


Perp.  =  HP 


Sec.    = 


m  :  p. 


73.  Just  as  the  lines  base,  hyp.,  and  perp.  are  denned  in 
reference  to  a  certain  angle,  so  the  names  of  the  ratios  must  be 
understood  as  denned  in  reference  to  that  angle. 

If  A  denotes  any  angle,  we  speak  of  the  sine  of  A,  the  cosine 
of  A,  &c.  These  expressions  are  abbreviated  into  sin  A,  cos  A,  &c. 

If  A  represents  the  angle  MOP  in  the  preceding  figures,  the 
following  will  be  the  more  complete  definitions  of  these  ratios  : 

:         2.     Cos 


5.     Sec^  =         .  6. 


74.  We  have  shown  that  for  every  determinate  value  of  the 
acute  angle  A,  there  is  a  .determinate  value  of  each  of  the  ratios 
of  the  pairs  of  sides  of  the  right-angled  triangle  containing  A  ; 
and  conversely. 

Hence  sin  A,  cos  A,  &c.  are  what  are  called  Functions  of  A  : 
i.e.  quantities  which  depend  on  A  and  vary  as  A  varies.  They 
are  also  single-valued  functions  of  A  ,  i.e.  they  have  one  determinate 
value  for  every  determinate  value  of  A. 

75.  The  student  must  specially  remember  that 

(1)  These  functions  of  angles,  being  ratios  of  a  line  to  a  line, 
are  abstract  numbers. 

(2)  Sin   A    is    a    compound   symbol    representing    a    single 
numerical  quantity.     It  cannot  be  divided  algebraically  into  sin 
and  A.     Thus,    we    cannot  say  2  sin  .4  =  sin  2  A,   or    sin  (  A  +  JB) 
=  sin  A  +  sin  B,    as   if  sin   were   a   multiplier    or   factor.      We 

*  Usually  written  cosec  A.  In  the  abbreviations  of  the  secondary  ratios, 
the  student  should  attend  to  $he  final  letters  s,  t,  or. 
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must  treat  sin  A  as  one   whole   symbol,   as  if  it  were   always 
enclosed  in  an  impregnable  bracket,     (sin  A)2,  (sin  AY,  &c.,  are, 
however,  always  written  in  the  forms  sin2  A,  sins  A,  &c.,  in  order 
that  the  bracket  may  be  dispensed  with  in  writing. 
So  of  the  other  ratios. 

76.  Explanation  of  the  prefix  Co. 

In  the  triangle  OMP,  since  the  angle  OMP  is  a  right-angle, 
.'.  the  angles  MOP,  MPO  are  together  equal  to  a  right-angle, 
.'.  the  angles  MOP,  MPO  are  Complementary. 
Now  the  side  OM,  which  is  base  to   L  MOP,  is  perp.  to  L  MPO, 
and  the  side  MP,  which  is  perp.  to   L  MOP,  is  base  to   L  MPO. 

:.  the  ratios  of  MPO  will  be  obtained  from  those  of  MOP  by 
interchanging  base  and  perp.  But  this  is  equivalent  to  an  inter- 
change between  the  corresponding  primary  and  secondary  ratios. 

Hence, 

cosin  A  =  sin  of  complement  of  A, 
cotan  A  =  tan  of  complement  of  A, 
cosec  A  =  sec  of  complement  of  A. 

Since,  similarly, 

sin  A  =  cosin  of  co7?iplement  of  A, 
tan  A  —  cotan  of  complement  of  A , 
sec  A  =  cosec  of  complement  of  A, 
we  may  say 

sin  =  co-cosin,  tan  =  co-cotan,  sec  =  co-cosec. 

The  above  results  should  be  carefully  worked  out  by  a 
reference  to  the  figure. 

77.  Since,  by  above,  the  cosine  of  any  angle  is  the  sine  of 
some  other  angle,  and  so  of  the  others,  therefore,  general  pro- 
positions about  the  sine  will  be  true  of  the   cosine ;   and  those 
about  the  tangent  will  be  true  of  the  cotangent ;  and  those  about 
the  secant  will  be  true   of  the   cosecant.     The  next  article  will 
illustrate  this  statement. 
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Fundamental  relations  of  Inequality  between  the  ratios  of  any 
one  angle. 

78.  From  the  proposition  that  of  the  three  sides  of  a  right-angled 
triangle  the  hypothenuse  is  larger  than  either  of  the  others }  the 
following  inequalities  amongst  the  ratios  of  an  angle  may  be 
deduced  : 

Since,  sine  and  cosine  have  hypothenuse  in  denominator,  sine 
and  cosine  are  always  less  than  unity. 

Since  secant  and  cosecant  have   hypothenuse   in   numerator, 
secant  and  cosecant  are  always  greater  than  unity. 

Since  sine  and  cosine  have  hypothenuse  in  denominator,  and 
have  the  same  numerator  as  tangent  and  cotangent  respectively, 
sine  is  less  than  tangent,  and  cosine  is  less  than  cotangent. 

Since  secant  and  cosecant  have  hypothenuse  in  numerator,  and 
the  same  denominator  as  tangent  and  cotangent  respectively, 

secant   is   greater    than   tangent,    and   cosecant   than 
cotangent. 

Thus  the  following  trios  are  in  ascending  order  : 

sine,  tangent,  secant  :  cosine,  cotangent,  cosecant. 

Fundamental  relations  of  Equality  between  the  ratios  of  any 
one  angle. 

79.  The  dual  or  reciprocal  relations. 

/i\       •  PerP-      hyP-      i 

(1)  sm^l  x  coxA=^—±-  x  -*-±-  =  1. 

hyp.       perp. 

.  perp.      base      n 

(2)  tan  A  x  cot  A  =  ^— —  x =  1. 

base      perp. 

hyp.      base 

(3)  sec  A  x  cos  A  =  ^-   x =  1. 

base      hyp. 

The  triple  or  zigzag  relations. 

,..       .  perp.      base      hyp. 

(4)  sin  A  x  cot  A  x  sec  A  =  . — —  x  -     -  x  =  1. 

hyp.      perp.      base 

.  base      perp.      hyp. 

(5)  cos  A  x  tan  A  x  cox  A  = x  \ — —  x =  1. 

hyp.      base      perp. 
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There  are  thus  3  independent  dual  relations,  and  2  independent 
triple  relations.  These  5  relations,  are  not  all  independent.  Any  one 
of  them  may  be  deduced  algebraically  from  the  other  four. 

These  equations  follow  at  once  from  the  definitions  of  the  ratios,  and 
do  not  at  all  depend  on  any  property  of  the  right-angled  triangle. 

80.     The  Squared  or  Pythagorean  relations. 
By  the  famous  47th  Proposition  of  Euc.   I.,  attributed  by 
tradition  to  Pythagoras,  we  have,  in  any  right-angled  triangle, 
sum  of  squares  on  sides  containing  the  right  angle 
=  square  on  side  opposite  the  right  angle. 
Thus,  algebraically, 

(Perp.)2  +  (Base)2  =  (Hyp.)2. 

To  reduce  this  equation  to  ratio  form,  we  may  divide  suc- 
cessively by  (hyp.)2,  (base)2,  and  (perp.)2. 
Thus 

/Perp.V      /Base\a  2 


,Perp.y      /Basey  =  /HypA*  ^  ^ 
\  Base  /       \Base/        \  Base  / 


.      ,  Basey  =  /Hyp.V  , 
\Perp./       \Perp./       \Perp./  ' 


There  are  thus  3  independent  squared  relations.  Of  the  8  relations 
given  in  this  and  the  preceding  article,  any  5,  including  one  at  least  of 
the  squared  relations,  are  independent  ;  from  these  5  the  other  3  may  be 
algebraically  deduced. 

These  squared  relations  depend  on  the  Pythagorean  property  of  the 
right-angled  triangle,  being  in  fact  merely  transformed  expressions  of 
that  property. 

81.     The  relations  of  inequality  of  Art.  78,  will  help  the  stu- 
dent to  remember  the  relations  of  equality  of  Arts.  79  and  80. 
Thus,  the  equation  sin2  A  +,  cos2  A  =  1,  which  may  be  written 

sin2  A  =  1  -  cos2  A  or  cos2  A  =  1  -  sin2  A, 
shows  that  sin  A  and  cos  A  are  each  less  than  1  . 

The  equation  tan2  A  +  1  =  sec2  A,  which  may  be  written 

tan2  A  =  sec2  A  -  1  or  sec2  A  -  tan2  A  =  1, 
shows  that  sec  A  is  greater  than  1  and  greater  than  tan  A. 
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The  equation  1  +  cot2  A  =  cox2  A,  which  may  be  written 

cot2  A  =  cox2  A  - 1  or  cox2  A  -  cot2  A  =  l, 
shows  that  cox  A  is  greater  than  1  and  greater  than  cot  A. 
The  equation  sin  A  x  cox  A  =  1,  which  may  be  written 


sin  .4  = 


1 


or  cox  A  = 


cox  A  sin  A  ' 

shows  that  of  sin  A  and  cox  A  one  is  less  and  the  other  greater 
than  1. 

The  equation  sec  A  x  cos  A  =  1,  which  may  be  written 
1  1 


sec^t  = 


or  cos  A  = 


cos  A  "  sec  A  ' 

shows  that  of  sec  A  and  cos  A  one  is  greater  and  the  other  less 
than  1. 

82.  Definition.  Two  quantities  whose  product  is  unity  are  called 
Reciprocals. 

The  reciprocal  of  unity  is  unity. 

Of  two  reciprocals,  not  equal  to  1,  one  must  be  greater  and  the 
other  less  than  1. 

Thus,  sin  and  cox,  tan  and  cot,  sec  and  cos,  §  and  f ,  5  and  i,  are 
pairs  of  reciprocal  quantities. 

Observe  that  tan  and  cot  form  a  pair  which  is  both  complementary 
and  reciprocal. 

S3.  The  above  and  any  other  relations  between  the  trigono- 
metrical ratios  may  be  conveniently  studied  and  remembered  by 
means  of 

The  Ratio-Hexagon. 


sec. 


cox. 
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Arrange  the  ratios,  in  the  order  of  their  definitions,  symmetri- 
cally on  the  circumference  of  a  circle,  so  that  the  corresponding 
ratios  which  are  complementary  to  one  another  are  in  the  same 
horizontal  line  :  and  place  unity  at  the  centre. 

84.  The  relations  of  Art.  78,  are  summed  up  thus:  — 
On  either  side  the  quantities  increase  as  we  descend. 

85.  The  relations  of  Art.  79,  are  summed  up  thus:  — 

The  product  of  any  set  of  ratios  arranged  symmetrically  about 
the  centre  is  equal  to  unity. 

86.  The  relations  of  Art.  80,  are  summed  up  thus  :  — 

The  sum  of  the  squares  of  any  two  horizontally  adjacent  quan- 
tities is  equal  to  the  square  of  the  quantity  just  below  and  between 
them. 

87.  As  an  exercise,  the  student  may  show  also  that  (1)  each  ratio 
equals  the  product  of  its  two  neighbours.   E.g.  tan  =  sin  x  sec.    (2)  Each 
ratio  equals  the  ratio  of  its  neighbour  to  the  next  on  the  same  side. 
E.g.  tan  =  sin-=-cos. 

88.  The  most  important  formulae  for  use  in  Examples,  &c., 
are  the  following  5  which  are  independent.  These  should  be 
learnt  by  everyone. 


auai. 

triple, 
squared. 

{*) 

(3) 
(5) 

COX  A. 

tan  .4 
sin2  A 

sin^l 

{£)     sec  ^i  - 

(A\       pnt  A  - 

COS^l 

cos^' 
+  cos2  A  =  l. 

sin  .4  ' 

Example  1.     Prove  each  of  the  above  identities  immediately  from 
the  definitions  of  the  ratios. 

Method.     Substitute  in  the  more  complex  sides  of  each  identity, 
1  MP      OP 


siuA  MP.OM    MP     OP     MP 

=      ^      =      x-=  ' 
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cos  A  OM    MP     OM     OP      ON 


..OP* 
(5)  - 


Example  2.     Show  from  definitions  that  tan  A  +  cot  A  =secA  .  cox  A. 
MP     OM 


OM.MP 
OP2         OP    OP 


—  S6C./!l  •  COX-/1. 

89.  The  5  formulae  of  the  last  article  may  be  used  in  proving 
any  given  complex  formula.     Thus,   by  means  of  the  first  four 
formulae,  any  other  ratio  may  be  expressed  in  terms  of  sine  and 
cosine.     By  means  of  the  fifth,  either  of  the  two  ratios  sine  and 
cosine  may  be  expressed  in  terms  of  the  other. 

This  method  will  prove  any  required  formulae.     But  it  is  not 
always  the  shortest  method.      The  student  should   by  degrees 
familiarise  himself  with  other  formulae,  especially  the  two — 
sec2  A=l  +  tan2  A  and  cox2  A  =  l  +  cot2  A. 

90.  Example  1.     Prove  the  identity 

sec2  A  +  cox2  A  =  sec2  A  .  cox2  A . 
By  (1)  and  (2)  of  art.  88 

sec2  A  +  cox2  A  = 


cos2 A     sin2 .4      sin2 A  .cos2 A 


Again,  by  (1)  and  (2)  of  art.  88 

sec2  A  .  cox2^!  =  — =-.  .   .  0  .  =  — 5-5 — :— H-T-  , 
cos2  A   sin2  A     cosM.  smM 

.-.  sec2  A  +  coxM  =  sec2  A .  cox2  A  Q.  E.  D. 

Example  2.     Prove  that 

tan2  A  -  cot2  A  =  sec2  A  -  cosec2  A. 
sin2  A     cos2  A     sin4  A  -  cos4  A 


tan2  A-  cot2  A  = 


cos,2  A     sin2  A      cos2  A  .  sin2  A 
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_  (sin2  ^4  +  cosM)  (sin2  A  -  cos2  A)  _  sin2  A  -  cos2  A 
cos2  A  .  sin2  J.  ~  cos2  A  .  sin2  J. 

[because  sin2  A  +  cos2  A  =  1], 
Again, 

1  1         sin2  4 -cos2  4 


sec2  J.  -  cosec2  A  =  - 


cos2  A     sin2  A      cos2  A  .  sin2  A  ' 


Example  3.     Prove  that 

sec  A  + 1     sec  A  - 1 


=4  cot  A  cosec  .4. 


sec  A  —  1     sec  .4  + 1 
Left  side  of  above 

_  (sec  A  + 1)2  -  (sec  A  - 1)2 

sec2  A  —  1 

_  (sec2  ^4  +  2  sec  ^4  + 1)  -  (sec2  J.  -  2  sec  ^4  + 1)       4  sec  ^4    _  4  sec  A 
sec2  A -I  ~  sec2.!  - 1  =  taiH~ 

4      .  sin2  A         4         cos2  A     4  cos  J.  _    cos  A        1 

—  4 


cos^l  '  cos2  A     cos  A     sin2  A      sin2  A          sin  A  'sin  J. 
=  4  cot  J.  .  cosec  A. 

Example  4.     Prove  that 

sec  A  +  2  sin  ^i 


secJ.  1-ftanJ 

i.e.  that  (1  +  tan  J.)2=sec^4  (sec  ^4  +  2  sin  ^), 
i.e.  that  1  +  2  tan  ^4  +  tan2  J  =  sec2  ^  +  2  sin  .4  sec  ^4, 
i.e.  that  1+tan2  A  +  2  tan  A  =  sec2  A  +  2  tan  A, 
which  is  clearly  true. 

91.  We  have  shown  that  the  cosine  and  sine  are  always  less 
than  unity.  Hence 

Def.  The  defect  of  the  cosine  from  unity  is  called  the  versed 
sine  ;  and  the  defect  of  the  sine  from  unity  is  called  the  co- 
versed  sine. 

Or  briefly, 

1  —  cos  A  =  vers  A  and  1  -  sin  A  =  covers  A. 

Again,  we  have  shown  that  the  secant  and  cosecant  are  always 
greater  than  unity.  Hence  we  might  adopt  the  following  defini- 
tions :  — 

J.  T.  4 
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Def.  The  excess  of  the  secant  over  unity  is  called  the  sub- 
tense ;  and  the  excess  of  the  cosecant  over  unity  is  called  the 
cosubtense. 

Or  briefly 

sec  A  —  1  =  subt  A  and  cosec  A  —  1  =  cosubt  A. 

92.  Example.     If  from  the  hypothenuse  a  length  equal  to  the 
base  is  cut  off,  show  that  the  ratio  of  the  remainder  to  the  hypothe- 
nuse is  the  versed  sine,  and  the  ratio  of  the  remainder  to  the  base  is  the 
subtense. 

93.  The  following  explanation  may  be  given  of  the  origin  of 
the  terms  used  in  this  chapter. 

Let  AB  be  a  portion  of  the 
circumference  of  a  circle  whose 
centre  is  0. 

Draw  the  radii  OA,  OB. 

From  A  draw  AT,  perpen- 
dicular to  OA,  touching  the  cir- 
cle at  A  and  meeting  OB  pro- 
duced in  T. 

From  B  draw  BM  perpen- 
dicular to  OA. 

Then  the  circumference  AB,  being  likened  to  a  bow,  was  called 
the  arc  [L.  arcus] ;  the  perpendicular  MB,  where  the  bow-string 
touches  the  bosom,  was  called  the  sine  [L.  sinus]  ;  the  line  AT, 
touching  the  circle,  was  called  the  tangent  [L.  tangens]  :  the  line 
OT,  cutting  the  circle,  was  called  the  secant  [L.  secans] ;  the  line 
AM,  over  against  the  sine  MB,  was  called  the  versed  sine  •  and 
the  line  BT,  which  subtends  the  angle  BAT  contained  by  the 
chord  and  tangent,  is  sometimes  called  the  subtense. 

Thus,  in  the  older  trigonometry,  the  sine,  tangent,  secant,  &c., 
were  functions  of  the  arc  AB,  not  of  the  angle  AOB.  Moreover 
they  represented  certain  lengths,  not  certain  ratios.  They,  there- 
fore, varied,  not  only  as  the  angle  AOB  varied,  but  also  as  the 
radius  OA  varied. 


M 
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94.  The  connection  between  the  ancient  and  modern  nomen- 
clature is  thus  indicated  : — 

If  we  divide  each  linear  function  of  the  arc  by  the  radius  of 
the  circle,  we  obtain  the  corresponding  ratio-function  of  the  angle. 
Thus 

linear  sine  MB 

71 =  TTTi  =  sine  of  angle  AOB. 

radius  OB 

linear  tangent  AT 

radius  =OA=  tanSent  of  anSle  AOB. 

linear  secant  OT 

radius  =OA=  S6Cant  °f  angle  A°B' 

linear  versed  sine      MA 

— T; —        —  =  -~-j-  —  versed  sine  of  angle  A  OB. 
radius  OA 

linear  subtense          BT 

r: =  TT^  =  subtense  or  angle  AOB. 

radius  OB 

95.  Now,  as  the  angle  AOB  or  the  arc  AB  increases,  it  is 
clear  that  each  of  the  lines  MB,  AT,  OT,  AM,  BT  increases. 
Hence  the  primary  ratios  sine,  tangent,  secant,  versed  sine,  sub- 
tense increase  as  the  angle  increases. 

The  functions,  having  the  prefix  co-,  are  found  from  the  above 
by  substituting  for  the  arc  or  angle  its  complement.  Hence  the 
secondary  ratios  decrease  as  the  angle  increases. 

96.  Any  relations  which  hold  amongst  the  linear  functions  will 
involve  the  radim  of  the  circle.     The  corresponding  relations  amongst 
the  ratio-functions  may  be  found  from  these  by  putting  radius=\. 
Conversely,  we  may  find  the  relations  amongst  the  linear  functions, 
from  those  involving  the  ratio-functions,  by  introducing  radius  wherever 
it  is  necessary  to  make  the  equations  homogeneous.     If  we  place  rod. 
instead  of  1  in  the  centre  of  the  ratio-hexagon,  we  shall  see  the  sym- 
metry of  the  relations  more  clearly  than  before.     Thus,  connecting  the 
linear  functions,  we  have 

sin2 + cos2 = rad2,        tan2  +  rad2  =  sec2,        rad2  +  cot2  =  cox2 

sin  .  sec  =  rad .  tan  &c.,        cos  .  sec  =  rad2  &c. 
sin2 .  tan2  +  sin2 .  rad2  =  tan2 .  rad2, 
cos2 .  rad2  +  cos2 .  cot2 = cot2 .  rad2, 
rad2 .  sec2 + rad2 .  cox2 = sec2 .  cox2. 

4—2 
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EXAMPLES  III. 

1.  Let  ABC   be  a  triangle,   right-angled   at    C,   such   that 
AB  =  6  ft.,  BC  =  \/llit.     Find  the  trigonometrical  ratios  of  the 
angles  at  A  and  B. 

2.  The    sides   of   a    right-angled  triangle   are   in  the  ratio 
3:4:5.     Find  sine,  cosine,  and  tangent,  of  each  of  the  acute 
angles. 

3.  The  sides  of   a   right-angled   triangle   are   in  the    ratio 
2  :  3^/5  :  7.      Find  secant,  cosecant,  and  cotangent,  of  each  of 
acute  angles. 

4.  Write  down  five  independent  formulae  by  means  of  which 
the  other  ratios  may  be  expressed  immediately  in  terms  of  sec  A 
and  tan  A,  and  these  in  terms  of  one  another. 

5.  Write  down  similar  formulae  for  cosec  A  and  cot  A. 

6.  Why  is  sin  30°  =  cos  60°  1 

7.  Show  that  sin  45°  =  cos  45°,  and  thence  find  tan  45°. 

8.  Apply  the  equation  sin2  A  +  cos2  A  =  1,  to  find  sin  45°. 

9.  Find  the  angle  whose  cosine  is  equal  to  sin  70°. 

10.  In  a  triangle,  right-angled  at  C,  the  sides  opposite  A,  B, 
and  (7,  are  called  a,  b,  and  c,  respectively. 

Prove  (i)  a  sin  B  =  b  sin  A. 

(ii)  2a2  tan  B  +  b2  sec2  A  =  c2(sin  A  +  sin  Bf. 

11.  Prove 

tan2^  cot2  A 

(11)       COS"  A  =  ^ 

1  -r  cot  A 

\  i  j     I  +  tan2J. 

(iv)  cosec2  A  — 

\j\J\>      XL\ 

12.  Express 

(i)  (1  -I-  sin2  0)2  in  terms  of  cos  B. 
(ii)  (1  -  tan2  0)3  in  terms  of  sec  0. 
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13.     Show  from  definition  and  figure 
(i)       cosec 4 -sin .4  =  cos 4  .  cot  4. 
(ii)     sec  A  —  cos  A  =  sin  A  .  tan.  A. 
(iii)    sec2  A  +  cosec2  A  =  sec2  A  .  cosec2  A. 
(iv)     tan2  A  —  sin2  A  =  tan2  A  .  sin2  A. 
( v)      cot2  A  -  cos2  A  =  cot2  A  .  cos2  A . 

Prove  the  following  identities  : 
sec  A  —  1         tan  A 


14. 
15. 


tan  A        sec  A  +  1 
1  +  tan  A      cot  A  +  l 


l-tan4      cot  A  — I 

16.  1  +  tan  0  cos2  0  +  cot  0  sin2  0  =  (sin  0  +  cos  0)2. 

1  +  cos  0      1  —  cos  0 

17.  T-  —2 .  -  4  cot  0  .  cosec  0. 
1  -  cos  0      1  +  cos  0 


/I  -  sin  A  . 

18-     A/r  -=  sec  4 -tan  4. 

/y    1  +  sin  4 

sin  A      _  1  —  cos  4 
1  +  cos  A  ~     sin  A 

1  —  cos  A 

20. =  (cosec A  -cot 4 )2. 

1  +  cos  A 

21.  sec  A  +  sin2  4  +  cot2  A  =  cosec2  4  +  cos2  A  (sec3  4-1). 

22.  sec3  0  =  sec  0  +  tan3  0  .  cosec  0. 

23.  2  sec2  0  =  = r— ^  +  , r— ^  • 

1  -  sin  0      1  +  sin  0 

cos  0  -i-  sin  0      cos  0  -  sin  0 
cos  0  -  sin  0      cos  0  +  sin  0 

sec  0  cosec  0  /cosec  0  +  sec  0  _  cosec  0  -  sec  0\ 
2        "  \cosec0-sec  0      cosec  0  +  sec  0/ 

25.  (sec  4  .  cot  A  +  1 )  (sec  A  .  cot  A  -  1)  -  cos2  A  .  cosec2  4 . 

26.  (sec2  A  +  tan2  A )  (cosec2  4  +  cot2  A)  =  1  +  2  sec2  4  .  cosec2  4 . 

27.  cot4  4  +  cot2  4  =  cosec4  4  -  cosec2  4. 

28.  sec4  4  -  sec2  4  « tan4  4  +  tan2  4. 
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29.  (sec2  A .  cosec2  A  -  tan2  A)  (sec2  A  .  cosec2  A  -  cot2  4) 

=  1  +  2  sec2  A  cosec2  A 

30.  (cos2  4  +  cot2  4 )  tan2  A  =  sec2  4  +  (cos2  A  -  I )  tan2  A . 

31.  cos4  A  -  sin4  4  =  cos2  A  -  sin2  A . 

32.  cos4  4  +  sin4  A  =  I  -  2  sin2  4  .  cos2  A. 

33.  cos6  4  +  sin6  A  =  1  -  3  sin2  A  .  cos2  A. 

34.  cos8  4  -  sin8  A  =  (cos2  A  -  sin2  4)  (1  -  2  sin2  4  .  cos2  A). 

35.  sec6 0  =  1+  tan6  0+3  tan2  0  .  sec2  0. 

36.  vers2  4-2  vers  A  +  sin2  4  =  0. 

37.  tan  4  —  sin  A  =  tan  A  vers  4. 

38.  vers  A  =  cos  4  subt  A. 

39.  vers  4(1  +  sec  A)  =  subt  4  (1  +  cos  4). 

40.  sin2  4  -  sin2  B  =  cos2^  -  cos2  4 . 

41.  tan2  4  +  sec2  £  -  sec2  4  +  tan2 .5. 

cos  4  +  cos  j5  cos  B  —  cos  4 

42.     -. 77  -  cos  4  .  cos  B  =  —  -   . 

sec  4  +  sec  B  sec  4  —  sec  B 

43.  (sin  4  +  sin  .6)  (cosec  B  —  cosec  4)  =  (sin  4  —  sin  ,5) 

(cosec  B  +  cosec  4 ). 

sin  4  +  sin  B     cos  .6  —  cos  4 

44.     = — 

cos  4  +  cos  B      sin  4  -  sin  B 

45.  (sin  4  —  cos  .5)  (sin  4  +  cos  .6)  =  (sin  B  —  cos  4) 

(sin  B  +  cos  4). 

46.  Solve  for  sin  0  :— 

(i)  3sin20-cos20=6cot20. 

(ii)  sin  0  + cos  0=1. 

(iii)  tan  0  + sec  0  =  2. 

(iv)  cot  0  +  cosec  0=3. 

(v)  4  cos2  0  +  2  sin  0  =  4  +  v/3  (1  -  2  sin  0). 

47.  Solve  for  cos  0 : — cot  0  +  cosec  0  =  5. 

48.  Solve  for  tan  0:— 12  sec2  0  =  6  +  17  tan  0. 

49.  In  the  ratio-hexagon,  the  ratio  of  the  product  to  the 
sum  of  the  squares  of  any  two  horizontally  adjacent  quantities  is 
equal  to  the  square  of  the  quantity  just  above  and  between  them. 


CHAPTER  IV. 
RATIOS  OF  PARTICULAR  ANGLES. 

§  1.     ONE  RATIO  BEING  GIVEN. 

97.  Given  the  value  of  any  one  ratio  of  an  angle,  to  draw  the 
angle  and  to  find  the  values  of  the  other  ratios. 

General  Method.  Let  p  :  q  be  the  given  value  of  the  ratio. 
Construct  a  right-angled  triangle,  in  which  the  measures  of  those 
two  sides,  by  which  the  ratio  is  defined,  are  respectively  p  and  q. 
Then  find  the  third  side  by  Euc.  I.  47. 

98.  Given  the  value  of  the  sine  or  cosine  of  any  angle,  to 
draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 

Then,  since  sin  and  cos  are  always  less  than  1,  r  is  less 
than  1. 

Take  a  line  OA  equal  to  any  unit 
length.  With  centre  0  and  radius 
OA  describe  a  circle  APE.  From  OA 
cut  off  a  part  0 M  equal  to  r  times  OA . 

Draw  MP  at  right-angles  to  OA, 
cutting  the  circle  in  P.  Join  OP. 

Then  the  measure  of  OP  =  OA  is  1. 

And  the  measure  of  OM-r  .  OA 
is  r. 

;.   cosMOP=sinMPO  = 
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Therefore  an  angle  has  been  drawn  whose  sine  or  whose  cosine 
has  the  given  value  r.  Q.E.F. 

If  r  had  been  greater  than  1,  ON  would  have  been  greater  than 
OA,  M  would  have  been  outside  the  circle,  and  MP  would  not  have  cut 
the  circle  at  all.  Hence  the  method  would  have  failed  as  we  should 
expect. 

99.  Given  the  value  of  the  sine  or  cosine  of  any  angle,  to 
find  the  other  ratios. 

In  other  words:  To  express  the  other  ratios  in  terms  of  the 
sine  or  cosine. 

As  before,  let  r  be  the  value  of  the  given  ratio. 
Construct  the  figure  of  the  last  article. 
Then,  by  Euc.  I.  47, 

i.e. 


(i)     Suppose  that  r  is  the  sine  of  the  required  angle.     Then 
MPO  is  the  required  angle,  which  we  may  call  A  . 


/.   cos^  =  cosJ/PO  =  ^  =  vv  t      ^^/(1-sinM), 

,fn~     MO  r  sinJ. 

tan  A  =  tan  MPO  =  -^-,  = -^ r.  =-77^ r^-rr  , 

PJf      ,J(\  -  r*)      V(l  —  sin2  A) 

and  so  for  the  other  ratios. 

(ii)     Suppose  that  r  is  the  cosine  of  the  required  angle.     Then 
MOP  is  the  required  angle,  which  we  may  call  A. 
.'.   r  =  cos  A. 


.'.   sin  A  =  sin  MOP  =     p  =  *  =  J(  1  -  cos2  A  ), 


r  cos  A 

and  so  for  the  other  ratios. 
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tangent  or  cotangent  of  any 


100.     Given  the  value  of 
angle,  to  draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 

Take  OM  =  1  :  draw  MP  at  right- 
angles  to  OM,  and  let  MP  =  r.  Join 
OP. 

Then  tan  MOP  =  cot  MPO 

MP     r 


Therefore  an  angle  has  been  drawn 
whose  tangent  or  whose  cotangent  has 
the  given  value  r.  Q.  E.  P. 


M 


101.     Given  the  value  of  the  tangent  or  cotangent  of  any 
angle,  to  find  the  other  ratios. 

In  other  words  :  To  express  the  other  ratios  in  terms  of  the 
tangent  or  cotangent. 

From  the  figure  of  the  last  article, 

by  Euc.  I.  47,  OP2  =  OM2  +  MP2  =  l+r2, 


(i)     Suppose  r  —  tan  A  so  that  MOP  —  A. 

MP  *• 

Then,  sin  A  =  sin  M OP  =  —  =  - 


and  so  for  the  other  ratios. 

(ii)     Suppose  r  =  cot  A,  so  that  MPO  =  A. 

Then,  sin  A  -  sin  MPO  =  ^  -  -77,—^  =  "// 


1 


so  for  the  other  ratios. 

102.     £«;ew  «Ae  value  of  the  secant  or  cosecant  of  any 
angle,  to  draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 
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Then  r  must  be  greater  than  1. 

Take  OA  =  r  ;  describe  a  circle  with 
centre  0  and  radius  OA.  From  OA  cut 
off  OM=  1.  Draw  MP  at  right  angles 
to  OA  meeting  the  circle  in  P. 

Then  OP=OA=r. 

OP      r 
7rir,=  ,=r. 
OM       1 


O        I       M 


Therefore  an  angle  has  been  drawn  whose  secant  or  whose 
cosecant  has  the  given  value  r.  Q.  E.  P. 

103.     Given  the  value  of  the  secant  or  cosecant  of  any 
angle,  to  find  the  other  ratios. 

In  other  words  :  To  express  the  other  ratios  in  terms  of  the 
secant  or  cosecant. 

From  the  figure  of  the  last  article,  by  Euc.  I.  47, 


(i)     Suppose  r  —  sec  A,  so  that  MOP  —  A. 

MP     J(r^  —  1 ) 

Then,  sin  A  =  sin  MOP  =  -7^  =  — = 

OP  r  sec  A 

and  so  for  the  other  ratios. 

(ii)     Suppose  r  =  cosec  A,  so  that  MPO  =  A. 

,._     OM     1  1 

sin  A  =  sin  MPO  =  -^=  =  -  = 


Then, 
and  so  for  the  other  ratios. 


=  -      — -. , 

OP      r      cosec  A ' 


104.  The  results  of  Arts.  99,  101,  103,  may  also  be  obtained, 
without  drawing  a  figure,  from  the  general  relations  of  equality 
established  in  the  preceding  chapter. 

Example  1.     To  express  the  tangent  in  terms  of  the  cosecant. 

_1 1 

cot  A 
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Example  2.     To  express  the  sine  in  terms  of  the  tangent. 


105.  Other  problems  may  be  solved  in  a  somewhat  similar 
way.  It  is  left  to  the  student  to  prove  the  results  of  the  follow- 
ing examples. 

Example  1.  To  divide  any  angle  .402?  into  two  angles  whose 
secants  shall  have  a  given  ratio. 

Cut  off  OA  and  OB,  so  that  OA  :  OB  =  given  ratio. 

Join  AB  :  and  draw  OC  perpendicular  to  AB. 

OC  shall  divide  AOB  (internally  or  externally]  as  required. 

Example  2.  To  divide  any  angle  AOB  into  two  angles  whose  tan- 
gents shall  have  a  given  ratio. 

Let  CD  :  DE  =  given  ratio.  Place  CD  and  DE  in  a  straight  line. 
Upon  CE  describe  a  segment  CFE  of  a  circle  containing  an  angle  equal 
to  AOB.  Draw  DP  at  right-angles  to  CE  cutting  the  circumference 
in  F. 

DF  shall  divide  CFE,  which  is  equal  to  AOB,  as  required. 

Example  3.  To  divide  any  angle  AOB  into  two  angles  whose  sines 
shall  have  a  given  ratio. 

Produce  AO  to  A1  :  and  cut  off  OA'  and  OB  so  that  OB  :  OA'  =  given 
ratio.  Draw  OC  parallel  to  A'B. 

OC  shall  divide  AOB  as  required. 

§  2.     THE  ANGLE  BEING  GIVEN. 

106.  We  now  proceed  to  find  the  ratios  of  such  angles  as 
have  simple  geometrical  relations  by  a  method  similar  to  the 
above.  It  is  convenient  to  take  the  smallest  line  in  our  figure  as 
the  unit  of  length,  in  order  to  avoid  unnecessary  fractions.  A 
second  side  is  then  found  by  some  proposition  connected  with  the 
particular  angle  in  question.  Lastly,  a  third  side  is  always  found 
by  Euc.  I.  47. 

The  student  should  in  each  case  retain  the  figure  with  the 
values  of  its  sides  and  angles  marked,  and  not  try  at  first  to 
remember  the  ratios  themselves. 
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[0 
45°,  50g,  — . 

Draw  AC*   AB  equal  and   at   right- 

'  J.  O 

angles  to  one  another.     Join  BC. 

Or  briefly  :    Construct  a  right-angled 
isosceles  triangle. 

Then  since  AB  =  AC,    .'.   L  A  EC  =  L 
ACB-,  [Euc.  I.  5. 

but  these  angles  are  together  one  right- 
angle.  [Euc.  I.  32.       /45° 

.'.  each  of  them  is  a  half  right-angle. 
Take  A B  =  A  C  for  unit  length.     Then 

J<?2  =  1  +  1  =  2,  [Euc.  I.  47. 


.*.  sin  45°  =  j^  =  -jz  :  cos  45°  =  -^  =  —j-  , 

BC        /0  BC       /0 

sec  45   =  „  .  =  fj'2  \  cox  45  —  ---^  =  ^2. 

Since  45°  is  its  own  complement,  any  ratio  of  45°  is  the  same 
as  its  co-ratio. 

108.     The  ratios  of  ^  and  §  of  a  right-angle. 

["SO0  and  60°  :  J  and  ~  .1 

On  AB   as  base  describe  an  equilateral  triangle  ABC,  and 
bisect  the  angle  ACB  by  CD. 

Or  briefly  :  Construct  a  bisected  equilateral  triangle. 

Then  ABC  being  equilateral  is  also  equiangular.        [Euc.  I.  5. 

.'.  each  of  its  angles  =  J  of  2  right-angles  =  60°,       [Euc.  I.  32. 
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.'.  the  angle  ACD  =  ±  of  a  right- 
angle  =  30°,    - 

and  the  angle  DAG  =  J  of  2  right- 
angles  =  60°. 

Also,  as  in  Euc.  I.  10,  the  tri- 
angles DACj  DBG  are  equal  in 
all  respects. 

.'.  AD  =  DB ;  and  DC  is  at  right- 
angles  to  AB. 

Take  AD  for  unit  length. 

Then  AC=A£=2  .  AD  = 

And  DC2  +  AD2  =  AC2. 


[Euc.  T.  47. 


.'.   DC2  =  3  and  DC  =  ^3. 

DC       /3  AD      1 

Thus,     sin  60°  =  -^  =  ~-   :  cos  60°  =  —-=  =  ~  : 


~ 

AL> 


AC 


and 


sin  30°  =         =          :  cos  30°  =         =          :  <fcc. 


Since  30°  and  60°  are  complementary,  any  ratio  of  the 
equal  to  the  co-ratio  of  the  other. 

109.     The  ratios  of  \  and  J  of  a  right-angle. 

[22J°and67J°  :  £  and 

Describe  the  isosceles  triangle  ABC,  right-angled  at  A. 
duce  AB  to  D,  making  BD  =  BC.     Join  DC. 

C 


one   s 


Pro- 


1 A 
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Then,  as  in  Art.  107,  L  ABC  is  a  J  right-angle;  and  the 
angles  BDC,  BCD  being  equal  by  Euc.  I.  5,  each  of  them  is  ^  of 
a  right-angle  by  Euc.  I.  32. 

Take  AB  =  AC=\.     Then  BD  =  BC  =  ^2,  as  in  Art.  107. 


/.   cot  224°  =  cot  ADC  =        = 
A.(J 

Again  DC*  =  DA*  +  AC*  =  (2  +  2^/2  +  1) 

DC* 
:.   cosec  22°  =  cosec  ADC  =  =      = 


=4=  +  2v/2. 


Similarly  the  other  ratios  may  be  written  down,  and  their 
denominators  may  be  rationalised  by  an  algebraic  process. 

The  same  figure  gives  the  ratios  of  67J°. 

By  the  following  simple  geometrical  construction  ;  the  other  ratios 
may  be  at  once  written  down  with  rationalised  denominators. 

With  centre  B  and  radius  BD  or  BC,  describe  the  semi-circle  DCE, 
cutting  BA  produced  in  E.     Join  CE. 


Then  L  DCE  in  a  semi-circle  is  a  right-angle. 
.-.    L  ACE  ^complement  of  z  DCA=  L 
Also  AE=BE-BA=*JZ-1, 


.-.  from  A^li)(7Jsm22^0=^x/(2-x/2)  and  cos22£° 
and  from  A  EGA,  tan  22^°  =  ^2  -  1  and  sec  22|°  =  V(4  - 
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1 10.     The  ratios  of^  and  f  of  a,  right-angU. 


["• 


' s 


Let  ABC  be  the  half  of  an  equilateral  triangle,  so  that,  as  in 
Art.  108,  L  BCA  =  60°,  L  ABC  =30°,  t  BAG  =  90°.  Produce 
AB  to  Z>,  making  £#  =  .5(7.  Join  DC. 

Then,  the  angles  .5ZN7,  BCD  being  equal,  [Euc.  I.  5. 

each  of  them  is  half  angle  ABO,  i.e.  15°.  [Euc.  I.  32. 

Take  AC  =  l.    Then  BD  =  BC=  2,  and  AB  -  J3,  as  in  Art.  108. 

/.  cot  15°  =  cot  ADC  =  2^=2  +  J3. 
AC/ 

Again, 

DC2  =  DA2  +  AC2  =  (4  +  4  ^3  +  3)  +  1  -  8  +  4^3  =  6  +  2^/1  2  +  2, 


DC1 

.'.  cosec  15°  =  cosec  ADC=  ~=  J6  +  J2. 

AC/ 

Similarly  the  other  ratios  of  15°  and  75°  may  be  written  down,  and 
their  denominators  may  be  rationalised  by  an  algebraic  process. 

By  the  same  construction  as  in  the  preceding  article,  the  other 
ratios  may  be  at  once  written  down  with  rationalised  denominators. 

With  centre  B  and  radius  BD  or  BC,  describe  the  semi-circle  DCEt 
cutting  BA  produced  in  E.     Join  CE. 

Then  L  DCE  in  a  semi-circle  is  a  right-angle, 

.-.    LACE=  complement  of  L  DC  A  =  L  ADC=  15°. 
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.-.  from  A-EZX7,  sml50=J(76-72)  and  cos  15°  =  £(76  +  72), 
and  from  A  EGA,  tan  15°  =  2  -  x/3  and  sec  15°  =  76  -  72. 

111.  We  may  proceed  to  bisect  the  angles  22J°  and  15°  in 
the  same  way.     The  student  will  easily  show  that 

cot  11J°.=  72+1  +  7(4  +  272), 
cot  7 J°  =  2+73  +  76  +  72. 

In  precisely  the  same  way  the  student  may  prove  geometrically 
the  general  formula 

cot  A  —  cosec  2 A  +  cot  2.4. 

112.  The  ratios  of  ^  -|,  §,  |-  o/*a  ri^  angle. 

[18°,  36°,  54°,  72°.] 

Bisect  any  straight  line  ^^  in  (7.  Draw  BD  at  right  angles 
and  equal  to  AB.  Join  (7-O.  Produce  AB  to  J£,  making  CE 
equal  to  (7Z>.  With  centres  A  and  .6  and  radii  each  equal  to 
AE  describe  two  circles  cutting  in  F.  Join  FA,  FB,  so  that  FA 
and  FB  are  each  equal  to  AE.  The  angle  AFB  shall  be  36°. 

For  Y  AB  is  bisected  in  C  and  produced  to  E, 

.'.  AE.BE  +  BC*  =  CE2  =  CD2  =  BD2  +  BC\ 
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From  FB,  which  is  equal  to  AE,  cut  off  FO  equal  to  AB  ; 
then  the  remainder  BO  —  remainder  BE. 
.'.  the  above  equation  becomes  BF  .  BO  =  AB2, 
:.  BF-.AB  =  AB  :BO,       . 

.'.    the  triangles   FBA,   ABO,  having  the  sides  about  their 
common  angle  B  proportional,  are  similar. 


But  Y 
J.  T. 


AFO. 
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.'.    each  of  the  angles  FAB,  FBA  of  the  triangle  FAB  is 
double  of  the  third  angle  AFB. 


.'.    L  AFB  =  36°. 

Join  FC.     Then  FC  bisects  angle  AFB  and  is  perpendicular 
to  AB. 


AF 
AC' 


/,    L  AFC  =  18°,  and  cosec  AFC  = 

Now  let  AC  =  CB  =  1.     Then  AB  =  BD  =  2. 
and  CE*  =  CD*  =  CB*  +  BD2  =  1  +  22  =  5,  .'.  CE=J5. 
and  AF=  BF=  AE=  Cfl  +  AC=J5  +  I. 

.'.  cosec  18°  =  75+  1. 

The  following  construction  gives  the  ratios  of  18°  or  72°  and  of  54° 
or  36°  in  their  simplest  form. 
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In  the  above  figure,  with  centre  0  and  radius  OF  or  OA  describe  a 
circle  PAGE  cutting  AB  produced  in  E,  and  FB  produced  in  G.  From 
F  and  G  drop  PC,  GH  perpendiculars  on  AE.  These  perpendiculars 
being  drawn  from  the  extremities  F,  G  of  the  diameter  FG  cut  off  equal 
segments  from  the  chord  AE. 

.'.  HE=AG  and  AH=CE. 
Consider  the  angles  of  the  figure. 
V  FAG=90°  and  FAB  =72°,     .'.  BAG=18°, 
/.  GFE=GAE=18°  .  AEG=AFG=36°  .  FGE=FAE=72°, 
v  FEG=9Q°  and  A  EG  =36°,    .:  AEF=54°  =  AFE,    .-.  AJE=AF. 
And  GBE=ABF=1Z°  =  BGE,    .-.  GE=BE. 
Consider  the  lengths  in  the  figure. 
Let  AC=HE=  1.     Then,  by  above,  AJ£=AF=J5  +  1. 
And  CE=AH=J5,    .-.  GE=BE=CE-CB  =  Jt>-l, 
5  +  2J5  and 
IC)  +  2J5  and 

Lastly,  ^£  =  2.^0  =  2. 

/.  from   A  GFE,  sin  18°  =  1(^5-1),  cos  18°  = 

from    A  FGA,  sin54°  =  |(V5  +  l),  cos  54°  =  J^(10-  2^/5), 

from  A  GAH,  tonlS'^  ^  ~\  sec  18° 


from  *FEC,  ton  54'- 


from  t\AFC,  cot  18°  =  ^(5  +  2^5),  cox!8°=V5  +  l, 
from  A  .fi'^Zr,  cot  54°  =x/(5  -  2^5),  cox  54°  =  ^5  -  1. 


It  may  be  observed  that  the  lengths  below  AE  have  the  same  form 
as  the  corresponding  lengths  above  AE,  but  a  minus  sign  instead  of  a 
plus  sign.  Thus  the  corresponding  ratios  of  18°  and  of  54°  have  the 
same  algebraical  form,  except  for  the  sign  of  the  second  term.  More- 
over, the  -  sign  occurs  in  the  primary  ratios  of  18°  and  in  the  second- 
art/  ratios  of  54°.  This  last  fact  may  be  connected  with  the  results  of 
Art.  114. 

Example.     Hence  show  that 

and  cot  27°  =  x/5 


113.     To  find  the  limiting  values  of  the  ratios  as  the  triangle 
of  reference  collapses  into  a  straight  line. 

The  triangle  of  reference  OMP  collapses  into  a  straight  line, 

5—2 
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when  either  the  base  OM  or  the 

perp.  MP  coincides  with  the  hyp. 

OP,     while     the     remaining    side 

vanishes.     Thus, 

as  MOP  decreases  to  0°, 

OM  becomes  equal  to  OP,  and  MP 

vanishes ; 

as  MOP  increases  to  90°, 

MP  becomes  equal  to  OP,  and  OM 

vanishes. 


Now  the  ratio  of  two  finite  equal  lengths  is  unity  :  -  —  1. 
The  ratio  of  zero  to  any  finite  length  is  zero  :  -^  =  0. 

The  ratio  of  any  finite  length  to  zero  is  infinity :   -  =  oc. 

[For  a  fraction  varies  in  the  same  direction  as  its  numerator,  but  in 
the  opposite  direction  to  its  denominator.  Hence,  if  the  numerator 
decreases  indefinitely,  the  fraction  decreases  indefinitely  : — 0//=0.  But 
if  the  denominator  decreases  indefinitely,  the  fraction  increases  indefi- 
nitely :-//0=  oo .] 

Hence  the  limiting  values  of  the  ratios  are 
0,   1  or  oc. 


sinO  =  7  =  0 
J 

cosO  =•£=! 
sin  90°  =•£  =  !: 


tan  0  =     =0:    sec  0  =•= 


cot 


cox     -= 


=^  =  cc:  Bec90°=^=cc: 


° 


cos  90°-     =0:  cot  90°-    =0:  cox  90°=     =  1. 

In  this  table  the  student  should  observe  : 

(1)     That,  the  angles  0  and  90°  being  complementary,  any  ratio  of 
the  one  =  the  co-ratio  of  the  other. 
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(2)  Since,  for  certain  limiting  angles,  the  sin,  cos,  sec  or  cox  equals 
1,  strictly  we  must  say  of  sin  and  cos— not  that  they  are  always  less 
than  1 — but  that  they  are  never  greater  than  1  :  and  of  sec  and  cox — 
not  that  they  are  always  greater  than  1 — but  that  they  are  never  less 
than  1. 

(3)  The  primary  ratios  have  their  minimum  values  at  0,  and  their 
maximum  values  at  90°. 

The  secondary  ratios  have  their  maximum  values  at  0,  and  their 
minimum  values  at  90°. 

114.  General  changes  in  value  of  the  ratios,  as  the  angle 
changes  from  0  to  90°. 

Let  a  line  of  constant  length 
OP  revolve  from  any  position  01. 
It  will  describe  a  continuously 
increasing  angle,  as  its  extremity 
P  traces  out  the  quadrant  of  a 
circle. 

Drop  a  perpendicular  PM 
upon  01. 

Then,  as  the  angle  IOP  in- 
creases from  0  to  90°, 

OP  remains  constant :  MP 
increases  :  OM  decreases. 

Now,  the  perp.  MP  is  in  the  numerator  of  sin  and  tan ; 
but  in  the  denominator  of  cox  and  cot. 

And  the  base  OM  is  in  the  numerator  of  cos  and  cot ; 
but  in  the  denominator  of  sec  and  tan. 

Thus  as  the  angle  increases  from  0  to  90°,  the  primary  ratios, 
sin,  tan,  sec  increase :  while  the  secondary  ratios,  cos,  cot,  cox 
decrease. 


From  0  to  90°, 
sin  increases  from  0  to  1  : 
tan  increases  from  0  to  oc  : 
sec  increases  from  1  to  oc  : 


but  cos  decreases  from  1  to  0. 
but  cot  decreases  from  oc  to  0. 
but  cox  decreases  from  oc  to  1. 
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The  results  of  some  of  the  preceding  articles  exemplify  these  state- 
ments :  e.g. 

--  :  sin 30°=        :  sin45°=        :  sin 60°=        :  sin90°=       . 


§  3.     THE  SOLUTION  OF  TRIGONOMETRICAL  EQUATIONS. 

115.     A  Trigonometrical  equation  is  an  equation  connecting 
the  ratios  of  some  unknown  angle  which  has  to  be  found. 

The  solution  generally  requires  the  following  three  steps  : 

(1)  Express  the  different  ratios  which  occur  in  terms  of  one 
single  ratio  ;  by  means  of  the  formulae  of  this  or  the  preceding- 
chapter. 

(2)  Find  the  value  of  this  one  ratio  by  the  purely  algebraic 
process  of  solving  an  equation. 

(3)  Put  down  the  acute  angle,  whose  ratio  has  the  value 
found,  by  applying  inversely  the  results  of  this  chapter  on  the 
values  of  the  ratios  of  specific  angles. 

Example  I.     Solve  2  sin  0  =  1. 

(1)  Here  only  one  ratio  occurs. 

(2)  The  algebraical  process  gives  sin  6=%. 

(3)  Reference  to  Art.  108  shows  that  0  =  30°. 

Example  2.     Solve  J3  (tan  6  +  cot  6}  =  4. 

(1)  Since  cot  6  =  -1—  .   .-.  »J3  (  tan  Q+  r^)  =  4- 

tan'0  V  tantf/ 

(2)  .'.  v/ 


.-.  tan2<9-  ~ 


.-.  tan*<9-  - 

V          \/ 


73  °r  73=^3or  J3' 
(3)    Reference  to  Art.  108  shows  that  (9  =  60°  or  30°. 
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Example  3.     Solve  tan2  6  +  sec  6  =  5. 

(1)  Since  .  tan2  0=  sec2  6-1,  .'.  sec20-l  +  sec0=5. 

(2)  .-.  sec2  6+  sec  6=6, 

2  19^ 

=6+i  =  T' 


/.  sec0=-  or  -  -=2  or  -3. 

.4  Z 

(3)  Eeference  to  Art.  108  shows  that  sec  6=2  is  satisfied  by  0  =  60°. 
But  negative  values  of  the  ratios  have  not  yet  been  treated.     Hence 
for  the  present  we  may  discard  the  solution  sec  6=  —  3. 

Example  4.     Solve  2  sin  A  =  *J3  tan  A. 
Method  by  factors.     Here 

2  sin  A  —  </3  tan  A=0  gives  sin  A  (2  -  ^/3  sec  A)  =  0, 

/.  either  sin  A=0  or  2-^3860^4=0. 
jYow  sin  ^4  =  0  gives  A=Q. 

And        2-^/3860.4=0  (/wes  sec  ^4  =  -.   ,     .'.  ^1=30°. 

\M 

/.  ^=0  or  30°. 

EXAMPLES  IV. 

1.  Draw  the  angle  A  and  find  all  its  ratios  in  each  of  the 
following  cases  :  — 

(1)     sin4  =  j^,         (2)     tan  A  =  3,         (3)     sec  A  =  14, 

(4)  cos  A  =  -6,         (5)     cot  A  =  -3,        (6)  cosec.4  =  3f 

2.  Express    ton  .4-  in  terms  of  sin  A  and  of  cos  A. 

3.  Express     sec  .4  in  terms  of  sin  A  and  of  cot  A. 

4.  Express  cosec  A  in  terms  of  sec  A  and  of  cos  A. 

5.  Express     sin  .4  in  terms  of  ton  A  and  of  sec  .4  . 

6.  Divide  an  angle  into  two  angles  whose  cosines  shall  have 
a  given  ratio. 

7.  Divide  an  angle  into  two  angles  whose   cosecants   shall 
have  a  given  ratio. 
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Find  the  acute  angles  including  0  and  90°  which  satisfy  each 
of  the  following  equations  (8 — 25). 

8.  4  +  4cos0=3sec0.  17.  4  sin  0  =  cosec  0-2^/2. 

9.  2sin0  +  2cosec0  =  5.        18.  3  tan2 6  +  2  =  cot2 0. 

10.  tan  0  =  cot  0.  19.2  cos2  0  =  2  sin2  0  +  1. 

11.  2  sin  0  =  cosec  0.  20.  4  sin  0  =  cosec  0  -  2. 

12.  sec2  0  +  3  cosec2  0  =  8.  21.  tan  0  +  4  cos2  0  =  3. 

13.  2  sin  0  =  tan  0".  22.  sec20  =  2  +  2  tan0. 

14.  tan  0  + cot  0-2.  23.  2sin0tan0+l=tan0  +  2sin0. 

15.  72.  cos  0- cot  0-0.  24.  2  cos2  0+73.  sin  0  =  2. 

16.  2sin20  =  3cos0.  25.  tan 0  + cot 0=4. 

Prove  the  following  identities:  (26—32). 

26.  (sin  30°  +  sin  60°)  (cos  30°  -  cos  60°)  =  sin  30°. 

27.  (cos  60°  +  cos  30°)  (sin  60°  -  sin  30°)  =  cos  60°. 

28.  sin  30°  +  sin  60°  =  J2  .  cos  15°. 

29.  cos  30°  -  cos  60°  =  ^2  .  sin  15°. 

30.  (sin  60°  -  sin  45°)  (cos  45°  +  cos  30°)  =  sin2  30°. 

31.  cos36°-sinl8°  =  J. 

32.  4  sin  18°  cos  36°  =1. 

33.  If  the  sine  of  an  angle  be  >  — j=  and  the  cosine  of  that 

V^ 
angle  be  >  J,  between  what  limits  does  the  angle  lie  ? 

34.  If  the  tangent  of  an  angle  be  >  — ^  and  the  cotangent  of 

\l6 
that  angle  be  >  ^/S,  between  what  limits  does  the  angle  lie  ? 

35.  Trace  the  changes  in  value  of  (1)  1  -  cos  0;  (2)  sec  0  —  1 ; 
(3)  sin  0  +  cos  0  ;  (4)  sec  0  —  tan  0  :  as  0  changes  from  0  to  90°. 

Solve  the  following  simultaneous  equations: 

36.  sin4  a  =  cos2  ft,  and  4  cot2  a  =  sec2  (3. 

37.  sin  (A  +  B)  =  -L ,     and  cos  (A  -  B)  =  -^  . 

fj A  ^ 

38.  In  Example  I.  19,  show  that  the  angles  ODC  and  DOC 
are,  respectively,  60°  and  30°. 


CHAPTER   V. 
RATIOS   OF   COMPOUND   ANGLES. 

116.     The  following  two  propositions  will  be  found  useful  in 
many  applications. 

I.     If  a  magnitude  AB  be  bisected  at  C  and  divided  at  D, 


A  C  D  B 

then  (1)  AD  +  DB=2.AC,  and  (2)  AD-DB  =  2.  CD. 

and  (2)  AD  -DB  =  (AC  +  CD)  -  (CB-  CD)  =  2  .  CD. 

II.     If  a  magnitude  AB  be  bisected  at  C  and  extended  to  D, 


A  C  B          D 

then  (1)  AD-BD  =  2.AC,  and  (2)  AD  +  BD  =  2.CD. 

For  (1)  AD-BD  =  AB  =  2.  AC. 
and  (2)  AD  +  BD  =  (AC  +  CD)  +  (CD  -CB)  =  2.  CD. 

These  propositions  may  be  applied  to  straight  lines,  angles, 
triangles,  &c.",  as  in  Arts,  which  follow. 

117.  To  express  the  area  of  a  triangle,  when  two  sides  and  the 
included  angle  are  given. 

We  have  shown  (Art.  22)  that  the  area  of  a  triangle  is 
measured  by  J  (base  x  altitude). 


LC 


B  L          C  B  C  L         B 

Let  ABC  be  any  triangle.     Draw  AL  perpendicular  to  the 
base  EC  produced  if  necessary. 

Then  &ABC=\BC.LA.  (1) 

The  angle  ACB  is  either  acute,  obtuse,  or  right. 
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In  each  case,  let  G  denote  that  angle  at  the  point  (7,  which  is 
not  obtuse. 

Then,  in  each  case,  sin  C  =  fri  - 

\j  A. 

.'.  CA.smC=LA. 
Substituting  for  LA  in  (1) 

A  ABC  =  J  EC .  GA  .  sin  C.  (2) 

Hence,  the  area  of  a  triangle  is  measured  by  half  the  product 
of  two  sides  and  the  sine  of  the  (non-obtuse)  angle  contained  by 
them. 

118.  To  express  the  sine  of  the  internal  or  external  angle  of  a 
triangle  in  terms  of  the  area  of  the  triangle  and  the  sides  containing 
the  angle. 

By  the  last  article  we  have,  if  C  be  the  non-obtuse  angle  at  C, 
which  is  either  internal  or  external  to  the  triangle  ABC, 
$£C.CAnnC=  A  ABC, 

„     2.  A  ABC 

:-.**?*-SttT- 

Hence,  the  sine  of  the  internal  or  external  angle  of  a  triangle 
__  twice  area  of  the  triangle 

~~  product  of  sides  containing  the  angle  ' 

The  student  should  observe  that  both  the  numerator  and  the  de- 
nominator of  the  above  fraction  represent  an  area.  Hence  the  sine  is 
given  correctly  as  an  abstract  number. 

119.  We  proceed  to  find  the  ratios  of  angles  formed  by  the 
addition  or  subtraction  of  two  angles. 

We  shall  adopt  a  method  which  in  each  case  involves  the 
application  of  the  preceding  article.  But  alternative  proofs  are 
given  in  Chapter  XIII.,  which  the  student  may  use  in  preference 
to  these. 

The  beginner  is  very  liable  to  fall  into  the  mistake  of  supposing  that 
sin  (A  +  B)  must  equal  sin  A  +sin  B,  that  sin  2  A  must  equal  2  sin  A,  and 
so  on.  He  must  remember,  as  was  pointed  out  before,  that  sin  is  not 
a  multiplier  which  can  be  separated  from  its  accompanying  symbols. 
Thus,  sin  (A  +  B)  means  "  The  sine  of  the  angle  formed  by  adding  the 
two  angles  A  and  B" ;  while  sin  A + sin  B  means  "The  number  formed 
by  adding  the  two  sines  of  the  angles." 

In  what  follows  all  the  angles  whose  ratios  are  involved  are  ordinary 
(i.e.  positive)  acute  angles. 


RATIOS  OF   COMPOUND  ANGLES.  75 

120.     Toprovetheformulasiii(A+I>)=siuAcosJB+cosA  sinB.  .(1). 


Let  A,  B  be  the  angles  at  the  base  of  a  triangle,  whose 
vertical  angle  at  C  is  obtuse.  Draw  CN  perpendicular  to  AB. 

Then,  producing  AC,  the  exterior  angle  at  C  is  acute  and 
interior  L  A  +  interior  L  B  =  exterior  L  C.  [Euc.  I.  32. 

m      .    ,  ~      2  A  ABC     NC.BA 

. .  sin  (A  +  B)  =  sin  (exterior  L  C)=    .„    nri  =    .„    nri 

A(J  .  ±>L>       AL  .  J)U 

NC(BN+NA)  _NC     BN     NA     NC 
AC  .BC        ~  AC  '  BC  +  1C  '  ~BC 

=  sin  A  .  cos  B  +  cos  A  .  sin  B. 

121.    To  prove  the  formula  sin.  (A-£)=sinAcos£-cosA  sin.Z?..(2). 


Let  A  be  an  (acute)  angle  exterior,  and  B  an  angle  interior, 

to  the  triangle  ABC.     Draw  CN  perpendicular  to  BA  produced. 

Then  exterior  L  A  -interior  L  B  =  interior  L  C.     [Euc.  I.  32. 

m      •"/•*••        ™     2A^S(7     NC.BA 
'.  sin  (A  -  B)  =  sin  (interior  z  C)  =  -^-^  =  ^^-^ 

_NC(BN-AN)  _NC     JW  _AN_     JVC 
AC  .BC        ~  AC'  BC      AC  '  BC 

=  sin  A  .  cos  jB  —  cos  A  .  sin  B. 


76 


RATIOS   OF  COMPOUND   ANGLES. 


122.     To  prove  the,  formula 

cos  (A  +  J3)  =  cos  A  cos  B  —  sin  A  sin  B  ..........  (3). 


B  A'  N  A 

In  the  figure  of  Art.  120,  draw  CA'  at  right  angles  to  CA. 
Then        L  NCA'  =  comp.  of  L  NCA  =  L  NAG  =  A, 
and        int.  L  BCA'  =  comp.  of  ext.  L  C  =  comp.  of  (A  +  B). 

Z^A'BC     NC.BA' 
' '  COS (A  +  B^  sm  BCA  =  TUTBO  =  AC7BC 

NC.(BN-A'N)  _NC     BN _AN    NC 
A'C.BG        ~A/C'BC     ~A*C'~BC 
=  cos  A .  cos  B  —  sin  A  .  sin  B. 


123.     To  prove  the  formula 

cos  ( A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B. 


.(4). 


In  the  figure  of  Art.  121,  draw  MCA'  at  right  angles  to  CA. 
Then       L  NCA'  =  comp.  of  z  ^VC^  =  tNAG  =  A, 
and  ext.    z  ^(7Jf  =  comp.  of  int.  L  C  =  comp.  of  (A  -  B). 
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2  A  ABC     NC.BA 
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=  NC(BN+NA')  _NC    BN     NA'    NC 
A'C .  BO        ~  A'C  '  BC  +  A'C  '  BC 


124. 


-  cos  A  .  cos  B  +  sin  A  .  sin  B. 

To  prove  theformulce, 

sin  A  +  sin  B  =  2  sin  \  (A  +  B)  cos  \  (A  -  B)... 
sin  A  -  sin  ,6  =  2  cos  J  (4  +  £)  sin  J  (4  -  B) ... 


...(5), 
...(6). 


Let  L  POC  =  A;  and  L  QOG  =  B.     Take  OP=OQ.     Join 
cutting  OC  in  C. 

Let  0^  bisect  angle  POQ,  triangle  POQ,  and  base  PQ. 
Then  (Art.  116,  I.) 

A  POC  +  A  (70$  =  2  A  POR  and  A  P0(7  -  A  COQ  =  2  A 
S.POC+  L  COQ  =  2  L  POR  and  L  POC  -  L  COQ  =  2  s.  ROC. 
2  A  /W     2  A  (?0()     4  A  POR 


sn 


+  sin  B  = 


OP.OC     OQ.  OC 
2PR    OR 


OP.OC 


and    sin  A  —  sin  B  = 


OP  '  OC 

=  2  sin  l  (4  +  B)  cos  J  (4  -  B\ 

2*  POC  _  2  A  COQ  =  4 

OP  .  OC  ~  OQ  .  OC  ~  OP  .  OC 
_20R    RC_ 
~  OP  '  OC 

=  2  cos  J  (A  +  B)  sin  k(A-  B). 
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125.      To  prove  the  formulae 

cos  B  +  cos  A  =  2  cos  J  (4  +  B)  cos  J  (4  -  £). 
cos  B  -  cos  4  =  2  sin  J  (4  +  j?)  sin  |-  (^1  -  B). 


...(7), 
...(8). 


C' 


In  the  figure  of  last  article,  draw  FOG'  at  right  angles  to  00. 
Then   L  00'  R  =  comp.  of   z  0'  OR  =  L  ROC  =%(A-  B\ 


and   L  COQ=comp.  of   L  QOF,  and   z  POO  =  comp.  of   z 

Also  (Art.  116,  II.), 
A  QOC'  +  A  POG'  =  2  A  .KOr  an^  A  QOC'  -  A  POC"  =  2  A  POft, 


And  cos 


OP.OC'~  OP  '  OC' 

=  2  cos  J  (A  +  B)  cos  J  (-4  -  -5). 

u^i^.*ow>.j^r^55 

=  4  A  POT?     2P.R    P6^ 
~  6>0 .  OC"  ~  ~OP  '  OC1 

=  2  sin  ^(A  +  B)  sin  J  (A  —  B). 


RATIOS   OF   COMPOUND   ANGLES. 


79 


126.      To  find  the  relations  between  the  ratios  of  an  angle  and 
those  of  its  half  or  double. 


Q 


M 


Describe  a  semicircle  QPR,  centre  0,  on  diameter  QR. 
Make   L  RQP  =  A  :  and  draw  PM  perpendicular  to  QR. 
Then  L  ROP  at  the  centre  =  2 .  L  RQP  at  circumference  =  2A. 


and 


L  QPR  in  semi-circle  =  a  right-angle, 
L  RPM  =  complement  of  L  QPM=  L  RQP  =  A. 


Thus 
(9) 


M. P     '2MP 
OP  =   QR 


2MP    QP 


cot 


(10)    oosfci=^  = 

(11) 
(12) 

(13) 
(14) 
(15) 
(16) 


QP 
QM-  MR 
QR 


'  QR 
QM 
~QP' 


—  2  sin  A  .  cos  A. 


_  OP  _    QR  _  QM  +  MR 
~  MP~  2MP  ~      2MP 
QM-MR 


OM     20M 
MP~  2MP~      2MP 
MR    PR     MR     OR-OM 
QR 


RP 
?      RP'  QR 

=  cos2  A  —  sin2 .4. 
cot  A  +  tan  A 

~2~        ' 
cot  A  -  tan  A 


sin2  A  =   T       .  -=-=  = 


2 
1  -  cos  2  A 


PR 


A  = 


tan  A  = 


QM^ 

QP 
MR 
MP 


MP 


QR          20P  2 

QP     QM _  QO  +  OM  ^  1+ cos  24 
QR~QR~      20P  ~2~ 

OR-OM      OP      OM 

TKP-  =  MP-  j^=cosec2^-cot2^. 

QO+OM     OP      OM 

^MP~  =  jfr+J&-~**A+<**4, 
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Similarly  we  may  show  that 

(17)     tan2^[  =  12tfnf  (18)     sec  2A  =     S6cM     . 

1  -  tan2  J.  2  —  sec2  ^ 

(19)     cos  2A  =  2  cos2  A  -I.  (20)     cos  24  =  1  -  2sinM. 

127.     To  find  the  tangent  and  cotangent  of  the  sum  or  difference 
of  two  angles. 

„.      sin  (A  +  B)      sin  A  cos  B  +  cos  A  sin  7? 
tan  (A  +  B)  =  --  }—4  -  ^T.  =  -  -.  -  „  -  :  —  2  —  =  —  =•  . 
cos  (  J.  +  B}      cos  J.  cos  ./?  —  sin  A  sin  .Z? 

[Arts.  120,  122. 

In  order  to  express  this  fraction  in  terms  of  tan  A  and  tan  B, 
we  must  divide  its  numerator  and  denominator  by  cos  A  .  cos  B. 

tan  A  +  tan  B 
:.  tan  (A  +  B)  =  —  —  ...............  (21). 

'      1  -  tan  A  tan  B 

tan  A  -  tan  B 
Smnlarly  :        ^(A-B)  =  ...............  (22), 

...(23), 


j.  /  A      T>\     cot  ^  cot  .5  +  1  /0,x 

cot(A-S)=-  ——-    —  —  ...............  (24). 

cot  B  -  cot  J. 

128.  The  preceding  24  formula  are  not  independent  of  one 
another.      It   will   be   useful   to   show   their   algebraical   inter- 
dependence.    This  is  done  in  Arts.  129  —  132. 

129.  Given  sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B  ......  (1), 

to  prove  cos  (A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B  ......  (4). 

In  (1)  let  A  =  90°  -  0. 

Then  sin  A  =  sin  (90°  -G)=  cos  (7, 

and  cos  J.  =  cos  (90°  —  C)  =  sin  (7, 

and  sin  (;!+£)  =  sin  (90°  -C-£)  =  cos(C-  B). 

.'.  (1)  becomes  cos  (C  —  B)  =  cos  (7  cos  ,5  +  sin  (7  sin  B. 

Writing  A  for  C  we  have  (4).     Similarly 

Given         sin  (.4  -  .5)  -  sin  A  cos  -5  —  cos  A  sin  ^  ...........  (2), 

we  can  prove  cos  (  A  +  /?)  =  cos  .4  cos  7?  -  sin  ^4  sin  $  ...........  (3). 
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130.  Given  sin  (A  +  B]  =  smA  cos  B  +  cos  A  sin  j5 (1), 

to  prove         :       sin  (A  —  B)  =  sin  A  cos  B  —  cos  A  sin  B    (2). 

In  (1)  write  A  +  B  =  D,  so  that  A=D-B. 

Then  we  have  sin  D  =  sin  (D  -  B)  cos  B  +  cos  (D  -  B)  sin  B. 

But  we  have  shown  in  the  last  article  that  from  (1)  it  follows 
that 

cos  (D  —  B)  =  cos  D  cos  J5  +  sin  D  sin  .6. 

Substituting  for  cos  (D  —  B)  in  above, 

sin  D  =  sin  (D  -  B)  cos  B  +  cos  Z>  cos  B  sin  .5  +  sin  D  sin2  ^, 

.'.  sin  D  (1  —  sin2  J5)  -  sin  (.Z)  —  .6)  cos  B  -t-  cos  Z>  cos  B  sin  J?, 

.'.  sin  D  cos2  jB  -  cos  D  cos  ^  sin  B  —  sin  (Z>  —  B}  cos  .5, 

.'.  sin  D  cos  J5  -  cos  D  sin  ^  =  sin  (D  —  £). 

Writing  A  for  D  we  have  (2). 

131.  Given 

sin  (.4  +  B)  —  sin  .4  cos  B  +  cos  .4  sin  B (1), 

and  sin(J.  -B)  =  sin.A  cos  .5-cos^  sin  B (2), 

to  prove       sin  A  +  sin  B  -  2  sin  ^(A  +  B)  cos  J  (.4  —  B)  (5), 

and  sin^-sin.5  =  2  cos%(A  +£)sin.  %  (A  -  B)    (6). 

(1)  +  (2)  gives  sin  (A  +  B)  +  sin  (A  —  £)  —  2  sin  A  cos  £, 
(1)  -  (2)  gives  sin  (A  +  ^)  —  sin  (A  —  B)  =  2  cos  A  sin  j5. 
Put  A  +  B  =  Sand  A-B=T, 

.'.  (adding)  2 A  =  S  +  T,  (subtracting)  2B  =  S-T, 

.-.  sin  3  +  sin  T=  2  sin  J  (S  +  T)  cos  J  (S  -  T), 
and  sin  #-  sin  T  =  2  cos  %  (S  +  T)  sin  J  (#  -  T). 

Writing  A  for  £  and  B  for  ^  we  have  (5)  and  (6). 
Similarly 

Given  cos  (A  +  B)  =  cos  A  cos  .6  -  sin  A  sin  .5 (3), 

and  COB  (A  -  B)  =  cos  A  cos  .5  +  sin  A  sin  .5 (4), 

toe  can  prove 

cos  JS  +  cos  ^  =  2  cos  |  (^  +  B)  cos  J  (4  -  B) ...(7), 

and     cos  B  -  cos  4  -  2  sin  J  (4  +  £)  sin  ±(A-B)  (8). 

J.  T.  6 
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132.  The  signs  in  the  formulae  (1)  —  (8)  may  be  connected 
with  the  fact  that  the  sine  increases  but  the  cosine  decreases  as 
the  angle  increases. 

133.  In  sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B  .........  (1), 

and  cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  .#  .........  (3), 

x       tan  J.  +  tan  B 
and  ttm(A  +  B)  =  T-  —    ............  (21). 

1  —  tan  A  tan  B 

Put  B  =  A. 
Thus          sin  (A  +  A)  =  sin  J  cos  J.  +  cos  .4  sin  A, 

i.  e.  sin  2.4  =  2  sin  .4  cos  A  ..................  (9), 

cos  (A  +  A)  =  cos  A  cos  A  —  sin  .4  sin  A, 

i.e.  cos  24  =  cos24  -  sin24  ...............  (10), 

tan  .4  +  tan  A 


tan 


1  -  tan  A  tan 


These  results  are  very  important. 

134.  To  express  the  sum  or  difference  of  two  sines  or  cosines 
as  a  product. 

This  is  done  in  the  general  case  in  Arts.  124  and  125.  But 
the  following  method  is  recommended  as  an  exercise  in  the  four 
important  fundamental  formulae  of  Arts.  120,  121,  122,  123. 

Express  the  two  given  angles  as  the  sum  and  difference,  respec- 
tively, of  two  new  angles  ;  either  by  inspection  or  by  solving  an 
equation.  Then  apply  the  formulae  of  Arts.  120—123.  Thus 

Example  1.     sin  74  -f  sin  34  =  sin  (5  A  +  24)  +  sin  (5  A  -  24) 
=  (sin  5  A  cos  2  A  +  cos  5  A  sin  2  4)  +  (sin  5  A  cos  2  A  —  cos  5  A  sin  2  A*) 

=  2  sin  5  A  cos  2  A. 

Example  2.     cos  5  A  -  cos  1  1  A  =  cos  (8  A  -  3  A  )  -  cos  (8  A  +  3  A  ) 
=  (cos  8^4  cos  3^4  +  sin  8^1  sin  3.4)  -  (cos  8^4  cos  3^4  -  sin  8^4  sin  3^4) 

=  2  sin  8.4  sin  3-4. 
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Example  3.     sin  A  —  sin  B  :  assuming  A  to  be  the  greater. 
Let  x+y  =  A     and    x-y  =  B. 

Then  sin  (x  +y)  -  sin  (x  —y}  =  2  cos  #  sin  y. 

But  solving  for  x  and  y,  2#  =4  +  .B  and  2y=A-J3, 

.-.  sin  4  -  sin  B=  2  cos  £  (4  +  B]  sin  £  (4  -  .B). 
Example  4.     cos  4  -  cos  B  :  assuming  B  to  be  the  greater. 
Let  x+y=B    and    x-y=A. 

Then  cos  (x  -y}-  cos  (a?  +  y}  =  2  sin  #  sin  y. 

But  solving  for  x  and  y,  2#=i?+4  and  2y  =  B-A. 

.-.  cos  4  -  cos  B  =  2  sin  |  (^  +  A)  sin 


135.  To  express  the  product  of  sines  or  cosines  as  a  sum  or 
difference. 

This  is  the  converse  problem  to  that  of  the  last  article.  The 
method  is  simply  to  introduce  a  product  containing  the  ratios 
complementary  to  those  in  the  given  product.  Thus 

Example  1  .  2  cos  44  sin  34 

=  (sin  44  cos  34  +  cos  44  sin  34)  -  (sin  44  cos  34  -  cos  44  sin  34) 
=  sin  74  —sin  4. 

Example  2.  2  cos  74  cos  24 

=  (cos  74  cos  24  +  sin  74  sin  24)  +  (cos  74  cos  24  -  sin  74  sin  24) 
=  cos  54  +  cos  94. 


EXAMPLES  V. 

1.     Show  that 

cos  (A-B)  +  sin  (4  +  B)  =  (cos  4  +  sin  4)  (cos  B  +  sin  £) 
cos  (4  +  B)  +  sin  (4  —  JB)  =  (cos  4  +  sin  4)  (cos  B  —  sin  B) 
cos  (A  -  B)  -  sin  (4  +  B)  =  (cos  4  -  sin  4)  (cos  B  -  sin  B) 
cos  (4  +  B)  —  sin  (4  —  B)  =  (cos  4  —  sin  4 )  (cos  B  +  sin  B). 

'2.     Find  the  sine  and  cosine  of  15°  from  those  of  60°  and  45°. 
3.     Find  the  sine  and  cosine  of  75°  from  those  of  45°  and  30°. 

6—2 
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4.  Show  that 

tan  A  cot  B  +  1 

tan  (A  +  B)  =  -  —=—      —^  , 
cot  B  —  tan  A 

„,        cot  A  +  tan  B 

and  that  cot  (A  -  B)  =  —  -  —=.  . 

1  -  cot  A  tan  B 

5.  If  sin  J.  =  cos  B  -  f  ,  find  sin  (4  +  -Z?j  and  cos  (A  +  B). 

6.  If 

sin  A  =  |-|  and  sin  j§  =  f§,  find  sin  (A  —  B)  and  cos  (A—  B). 

7.  Find  tan  (A  +  45°)  and  cot  (45°  -A). 

8.  Show  that 

sin  A  +  cos  A  =  ^2  .  sin  (4  +  45°)  -  ^/2  cos  (45°  -  A). 

9.  Show  that 

cos  A  -  sin  A  =  ^2  .  sin  (45°  -A)  =  ,J2  cos  (45°  +  A). 

10.  Find  sin  30°  from  the  identity  cos  30°  =  sin  60°. 

Prove  the  following  identities: 

11.  (sin  A  +  cos  Af  =  1  +  sin  2.4. 

12.  (cos  A  +  sin  -4)  (cos  A  -  sin  ^l)  =  cos  2  A. 

13.  cos  2^  =  2  cosM  -1  =  1-2  sinM. 

i  A  *  A     1  -  cos  2^1  1  +  cos  2  J. 

14.  tan2^!  =—          —  .  15.     cot  ^  = 


.  .  .    _        . 

1  +  cos  2A  sin  2A 

16.  1  +  sec  2  A  -  2  cos2^  .  sec  2  A. 

Put  the  following  expressions  (17  —  28)  in  the  form  of  twice 
the  product  of  two  ratios  : 

17.  sin  114  +  sin  7  A.  18.     sin  13  A  -  sin  9-4. 
19.     cos  3A  +  cos  5A.  20.     cos  7-4  -  cos  17^. 

21.  8m(n  +  l)A  +  ain.(n-l)A.  22.     cos  2A  +  sin  2A. 

23.  sin  3  A  -  sin  2  A.  24.  cos  2-4  -  cos  3-4. 

25.  sin  0  +  cos  <£.  26.  cos  <£  -  sin  6. 

27.  cos(w-3)-4-cos(w  +  3)A  28.     sin  2-4  -  cos  2-5. 
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Put  the  following  expressions  (29 — 36)  in  the  form  of  the  sum 
or  difference -of  two  ratios: 


29.     2  sin  A  cos  B. 

30.     2  sin  4  sin  £. 

31.     2  sin  10°  cos  50°. 

32.     2  sin  50°  cos  10°. 

50    .    30 
33.     2  cos  —  sin  -^-  . 

34.     2  sin  —  sin  -^-  . 

35.     2  sin  (a  +  0)  .  cos  (a  -  /?).  36.     2cos7°sinH0. 

Prove  the  following  identities  (37  —  58)  : 


01  . 

cos  A  +  cos  B 

I/em      _ 

38. 

sin  A  +  sin  B 

A-B 

cos  ,4  -  cos  B 

2 

39. 

sin  .4  +  sin  B 

A+B 

tin 

cos  -4  +  cos  B 

tan      ^ 

40. 

sin  .4  —  sin  B 

A  +  B 

cos  .4  —  cos  B 

41. 

sin  .4  +  sin  B 

tan  ^  (A+B) 

sin  J.  —  sin  B 

tan  \(A-H)' 

42. 

cos  J.  —  cos  B 

tan  ^  (A  —  B} 

cos  J.  +  cos  ^6 

cot  J  (A  +  B)  ' 

43. 

sin  43°  +  sin  17 

0  =  cos  13°. 

44. 

cos  81°  +  cos  39°  =  cos  21°. 

45." 

sin  73°  —  sin  47 

°  =  sin  13°. 

46. 

cos  11°  —  cos  49 

0  =  sin  19°. 

47. 

cos  25°  -  sin  5° 

=  cos  35°. 

48. 

cos  5°  —  sin  25° 

=  sin  35°. 

49. 

sin  30  +  sin  0 

:  tan  20. 

cos  30  +  cos  0 

50. 

cos  0  —  cos  20 

30 
-  tan  —  . 
'2 

sin  20  —  sin  0 

sin  0  +  sin  d>            .  IA      ,. 

ftl                             2.  —  tan  i    9  +  ct>]  cot 

sin  0  -  sin 
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cos  0  —  cos  <       sin  <   -  sin  6 


52. 


sin  0  +  sin  <       cos  0  +  cos 


KQ       .    0      .    70      .    30      .    110      .  . 

Oo.  sin  -  .  sin  —  +  sin  —  .  sin  — —  =  sin  20  .  sin 

54.  tan  4  +  tan  B  =  sec  4  .  sec  B  .  sin  (4  +  B). 

55.  cot  4  —  tan  B  =  cosec  4  .  sec  B  .  cos  (4  +  B). 

56.  cos  (30°  -  4)  -  cos  (30°  +  4)  =  sin  4. 

57.  sin  (45° +  4) -sin  (45° -4)  =  x/2  .  sin  4. 

A+B  A-B  2  sin  4 

58.  tan  — - —  +  tan  — - 


cos  A  +  cos  /? ' 

59.  If    tan  A  =  f    and    tan  B  =  f ,    find    tan  (4  +  B)    and 
tan  (-4 -5). 

60.  If  tan  A  =  J  and  tan  B  =  £,  show  that  tan  (4  +  j#)  =  1. 

61.  If  (1  +  tan  A)  (1  +  tan  B)  =  2,  show  that  tan  (A  +  B)  =  1. 

62.  Show  that  if    45°  is  divided  into  two  parts,  0  and  <£, 
then  (1  +  tan  0)  (1  +  tan  <£)  =  2. 

63.  tan  A  tan  24  tan  3 A  =  tan  3 A  -  tan  24  -  tan  A. 

64.  If  tan 6=2m+l  and  tan  <£  =  2m— 1,  then  cot  (0-<£)  =  2m2. 

65.  sin  (A  +  B)  .  sin  (4  -  B)  =  sin24  -  sinlg  =  coslS  -  cosM. 

66.  cos  (A  +  B)  .  cos  (A-£)  =  cos24  -  sinlB  -  cos2^  -  sin24. 

/AK°  A\  COS  24 

67.  tan  (45  -  A)  =  -= =-^-j  . 

'      1  +  sin  24 

Solve: 

68.  sin  20  =  tan  0.  69.     sin  0  =  cos  20. 
70.     cos  0- cos  20.  71.     sin  0- sin  20. 

72.  cos  20  =  (^2  +  1)  (cos  *  -  TsV 

73.  cos  20 +3  sin  0  =  2. 

74.  tan  0  +  tan  20  +  ^3  tan  0  .  tan  20  =  J3. 

75.  ^/3  (tan  0  + tan  20)  + tan  0  .  tan  20  =  1. 

76.  cos  20  -  sin  0  =    . 


CHAPTER  VI. 
TRIGONOMETRICAL   FORMULAE   FOR   A  TRIANGLE. 

§  1.     THE  TRIGONOMETRICAL  RATIOS  OF  OBTUSE  ANGLES. 

136.     We  have  at  present  denned  the  ratios  of  acute  angles 
only.     We  now  proceed  to  define  those  of  obtuse  angles. 

Let  10 F  be  any  obtuse  angle. 


r 


Produce  10  to  1'. 
Then  I' OF  is  an  acute  angle. 

In  01'  take   any  point   B :    and    draw  EH  at  right  angles 
to  01'  meeting  OF  in  H. 
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Then  BOH  is  the  right-angled  triangle  by  which  we  deter- 
mine the  ratios  of  the  acute  angle  I' OF,  OB  being  base,  OH 
being  hypothenuse,  and  BH  being  perpendicular. 

Now  it  is  found  convenient  to  use  this  same  right-angled 
triangle  BOH  to  define  the  ratios  of  the  obtuse  angle  IOF;  only 
that,  as  OB  has  to  be  drawn  in  the  opposite  direction  to  the  line 
01,  which  bounds  the  obtuse  angle,  we  take  -  OB  (instead  of 
OB}  as  its  base.  Thus 


sin 


tauJOF  = 


sec  IOF= 


-OB' 
°H 


coi!OF=^, 


cox 


BH 
°H 


-OB' 

Thus,  those  ratios  of  an  obtuse  angle,  which  contain  the  base 
-  OB  (viz.  all  but  the  sine  and  cosecant),  are  negative. 

A  fuller  explanation  of  this  adoption  of  the  minus  sign  will 
be  given  later.  But  the  student  will  immediately  perceive  its 
convenience,  for  by  its  means  the  formulae  connecting  the 
ratios  of  the  angles  and  the  sides  of  a  triangle  are  the  same 
whether  the  triangle  be  acute- angled,  right-angled  or  obtuse- 
angled. 

137.  To  Jind  the  ratios  of  the  obtuse  angles  180°  —  A  and 
90°  +  A  in  terms  of  those  of  the  acute  angle  A. 

Take  the  figure  of  last  article. 


i' 
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(1)     L 

Then  since  IOF+  BOH  =1  80°,  .'.  7W=180°-.4, 

ID  IT 

sin  IOF=.         =  sin  BOH,  i.e.  sin  (180°  -A)  =  sin  A, 


cos  IOF  =  ^-fT-  =  -  cos  50ZT,  i.e.  cos  (180°  -  A)  =  -  cos  A, 
(JH 

and  so  on. 

(2)  Let  BHO  =  A. 

Then  since  10F=OBH  +  BHO,  .'.  10  F=  90°  +  A, 

7?  Z7" 

sin  70^  =  —  =  cos  .###,  i.e.  sin  (90°  +  A)  =  cos  4, 

—  OB 

cos  lOF^—^-fjr  =  -  sin  £##,  i.e.  cos  (90°  +  A)  =  -  sin  ^, 
C/xz 

and  so  on. 

138.     7*0  find   the   ratios   of  the  acute  angles  180°  -.4  and 
A  —  90°  in  terms  of  those  of  the  obtuse  angle  A. 
Take  the  same  figure. 

(3)  Let  IOF=A,  then  BOH  =  180°  -4, 

Jiff 

sin  BOH  =  --==$m  IOF,  i.e.  sin  (180°  --4)  =  sin  A, 


OR 

cos  BOH=  7f»W-  cos  70^,  i.e.  cos  (180°  -A)  =  -  cos  ^, 
UJtl 

and  so  on. 

(4)     Let  IOF  =  A,  then  BHO  =  A-  90°, 

/o  /? 
sin  BHO  =  -y^=  -  cos  7077,  i.e.  sin  (4  -  90°)  =  -  cos  A, 

BH 

cos  BHO  =  -™  =  sin  7077,  i.e.  cos  (A  -  90°)  =  sin  A, 

and  so  on. 

139.     To  find  the  ratios  of  1  80°. 

In  (1)  of  Art.  137,  put  A  =  0. 

Thus  ;  sin  180°  =  sin  0  =  0  ;  cos  180°  -  -  cos  0  =  -  1  ; 

tan  180°  =  -  tan  0  =  0  ;       cot  180°  =  -  cot  0  =  -  oo  ; 

sec  180°  =  -  sec  0  =  -  1  ;   cox  180°  =  cox  0  =  o>  . 
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Example.     To  trace  the  changes  in  the  ratios  of  obtuse  angles. 
As  A  increases  from  90°  to  180°, 

and  algebraically  decreases  from  1  to  0. 

and  algebraically  decreases  from  0  to  - 1. 

and  algebraically  increases  from  -  oo  to  0. 

and  algebraically  decreases  from  0  to  -  oo  . 

and  algebraically  increases  from  -  oo  to  —  1. 

and  algebraically  increases  from  1  to  oo  . 


cos  A  is  — ve 
tan  A  is  — Te 
cot  A  is  - ve 
sec  A  is  - Te 
cox  J.is+ve 


1  40.     From  the  proposition  that  the  angles  of  a  triangle  are 
together  equal  to  two  right  angles  many  important  results  follow. 
Thus,  if  A,  £,  C  are  the  angles  of  a  triangle,  we  have 


.'.  sin  (£  +  C}  =  sin  (180°  -4)  =  sin  A,          [Art.  137. 
and  cos  (£  +  C)  =  cos  (180°  -A)=-  cos  A.        [Art.  137. 


EXAMPLES  VI.     A. 

1.  Write  down  the  ratios  of  135°,  120°,  150°,  112J0,  105°. 

2.  Show  that  sin  120°  =  2  sin  60°  cos  60°  and  that 

cos  120°  -  cos2  60°  -  sin2  60°. 

3.  Show  that  tan  150°  =  cot  60°  -  cosec  60°  and  that 

cos2  135°  =  cos  60°. 

4.  If   A,    B,  C   are   the  angles    of   a   triangle,   show   that 
sin  J  (S  +  C)  =  co8%A;  and  that  tan \  (A  +  B)  =  cot  J  C. 

5.  Show  that  the  ratios  of  the  half -angles  of  a  triangle  are 
all  positive. 

6.  Show  that,  given  the  sine  or  the  cosecant  of  an  angle  of 
a  triangle,  that  angle  may  have  either  of  two  values. 

7.  Show  that  the  area  of  a  triangle  is  measured  by  half  the 
product  of  two  sides  and  the  sine  of  the  internal  angle  contained  by 
them,  whether  that  angle  is  acute,  obtuse  or  right. 
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8.  Show  that   the    ratios  of   any  angle,  whether  acute  or 
obtuse,  are  subject  to  the   relations  of   equality  established   in 
Chapter  III. 

9.  How  must  the  relations  of  inequality  of  Chapter  III.  be 
modified  in  order  to  include  obtuse  angles  1 

§  2.     RELATIONS  BETWEEN  THE  SIDES  AND  THE  RATIOS 
OF  THE  ANGLES  OF  A  TRIANGLE. 

141.  Consider  any  triangle  ABC. 

The  angles  at  the  points  A,  B,  C  will  be  called  by  the  names 
A,  B,  C. 

The  sides  BC,  CA,  AB,  which  are  opposite  to  these  angles, 
will  be  called  a,  b,  c  respectively. 

142.  To  draw  the  figure  by  which  the  ratios  of  the  base  angles 
of  a  triangle  may  be  indicated. 


a  L 


CL 


Draw  AL  perpendicular  to  EC  or  EG  produced.     Then,  the 
angle  ACE  may  be  (i)  acute,  (ii)  obtuse,  or  (iii)  right. 
In  each  case, 


But  in  case 

(i)      cos 

(ii)      cos 


(iii)     cosACB  = 


-CL 
CA 


__ 
CA' 


CA  si 

CA  c 
CA  c 
CA  cos  ACB 
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143.  To  'prove  the  double-cosine  formula: — 

b  cos  C  4-  c  cos  B  —  a. 

Tt  T 

In  each  fig.      cos  B  =  -=-.  ,        .'.  BA  cos  B  =  BL. 
JjA 

C1  T 

In  fig.  (i)         cos  C  =  ^  ,        .*.  CA  cos  C  =  CL. 

—  C*T 

In  fig.  (ii)       cos  C  =  ~F  ,     /.  CA  cos  C  =  -  CL. 
(j  A 

In  fig.  (Hi)     cos  C  =  -^rA  >         •  •  ^  cos  C  =  0. 

Again,  in  fig.  (i)  BC  =  BL  +  CL, 

in  fig.  (ii)  BC  =  BL-  CL, 

in  fig.  (Hi)  BC  =  BL  -h  0. 

.'.in  each  case,  BC  =  CA  cos  G  +  BA  cos  B, 
i.e.  a  =  b  cos  (7  +  c  cos  jB. 

Similarly  b  —  c  cos  .4  +  a  cos  C. 

and  c  =  a  cos  j5  +  b  cos  .4. 

144.  To  prove  the  double-sine  formula : — 

b  sin  C  —•  c  sin  B. 

LA 

In  each  fig.         sin  C  =  -~-.  ,      .'.  CA  sin  C  =  LA, 

and  sin  B  =  -^-r ,      •'•  BA  sin  B  =  LA. 

.'.  CA  sin  C  =  BA  sin  B,  i.e.  b  sin  (7  =  c  sin  j5. 
COR.     Dividing  by  be,  we  have 

sin  C      sin  ^ 


sin  .Z?      sin  A 

Similarly  —  5  —  =  -  , 

b  a 

sin  A      sin  B      sin  C 


i.e.  the  sines  of   the  angles  are  proportional  to  the  opposite 
sides. 
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145.  By  the  corollary  of  the  last  article,  we  have 

a  b  c 

sin  A  ~  sin  B     sin  C  ' 

Put  each  of  these  fractions  equal  to  d.  Then  since  in  each 
fraction  the  numerator  is  a  length  and  the  denominator  a  ratio, 
therefore  d  will  represent  a  length. 

Also,  since  - — 7  =  d.      .'.  a  =  d  sin  A. 

sin  A 

Similarly,  b  =  d  sin  B  and  c  —  d  sin  C. 

146.  To  find  the  sine  and  cosine  of  the  sum  and  difference  of 
two  angles  by  means  of  the  double-cosine  and  double-sine  formulae, 

In  the  equation 

a  =  b  cos  C  +  c  cos  B, 
substitute  for  a,  6,  c  in  terms  of  d.  [Art.  145. 

Thus         d  sin  A  =  d  sin  B  cos  C  +  d  sin  C  cos  B, 

.'.  sin  .4  =     sin  B  cos  C  +  cos  B  sin  (7.  (A.) 

Similarly     sin  B  =     sin  C  cos  ^4  +  cos  C  sin  J. 
i.e.  (substituting  for  sin  A) 

sin  B  =  sin  6'  cos  A  +  cos2  (7  sin  B  +  cos  .5  cos  C  sin  (7, 
.'.  -  sin  C  cos  ^  =  cos  B  cos  (7  sin  C  -  sin  ^  (1  -  cos2  C), 
.'.  -  cos  A  =  cos  .B  cos  -C  -  sin  .5  sin  (7.  (B.) 

Now  sin  A  =  sin  (5  +  C)  and  -  cos  4  =  cos  (B  +  (7),  [Art.  140. 
.'.  (A)  and  (5)  become 

sin  (B  +  C)  =  sin  B  cos  (7  + cos  .5  sin  (7 (1), 

cos  (B  +  C)  =  cos  B  cos  (7 -sin  £  sin  (7 (2). 

Let  B'  be  the  exterior  angle  at  B. 

Then     4  =  B  -  C,  sin  B  =  sin  £'  and  cos  B  =  -  cos  B', 

.'.  (A)  and  (.6)  become 

sin  (£'-£)  =  sin  5'  cos  (7-cos  .5' sin  (7  (3), 

cos  (B'  -  C)  =  cos  ^'cos  C  +  sin  5'  sin  C  (4). 
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147.  It  should  be  observed  that,  by  the  method  of  the  last 
article,  we  have  proved  the  formulae  for  the  sine  and  cosine 
of  the  sum  and  difference  of  two  angles,  whatever  geometrical 
value  the  angles  considered  may  have,  i.e.  whether  they  are  acute 
or  obtuse. 

Hence,  also,  the  formulae  which  may  be  algebraically  derived 
from  these  are  universally  true  for  all  geometrical  angles,  viz. 
the  expressions  for  the  tangent  and  cotangent  of  the  sum  or 
difference  of  two  angles,  and  the  ratios  of  the  double  angles,  &c. 

Example.     If  A,  B,  C  are  the  angles  of  a  triangle,  express 

sin  A  +  sin  B  +  sin  G 
as  a  product  of  ratios. 
The  given  expression 


[v  sin  %(A  +  £)  =  cos  \G  and  sinC^  cos 
=  2cos£<7.  2  cos  %A  cos  %B 
=  4  cos  \  A  cos  \  B  cos  ^  C. 

148.     To  prove  the  cotan-cosec  formula  :  — 

cot  B  +  cot  C—-  cosec  B  or  T  cosec  C. 
c  b 

In  fig.  (i)       cot  £  =  771  \   in  fig.  (ii)  cot  C  =  ^ 


In  each  fig. 
Again,  in  fig.  (i), 

«**-%. 

BL  +  CL  =  BC; 
BL-CL  =  BG. 

.'.in  each  case, 


.    n        .  „     BC     BC     AB 

COt    B  +  COt    C  =  -jr-    =  -j-5    .      y— 

LA      AB     LA 


a 

=  -  cosec 
c 


This  formula  may  be  written  in  other  forms:  thus 
b  sin  C  b  tan  C 


tan  B  = 


a  —  b  cos  C     a  sec  C  —  b  ' 


SIDES   AND   ANGLES    OF   A   TEIANGLE.  95 

149.  To  prove,  the  cosine,  formula, : — 

c2  =  a?  +  62  -  2ab  cos  C. 

In  fig.  (i),  (Euc.  II.  13),  A&  =  £C2  +  CA2-  2£C  .  GL. 
In  fig.  (it),  (Euc.  II.  12),  AB*  =  BC'2  +  CA*+2£C  .  GL. 
In  fig.  (Hi),  (Euc.  I.  47),  A&  =  £G*  +  CA*. 
But  in  fig.  (i)  GL  =  CA  cos  (7, 

in  fig.  (ii)  CL  =  -  CA  cos  (7, 

in  fig.  (Hi)  0  =  (7.4  cos  C. 

.'.in  each  case,  AS2  =  £C2  +  CA2  -2BC.CA.  cos  (7, 

i.e.  c2  =  a2  +  62-2a&.cos  (7. 

Similarly  62  =  c2  +  a2  —  2ca  .  cos  B, 

and  a2  =  b2  +  c2  —  26c  .  cos  A. 

150.  To  prove  the  sine  formula : — 

'2ab  sin  (7  =  ,J{(a  +  b  +  c)  (a  +  b  -  c)  (c  +  a  -  b)  (b  +  c  -  a)}. 
By  the  last  article, 

2ab  cos  C  =  a2  +  b*  -  c2, 

.'.  2ab  (1  +  cos  C)  =  (a?  +  2ab  +  62)  -  c2  =  (a  +  b  +  c)  (a  +  b  -  c)  (1), 
'2ab(l-cosC)  =  c*-(a*-2ab  +  b2)  =  (c  +  a-b)(c-a  +  b)    (2). 
.'.  multiplying  the  above  equations  (1)  and  (2),  we  have 
4a262  ( 1  -  cos2  C)  =  (a  +  b  +  c)  (a  +  b  -  c)  (c  +  a  -  b)  (b  +  c  -  a) ; 
.".  taking  the  square  root,  since  1  —  cos2  C  =  sin2  C, 
2ab  sin  C  =  *J{(a  +  b  +  c)  (a  +  b  —  c)  (c  +  a  —  b)  (b  +  c  -  a)}. 

151.  To  prove  the  half-angle  formulce. 

Since     1  +  cos  C  =  2  cos2  JC  and  1  -  cos  0=2  sin2  J(7, 
substituting  in  (1)  and  (2)  of  last  article 

4a&  cos2  \C  =  (a  +  b  +  c)  (a  +  b  -  c), 
4ab  sin2  J<7  =  (c  +  a  -  b)  (c  —  a  +  b). 
Dividing,  we  have 

(c  +  a  —  b)  (b  +  c  —  a) 


tan2  JC  =          ,         r     I         ' 

(a  +  b  +  c)  (a  +  b  —  c) 
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152.     In   the   formulas  of   the  two  preceding   articles,  it  is 
convenient  to  abbreviate  by  writing 

a  +  b  +  c  =  2s,  so  that  a  +  b  —  c  =  2s  -  2c,  and  so  on. 


Thus 


C 


ab  sin  C  =  J{s  (s  -  a)  (s  -  b)  (s  -  c)}, 
,    C 


tan°- 

n- 


Since  J  a£>  sin  C  -  area  of  triangle  =  S  (say), 

.'..$=  J{s(s-a)(s-b)(s--c)}. 
153.     ^To  prove  the  swn-and-difference  formula  :  — 
tan  l  (A  -  £)  _  a  -  b 
tan  J  (A  +  B)      a  +  b' 

Assume  that  A  is  greater  than  B',  and  therefore  a  greater 
than  b. 


With  centre  C  and  radius  CA  describe  a  semi-circle  cutting 
BC  in  D  and  BC  produced  in  E. 

.'.  angle  ADE  at  circumference  =  J  angle  ^(7-Z?  at  centre 

=  %(A+B\ 

:.  angle  DAB  =  ADE  -  ABD     =%  (A  +  B)  -  B  =  %  (A- B}. 
Also  angle  DAE  in  a  semi-circle  is  a  right-angle. 
Draw  DF  parallel  to  AE,  or  at  right-angles  to  DA. 
tan|  (A-B)  _  tan  ZM F  _  DF     AE  _  DF 
tan  J  (A  +  £)  • .  tan  ADE  ~~AD^~  TD~~AE 

=  -==,  by  similar  triangles, 
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154.  The  student  should  observe  that  each  of  the  identities 
connecting    the    sides    and    angles    of    a    triangle   (except    the 
double-cosine   formula)  involves  four   out   of   the   six   elements 
A,  B,  C,  a,  b,  c,  two  of  the  four  being  sides. 

Thus  by  means  of  these  identities  we  can  find  all  the  elements 
of  a  triangle  when  three,  including  a  side,  are  given.  [Compare 
Art.  29.] 

In  fact,  since  A  +  B  +  G=  180°,  we  have  no  more  specific 
information  about  any  particular  triangle,  when  3  angles  are 
given,  than  when  2  angles  are  given.  Hence  a  side  must  always 
be  one  of  the  elements  given. 

155.  The  formulae  above  given  may  be  thus  classified. 
Class  I.     Involving  three  angles. 

A  +  £+C=lSQ°. 
Class  II.     Involving  three  sides  and  two  angles. 

a  =  b  cos  C  +  c  cos  E. 

Class  III.     Involving  two  sides  and  the  two  opposite  angles. 
a  sin  B  =  b  sin  A, 

A-B     a-b         A  +  B 

tan  —  -  —  =  --  5  tan  —  =  —  . 
2          a  +  b  2 

Class  IV.  Involving  two  sides,  the  included  angle  and  another 
angle. 

c  (cot  C  +  cot  B)  =  a  cosec  B, 
c  sin  B 


tan  C  = 


—          —  „  . 
a  —  c  cos  B 


Class  V.     Involving  three  sides  and  an  angle. 

<?  =  a?  +  b2-  2ab  cos  (7, 
J{s(8-a)  (s  -b)(s-  c)}  =  ±ab  sin  (7, 


cos- 

tan  -= 
J.  T. 


.     C          /((s-a)(s-b)\ 

n  2  =  V   I      ~^~J  ' 
C          /  (s  (s  —  c)} 
2  =  V  {~^6~"J  ' 
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.156.  The  substitution  of  dsiuA,  dsin£,  dsinC  for  a,  6,  c 
respectively  is  often  useful  in  the  working  of  examples  on  Tri- 
angular formulae. 

b  c  ^b-c     tan  £(£-(?) 

1.     Given  —  —  n  =  —  —  TV,  show  that  j——  =  r  —  TT75  —  TT;  • 
sm.Z?     sm  C  b  +  c 


Put  b  —  d  sin  B,  c=d  sin  C.     Then 

6-cc?sin  .6-cZsin  (7sin  5-sin  (7 


>~O)cos^(B  +  C)  =  tan^(B-C} 
>s  %(B  -  (7)  ~~  tan  ^  (B  +  C] ' 

Example  2.     Show  that  tan  B  :  tan  C=  a2  +  62  -  c2  :  a2  -  fe2 + c2, 
tan  ff  =  sin  £  cos  C  _  b  cos  (7  _  2a6  cos  (7  _  a2 + b2  -  c? 
tan  C~  sin  (7  cos  j3  ~  c  cos  J5  ~  2ac  cos  ^  "  a2+c2-62 ' 

Example  3.     Show  that  8  cos  A  cos  J?  cos  C  is  never  greater  than  1. 
We  have        2  cos  A  cos  .5= cos  (A  +  B)  +  cos  (A  -  B}. 

Keeping  A  +  B  (and,  therefore,  (7)  constant,  this  has  its  greatest 
value,  when  coa(A  —  B)  =  l,  i.e.  when  A=B.  Hence  the  given  expres- 
sion has  its  greatest  value,  when  A  =  B= C=  60°,  i.e.  when 

8  cos  A  cos  B  cos  C=  1. 

EXAMPLES  VI.  B. 

If  A,  B,  C  are  the  angles  of  a  triangle,  prove  the  following 
statements : — 

1.  sin  (A  +  B  +  C)  =  cos  J  (A  +  B  +  C)  =  0. 

2.  -  cos  (A  +  B  +  C}  =  si 


,  sin  A  -  sin  B  C          A-  B 

*  •"= — r = — ri  =  tan  —  .  tan  — - —  . 

sin  A  +  sin  B  '2  2 

4.  tan  A  +  tan  .5  =  sin  C  .  sec  ^1 .  sec  B. 

5.  tan  A  +  tan  ^  +  tan  C  -  tan  .4  .  tan  B  .  tan  C. 

6.  sin  4  +  sin  B  -  sin  (7  -  4  sin  J  ^  .  sin  \  B .  cos  J  C. 

7.  cos  A  +  cos  ^  +  cos  C  =  4  sin  J  J. .  sin  J  B .  sin  J  C  +  1. 

8.  cos  A  +  cos  B  -  cos  (7  =  4  cos  J  .4  .  cos  \  B .  sin  J  (7  -  1 . 

9.  sin  24  +  sin  2B  +  sin  2(7  =  4  sin  4  .  sin  B .  sin  C. 
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10.  cos  2A  +  cos  2B  +  cos  2(7  =  —  4  cos  A  .  cos  B .  cos  C  —  1. 

1 1 .  cos?  1 4  +  cos2  \B-  cos2  J  C  =  2  cos  J  A  .  cos  J  .B .  sin  J  C . 

cos  B  —  cos  -4         ,  C          A-  B 

12.  — ^—         —  =  cot  — .tan — -—  . 
cos./?  +cos  A  2  2 

13.  tan  1 .5  .  tan  J  (7  +  tan  1  C  .  tan  J  J.  +  tan  \  A  .  tan  \  B  =  1. 

14.  sin2 .4  =  cos2  .#  4-  cos2  (7  +  2  cos  A  .  cos  5  .  cos  C. 

1 5.  cos2  A  +  cos2  ^  -f  2  cos  ^1  cos  ^  cos  C 

=  sin2  ^  +  sin2  .B  -  2  sin  J.  sin  B  cos  C. 

16.  8  sin  J  ^1  .  sin  J  B  .  sin  J  C  is  never  greater  than  1. 
In  any  triangle  ABC  prove  the  following  statements: — 

a  sin  C 

17.  tanA=T—        — ^. 

o  -  a  cos  C 

18.  6  (tan  B  +  tan  (7)  =  a  tan  £  sec  (7. 

19.  a  cos  J  +  b  cos  Z?  +  c  cos  C  =  2a  sin  B  sin  (7. 

20.  (a  +  b)  cos  (7  4-  (b  +  c)  cos  .4  +  (c  +  a)  cos  B  -  a  +  b  +  c. 

21.  a  (b  cos  G-c  cos  B)  =  b2-  c2. 

22.  a  sin2  £  =  6  (cos  A  cos  £  +  cos  C). 

23.  a2  +  62  +  c2  =  2a6  cos  C  +  2bc  cos  A  +  2ca  cos  A 

24.  ab  sin2  C  =  c  (a  cos  J?  cos  (7  +  6  cos  (7  cos  A  +  c  cos  .4  cos  .5). 

25.  4£  =  a  (26  sin  £  cos  A  +  a  sin  2B). 

26.  26  (1  -  sin  B  cos  J  cosec  C)  =  a  sin  2.5  cosec  (7. 

27.  2  cos  (7  (a  sin  A  -  b  sin  B)  =  c  (sin  2^  -  sin  2A). 

28.  6c  cos  .4  +  ca  cos  /?  +  2ab  cos  (7  =  a2  +  62. 

29.  6  sin  2A  -  2a  (sin  (7  -  cos  B  sin  -4). 

30.  S  (a  f  6  +  c)  =  abc  (sin  B  cos2  J  ^  +  sin  A  cos2  J  ^). 

31.  (a  -  b)  cos  l  (7  -  c  sin  £  (4  -  £). 

32.  «2  cos  B  +  62  cos  (7  +  c2  cos  J. 

=  2a6  sin2  %A  +  2bc  sin2  %  B  +  2ca  sin2  J  (7. 

33.  (b-  -  c2)  cos  ^  +  (c2  -  a2)  cos  £  +  (a2  -  62)  cos  (7 

=  a  cos  .4  (6  —  c)  +  6  cos  B  (c-  a)  f  c  cos  C  (a  —  b). 

34.  s  (2a6  +  26c  +  2ca  -  a2  -  62  -  c2) 

=  2abc  (cos2  $A+  cos2  J  £  +  cos2 1  (7). 

7—2 
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tan  A  _  a2  +  c2  —  b2 
ta^£=  b*  +  c2-a?' 

36.  ta,uA(b2+c2-a?)  =  4:S. 

37.  a  sec  A  —  b  sec  B  -  sec  C  (b  sec  yl  -  a  sec 

38.  $s  =  abc  (sin  J.  +  sin  .5  +  sin  (7). 


.  . 

abc  sabc 

40.     a  sin  B  +  b  sin  C  +  c  sin  .4 

A-C 


^/  +  <  tf-Cx  £/         ^  +  (       . 

.cos  -=  (  c  cos  —  -  —  +  acos  —  —  J  +  cos—  (  c  cos  —  ~—  +  b  cos 

If  C  is  a  right  angle,  prove  the  following  statements  :  —  (41  —  50) 
41.     tan  B=  cot  A.  42.     fan  A  +tan  £=secA 

43.     c  +  a:b  =  b  :c-a.  44.     tan  2A  +  tan  2.5  =  0. 

4      6  +  c  ^ 

45.     cot  —  =  -  .  46.     cos2  -  = 


.  . 

2         a  2        2c 


47.     sec2£  =       -r-  48-     cosec  2^  =       +    -  . 

a2  -  b2  2b      2a 

49.     tan2^=2.^n/S!ng^.      50.     4S2  =  abc2  cos  A  cos  JB. 
sin2  ^.—  sin2  B 

51.  If  any  one  of  the  above  equations  (41  —  50)  holds,  ex- 
amine in  each  case  whether  C  is  a  right  angle. 

52.  If,  in  any  triangle  AJ3C,  d,  e,  f  are  the  distances  of  the 
angles  from  the  middle  points  of  the  opposite  sides, 

4  (#  +  #  +f  «)  =  3  (ai  +  52  +  ^ 

53.  If  Z,  m,  w  are  the  perpendiculars  from  A,  JB,  C  on  the 
opposite  sides, 

2  (£  cos  .4  +  m  cos  B  +  n  cos  C)  =  a  sin  ^4+6  sin  £  +  c  sin  (7. 

54.  If  .5(7  be  bisected  in  Z>  and  produced  to  E,  cot  -4  is  the 
Arithmetic  Mean  between  cot  D  AC  and  cot  ACE. 

55.  If  D  be  the  middle  point  of  £C,  H  the  point  where  the 
bisector  of  A  cuts  £C,  L  the  foot  of  the  perpendicular  from  A  on 
EG,  then 
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56.  If  the  base  of  a  triangle  be  trisected,  and  klt  k.2,  k3  be 
the  cotangents  of  the  angles  which  the  parts  subtend  at  the 
vertex, 


57.  If  a,  b,  c  are  in  A.  P.,  then  also  cos  .4,  vers  JB,  cos  C  are 
in  A.  p. 

58.  If  a2,  b2,  c2  are  in  A.  p.,  then  also  cot  A,  cot  B,  cot  C  are 
in  A.  p. 

rcn      T£  b  +  c    c  +  a    a  +  b 

59.  If  -  —  ,  -  -      ,  -    —  are  in  A.  p.,  then  also 

a          o          c 

cot  A  cot  J  A,  cot  B  cot  |  B,  cot  C  cot  J  (7  are  in  A.  p. 

60.  If  a2  +  be,  b2  +  ca,  c2  +  ah  are  in  A.  P.,  then  also  tan  J  A, 
tan  J  B,  tan  J  (7  are  in  A.  p. 

61.  If  a4  4-  6V,  64  +  eV,  c4  +  a2b2  are  in  A.  p.,  then  also  tan  A, 
tan  B,  tan  (7  are  in  A.  p. 

62.  If  AH  be  the  bisector  of  A, 


63.  If  #,  y,  «  are  the  perpendiculars  on  the  sides  from  any 
point  within  a  triangle, 

aaj  +  by  +  as  =  2S. 

64.  In  the  last  proposition  show  that  oc?  +  y2  +  z2  is  a  mini- 
mum, when  x/a  =  y/b  =  z/c  =  2S/(a2  +  b2  +  c2). 

[In  Examples  (65  —  69),  the  letters  a,  b,  c,  A,  £,  C  are  not 
given  as  the  elements  of  a  triangle.] 

65.  Given     that     a  —  b  cos  (7  +  c  cos  .5,     6  =  c  cos  ^4  +  a  cos  6', 
c  =  a  cos  ^  +  6  cos  J[,  solve  for  cos  A,  cos  B,  cos  (7. 

66.  From  the  same  equations,  show  that 

sin  A  _  sin  B  _  sin  C  _  2  J{s  (s  -  a)  (s  -  b)  (s  -  c)} 

a  b  c  abc 

where  2s  =  a  +  b  +  c. 

67.  Given  that 

A  +  B  +  C  =  180°,    b  =  c  cos  A  +  a  cos  C,    c  =  a  cos  B  +  b  cos  A, 
show  that  a  =  b  cos  C  +  c  cos  B. 
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68.  Given  that 

b  sin  A  =  a  sin  B,  c  —  a  cos  B  +  b  cos  A,  2ab  cos  C  =  o?  +  b2  —  c2, 
show  that  one  value  of  A  +  B  +  C  is  180°,  and  that 
b  sin  C  --=  c  sin  B,  a  =  b  cos  G  +  c  cos  B. 

,  sin  A      sin  B     sin  C 

69.  Given  that  -  =  —  7—  =  -     -  and  c  =  a  cos  B  +  b  cos  A. 

a  b  c 

find  sin  A,  sin  2?,  sin  C  in  terms  of  a,  b,  c. 

70.  If  D  be  the  middle  point  of  EG,  and  if  ^D  and  AD' 
make  the  same  angle  with  the  bisector  of  BAG,  then  ED'  :  D'G 
-c2  :  tfandAD'  :  AZ>=2bc  :  62  +  c2. 

71.  If  L  be  the  foot  of  the  perpendicular  from  A  on  £0, 
and  if  AL  and  .4.Z/  make  the  same  angle  with  the  bisector  of 
BAG,  then,  (A,  B,  C  being  in  descending  order  of  magnitude,) 

AL      EM      ON  A-B       B-C       A-G 

AL'  +  BW'  +  CT'  =  4C°S  -2~  COS^T  C°S^- 

72.  If  Z>  and  E  be  points  in  ^(7  such  that  AD  and  4# 
make  equal  angles  with  the  bisector  of  BAG,  then 

BD  .BE  :  GD.G£  =  c*:b2. 


73.     If&  +  c:c  +  a:a  +  6=4:5:6,  then 

sin  J[  :  sin  ,5  :  sin  G  =  7  :  5  :  3,  cos  ^4  :  cos  B  :  cos  (7  =  -  7  :  11  :  13 
and  A  =  120°. 


CHAPTER   VII. 
SOLUTION  OF  TRIANGLES  [WITHOUT  LOGARITHMS]. 

157.  WE  have  shown  in  Art.  29  that,  when  the  values  of 
three  elements  of  a  triangle  including  one  length  are  given, 
the  other   elements  of  the   triangle  have  a  determinate  value. 
The  process  of  finding  the  unknown  elements  of  a  triangle,  when 
a  sufficient  number  of  elements  are  given,  is  called  the  Solution 
of  Triangles. 

158.  The  solution  is  accomplished  by  means  of  the  formula? 
of   the   last   chapter.     Thus,  from    an  equation   involving  four 
elements,  the  fourth  element  may  be  found  when  three  of  them 
are  known. 

159.  We  shall  have  to  investigate  in  each  case  (1)  whether 
or  not   the   solution  found   represents  any  possible  geometrical 
triangle,  and  (2)  whether  or  not  the  solution  gives  more  than  one 
possible  geometrical  triangle. 

160.  The  condition,  algebraically  considered,  for  a  possible 
solution  is  that  any  quantity  whose  square  root  has  to  be  taken 
must  be  positive. 

The  conditions,  geometrically  considered,  for  a  possible  solution 
are  that  any  length,  any  angle,  and  the  ratio  of  any  angle 
(except  the  cos,  tan,  sec,  or  cot  of  such  angles  as  may  be  obtuse) 
must  be  represented  in  the  solution  by  a  positive  value ;  and  that 
the  sine  or  cosine  of  any  angle  must  be  represented  in  the 
solution  by  a  value  numerically  not  greater  than  1. 

Of  course  it  will  be  assumed  that  the  elements  which  are 
given  are  themselves  possible. 
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161.  There  will  be   more  than   one   solution,  algebraically 
considered,  wherever  a  square  root  has  to  be  taken;  for  before 
this  square  root  we  may  place  a  positive  or  negative  sign. 

There  will  be  more  than  one  solution,  geometrically  con- 
sidered, wherever  an  angle  has  to  be  found  from  its  sine  or 
cosecant;  for  such  an  angle  may  have  either  one  of  two  values, 
supplementary  to  one  another. 

Of  course  one  or  other  of  such  alternative  solutions  must  be 
rejected  if  it  involves  an  impossible  value  for  some  other  element. 

162.  The  chief   cases   to  be   considered  in  the  solution  of 
triangles  are  those  which  correspond  to  the  cases  of  exact  equality 
of  two  triangles  given  in  Art.  29.     These  we  will  now  consider. 

CASE  I. 
Given  two  angles  and  a  side:   as  B,  C,  a. 

163.  First,  to  find  A. 

Since  A  +  B  +  C -180°,  /.  A  =  lSQ°-£-C. 
This  determines  for  A    a  real,  i.e.  positive,  value  provided 
B  +  C  is  less  than  180°.     (Compare  Euc.  I.  17.) 
Next,  to  find  b  or  c. 

b  a  a  sin  B 


Since 


sin  B     sin  A  '  sin  A 


c  a  a  sin  C 

Since  -: — ~  =  - — j,      .'.  c=  — — r  . 

sin  C     sin  A  sin  A 

Since  all  the  values  involved  are  positive,  b  and  c  have  each 
one  real,  i.e.  positive,  value. 

164.     Or,  we  may  find  b  or  c  without  first  finding  A.     For 

n     a  n  ,         a  cosec  C 

since       cot  B  +  cot  C  =  j-  cosec  (7,      . .  b  =  —  — ~ —    — ~  . 
b  cot  B  +  cot  (J 

If  6,  instead  of  a,  had  been  given,  the  equations  for  finding  a 
and  c  would  be 

a  -  b  sin  C  (cot  B  +  cot  C),  and  c  =  —. — ^  . 

sin  B 
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CASE  II. 
Given  three  sides:  a,  b,  c. 

1 65.     Since  26c  cos  A  =  b2  +  <?  -  a?, 

b*  +  c*-a? 

.'.  cos  A  = -j- . 

26c 

This  determines  for  A  a  real  value,  provided  the  above 
fraction  is  numerically  not  greater  than  1. 

(1)  Let  the  fraction  be  positive,  i.e.  b-  +  c2  >  a2. 
Then  we  must  have 

26c  >  b2  +  c2  -  a2,  i.e.  a2  >  (b  -  c)2, 

i.e.  (assuming  b  not  < c)  a  >  6  —  c,  i.e.  a  +  c>  6 (2). 

Moreover,  since  6  not  <  c,  .'.  a  fortiori,  a  +  b>  c (3); 

and,  since  62  +  c2  >  a2,  .'.  a  fortiori,  b  +  o  a (1). 

(2)  Let  the  fraction  be  negative,  i.e.  a?>  bz  4-  c2. 
Then  we  must  have 

26c>a2-62-c2,  i.e.  (6  +  c)2>a2,  i.e.  b  +  oa (1). 

Moreover, 

Y  a2  — c2>£>2,  but  a  — c<&,      .'.  a  +  ob (2), 

Y  a2 -&2>c2,  but  a  — 6<c,      .'.  a  +  b>c (3). 

Hence  the  condition  that  any  one  angle  A  may  be  real 
is  that,  of  the  sides  given,  any  two  must  be  together  greater  than 
the  third.  (Compare  Euc.  I.  20.) 

166.     Or,  we  may  solve  by  means  of  the  equation 


2       \/    (     s(s-a) 

This  determines  for  tan  \  A  a  real  value,  provided  that  the 
fraction  whose  root  has  to  be  taken  is  positive :  i.e.  provided  that 
two  or  none  of  the  factors  s  —  a,  s  —  b,  s  —  c  are  negative. 

But  two  of  the  factors,  such  as  s  —  a  and  s  —  b,  cannot  be 
negative,  for  then  2s  —  a  —  6,  i.e.  c  would  be  negative. 
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Hence  none  must  be  negative:   i.e. 

2s>2a  or  b  +  oa  ......................  (!•), 

2s>26  or  c  +  a>b  ......................  (2), 

2s>2c  ora  +  b>c  ......................  (3). 

Moreover,  since  A  must  be  <  180°,  J  A  must  be  <  90°,  therefore 
the  positive  value  of  the  root  must  be  taken  for  tan  ^A. 

Hence  if  the  conditions  (1),  (2),  (3)  are  not  fulfilled  there  is 
no  possible  solution  :  if  they  are  fulfilled,  there  is  one  possible 
solution. 

CASE  III. 
Given  two  sides  and  the  included  angle:  as  b,  c,  A. 

167.  First,  to  find  a. 

Since     a2  =  62  +  c2  -  2bc  cos  A,    .'.  a.=  ,J(&  +  c2  -  2bc  cos  A). 

Taking  the  positive  value  of  this  root,  we  have  one  real  value 
for  a,  provided  that 

b2  +  c2  -  26c  cos  A,  i.e.  (b  -  c)2  +  2bc  (1  -  cos  A)  is  positive. 

Now  since  b,  c,  and  A  are  assumed  to  be  real,  (b  -  cf  is 
positive  and  1  —  cos  A  is  positive.  Hence  there  is  always  one 
real  value  for  a. 

Next,  to  find  B  and  C,  we  have 

c  b 

cot  B  =  T  cosec  A  -  cot  A  and  cot  C  =  -  cosec  A  —  cot  A. 
o  c 

which  give  one  real  value  for  B  and  C. 

168.  Or,  to  find  B  and  C,  (assuming  b  >  c)  we  may  use 

B-G     b-c         B+C     b-c      ^A 
tan  —  =  —  =  ,  ----  tan  —  -  —  =  -  -  cot  ^  . 
2          b+c  2          6+c         2 

This  gives  us  %(E-C)',  and  since  %(B  +  (7)  =  90°  -  \A,  by 
addition  we  have  JS,  and  by  subtraction  we  have  C. 

sin 


»     .1  . 

.Lastly,  a  =  —  —  =r-  gives  us 

sin  jD 
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CASE  IY. 

Given  two  sides  and  a  non-included  angle:  as  b,  c,  B. 
169.     Here  C  has  to  be  determined  from  the  equation 

c  sin  B 

sin  0  =  -  r  —  . 
b 

(I)  Let  b  <  c  sin  B,  so  that  —  7  —  >  1  . 

Then  there  is  no  value  of  (7,  such  that  sin  C  has  the  required 
value. 

.'.  there  is  no  solution. 

(II)  Letb  =  c  sin  B,  so  that  °  S"*      =  1. 

Then  sin  tf=l,    .*.  6^  =  90°, 

and  A  =  180°  -  B  -  C  =  90°  -  B. 

(i)     Let  B  =  or>  90°. 
Then  A  is  zero  or  negative. 
.'.  there  is  no  solution. 
(ii)     Let  B  <  90°. 
Then  A  is  positive, 
and  a  —  c  cos  J3,  which  is  positive. 
.'.  there  is  one  solution. 

(III)  Letb>c  sin  B,  so  that  °  *™  B  <  1. 

Then  there  are  two  values  of  C,  supplementary  to  one  another, 
whose  sines  have  the  required  value. 

.'.  C  =  GI  (acute)  or  180°  —  Ct  (obtuse)  say, 
and  A  =  180°  -B-C^orC^-B. 

(i)     Let  B  =  or>  90°. 
Then  the  second  value  of  A  is  neative. 

sin  (180°  -5)      b 

Also  we  have  -  —  :  —  -^  -  '  =  - 

sin  G  c 
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(1)  Let  b  =  or<c. 
Then  180°-£  =  or  <  Ci. 

.'.  the  first  value  of  A  is  zero  or  negative. 
.'.  there  is  no  solution. 

(2)  Let  b  >  c. 

Then  180° -£>(/!. 

.'.  the  first  value  of  A  is  positive, 

b  sin  J.          .       . 

and  a  =  — : — =r .  which  is  positive, 
sin  .# 

.'.  there  is  one  solution, 
(ii)     Let  B  <  90°. 
Then  the  first  value  of  A  is  positive. 

b  sin  A 
This  gives  a  —   — — =-  ,  which  is  positive. 

,  sin  B     b 

Also  we  have  - — ^  —  -  . 
sin  GI      c 

(1)  Let  b  —  or>c. 
Then  B  =  or  >  C^. 

.'.  the  second  value  of  A  is  zero  or  negative. 
.'.  there  is  only  one  solution. 

(2)  Let  b  <  c. 
Then  B  <  C\. 

.'.  the  second  value  of  A  is  positive. 
.*.  there  are  two  solutions. 

170.     Summing  up  the  above  results  : 
There  is  no  solution,  if 

(1)  either  b  <  c  sin  £,  [I,] 

(2)  or  b  not  >  c  and  B  not  acute.     [I.,  II.  i.,  III.  i.  1.] 
There  is  one  solution,  if 

(3)  either  6>c,  [III.  i.  2,  III.  ii.  1.] 

(4)  or  b  =  c  or  c  sin  B  and  5  acute.     [III.  ii.  1,  II.  ii.] 
There  are  two  solutions,  if 

(5)  b  <  c  but  >  c  sin  .Z?  and  B  acute.     [III.  ii.  2.] 
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171.  The  really  Ambiguous  Case  is,  therefore,  that  in 
which 

Two  sides  and  an  angle  opposite  one  of  them  are  given  :  —  the 
given  angle  being  acute,  and  the  side  opposite  it  being  smaller  than 
the  other  given  side,  but  greater  than  the  product  of  that  side  into 
the  sine  of  the  given  angle. 

172.  We  might  also  find  a  without  finding  A  or  C. 
Thus,  since  62  =  c2  +  a?  -  2ac  cos  B, 

solving  for  a,  we  have 

a2  —  2ac  cos  B  +  c2  cos2  B  =  b2  -  c2  +  c2  cos2  B 


/.  a  =  c  cos  B  ±  J(b*  -  c2  sin2  B). 

If  then  b  <  c  sin  B,  the  values  of  a  are  algebraically  im- 
possible. 

If  b  =  c  sin  B,  there  is  one  value  for  a. 

If  b  >  c  sin  B,  there  are  £w0  values  of  a,  which  are  fo^A 
positive,  if  c2  cos2  B  >tf  —  c*  sin2  .5,  i.e.  if  c2  >  62. 

173.  The  student  should  observe  the  geometrical  illustration 
of  the  five  cases  considered  in  Art.  170.  Thus 

Let  AB  be  drawn  of  the  given  length  c:  make  the  angle 
ABX  of  the  given  value  B.  Then  with  centre  A  and  radius 
equal  to  the  given  length  b,  describe  a  circle.  The  point  or 
points,  if  any,  in  which  this  circle  cuts  BX  will  give  the  third 
angular  point  C. 

Drawing  AL  perpendicular  to  BX,  AL  =  c  sin  B. 
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CL 


In  fig.  (1),  where  b  <  AL,  the  circle  does  not  cut  EX  at  all. 

In  fig.  (2),  where  B  is  obtuse,  and  b  <  c,  the  circle  does  not 
cut  BX  at  all  on  the  side  on  which  the  angle  B  is  formed  *. 

In  figs.  (3),  where  b  >  c,  the  circle  cuts  BX  in  only  one  point 
on  the  side  on  which  the  angle  B  is  formed  *. 

In  fig.  (4),  where  b  =  AL  and  B  is  acute,  the  circle  touches  BX 
at  one  point  L. 

In  fig.  (5),  where  b  lies  in  magnitude  between  AB  and  AL,  and 
B  is  acute,  the  circle  cuts  BX  in  two  points  on  the  side  on  which 
the  angle  B  is  formed. 


Other  cases  for  solution. 

174.  The  four  cases  above  considered  are  the  most  im- 
portant. But  a  triangle  may  be  solved  from  other  data. 

*  If  6  =  c,  the  circle  cuts  BX  at  B,  and  the  triangle  collapses  into  a 
straight  line ;  giving  no  solution  when  B  is  not  acute,  and  one  solution  when 
B  is  acute. 


EXAMPLES   VII.  Ill 

It  is  always  necessary  that  the  value  of  one  length  at  least 
should  be  given. 

A  few  examples  are  worked  out  below. 

Example  1.     Given  C=  120°,  a  =  3,  b  =  5,  find  c. 
We  have  c2 = a2  +  b2  -  2ab  cos  C. 

Nt)w  cos  C= cos  120°  =  -  cos  60°  =  -  £, 

.-.  c2=a2  +  62  +  a&  =  32  +  52  +  3.5  =  49. 

.-.  c  =  7. 

Example  2.     Given  ^  =  30°,  5  =  45°,  a  =  *J%,  find  6  and  c. 

a  sin  jB      2a 

b  =  —. — -r-  =  -7S 
sin  ^       >/2 

7^7        9     /  Q 

c=a  cos  5+ 6  008^1  =  ^  H — ^ -  =l+\/3. 

x/2         2 

Example  3.     Given  5  =  30°,  6  =  3  ^2,  c  =  6,  solve  the  triangle. 

~    c  sin  .36  1 

sm(7=_T_  =  ___=_)     .,  C=45°orl35. 

.'.  A  =  180°  -5- (7=105°  or  15°, 


and  a  =  c  cos  B-\-b  cos  (7= — -  — I —  =-  or 

x/2  V2 

=3(^3+1)  or  3(^3-1). 

Example  4.     If  al  and  «2  are  the  two  values  of  a,  when  5,  6,  c  are 
given,  show  that  «1  +  «2  =  2c  cos  .5. 

We  have  a±  =  c  cos  Z? + 6  cos  C^ , 

where  C^ ,  (72  are  supplementary,  so  that  cos  Ct=  -  cos  (72, 
.  • .  adding  al  +  «2  =  2c  cos  .5. 

EXAMPLES  VII. 

1.  Given  A  =  60°,  6-7  ft.,  c  =  5  yds.,  find  a. 

2.  Given  a  =  ^/IS,  6  =  3,  c  =  4,  find  ^. 

3.  Given  sin  (7  =  -6,  6  =  5,  a  =  7,  find  ^. 

4.  Given  C  =  45°,  cos  B  =  -28,  c  =  5,  find  a,  6,  and  sin  A 

5.  Given  A  =  30°,  6  =  4ft..  a=  1  yd.,  find  c. 

6.  Given  a  =  2,  6  =  JQ,  c  =  1  +  ^j  find  A,  B,  C. 
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7.  Given  a  =  2,  b  =  ^2,  c  =  ^/3  -  1,  find  A,  B,  C. 

8.  Given  B  =  120°,  6  =  14,  c  =  10,  find  cos  C  and  a. 

9.  Given  a  :  b  :  c  =  44  :  117  :  125,  and  that 

sin  20°  36'  35"  -  -352,  find  A,  B,  C. 

10.  Given  C  =  18°,  a  -  c  =  2,  ac  =  4,  find  ^  and  5. 

11.  Given  sin  C  +  cos  (7  =  T,  find  .Z?. 

6 

12.  Given  cos  C  =  -^-,  cos  A  =  if,  find  a  :  b  :  c. 

13.  Given  a  =  10  ft.,  6  =  15  ft.,   (7  =  30°,  find  cot  4  and  the 
area  of  ABC. 

14.  Given  a=  1,8,  6  =  16,  c  -  14,  find  the  distance  of  B  from 
the  middle  point  of  AC. 

15.  Given  S  =  6  sq.  miles,  a  -  3  m.,  b  =  5  m.,  find  c. 

16.  Given  -4  =  30°,  and  b  :  c  =  1  :  ^/3,  solve  the  triangle. 

17.  Given  (a  +  b  +  c)  (b  +  c  —  a)  =  36c,  find  A. 

18.  If   a  cos  A  =  b  cos  B,  show  that  the  triangle   is   either 
isosceles  or  right-angled. 

19.  Given   a  -193  ft.,    b  =  194  ft.,    c  =  195ft.,    find   sin  A, 
sin  B,  sin  C. 

20.  If  6  cos  A  —  a  cos  .5,  show  that  the  triangle  is  isosceles. 

21.  Given    A  =75°,    £  =  45°,    and    the   perpendicular   from 
A  on  EC  is  3  ft.,  solve  the  triangle. 

22.  Given  tan  C  cot  B  =  5,  tan  J2  tan  (7  =  9,  and  the  distance 
of  A  from  the  middle  point  of  BC  is  7  in.,  find  EC. 

23.  If  the  base-angles  of  a  triangle  are  22  J°  and  112J°,  show 
that  its  base  is  twice  its  height. 

24.  The  sides  of  a  triangle  are  in  A.  p.,  and  the  difference 
between  the  cotangents  of  the  halves  of  the  greatest  and  least 
angles  is  4.     Show  that  the  cosine  of  the  remaining  angle  is  f . 


CHAPTER  VIII 
HEIGHTS  AND  DISTANCES. 

175.  THE  formulae  of  Chapter  VI.  connecting  the  sides  and 
angles  of  a  triangle  are  of  practical  use  in  enabling  us  to  calcu- 
late lengths  and  angles,  which  cannot  be  directly  measured. 

Many  objects  in  space  are  absolutely  or  practically  inac- 
cessible, though  visible  to  the  eye.  In  order  to  determine  the 
distances  of  such  objects  from  any  others  we  require  to  measure 
directly 

(1)  The  distance  between  some  pair  of  accessible  points. 

(2)  The  angle  between  the  lines  drawn  from  the  eye  to  some 
pair  of  visible  points. 

By  means  of  suitable  instruments  an  angle  can  be  measured 
with  greater  accuracy  than  a  length.  Hence  it  is  usual  to  make 
our  calculations  depend  on  the  measurement  of  a  single  length 
and  of  as  many  angles  as  are  necessary. 

176.  The  angle  made  with  the  horizontal  plane  by  the  line 
joining  the  eye  to  an  object  is  called  its  angle  of  elevation 
[or,    briefly,  its   elevation]  when  it   is   above   the   observer;    its 
angle  of  depression  [or,  briefly,  its  depression\  when  it  is  below 
the  observer. 

J.  T.  8 
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177.  To  express  the  relation  between  the  (vertical)  height  and 
the  (horizontal)  distance  of  an  object. 

Let  P  be  any  object,  A  the  position  of  the  observer,  PN  the 
vertical  line  through  P,  and  AN  the  horizontal  line  through  A 
drawn  to  meet  PN.  (See  first  fig.  of  Art.  179.) 

The  angle  NAP  is  the  angle  of  elevation  of  P,  and  the  angle 
ANP  is  a  right  angle  :  thus 

AN 

-rr=  cot  NAP,      .'.  distance  =  height  x  (cot  of  elevation), 


NP 

=  tan  NAP,      .'.  height  =  distance  x  (tan  of  elevation). 


These  results  are  very  important. 

Example  1.  The  angle  of  elevation  of  a  tower  130  ft.  high  is  observed 
to  be  60°.  Find  the  distance  of  the  tower  from  the  point  of  observation. 

Here  the  angle  ^^P=600,  and  JVP=130ft., 
.-.  AN=NP  .  cot  NAP=  130  ft.  x  cot  60° 

1       130x^3         .130  x  1-7320 
=  130ft.x^=    -£—  ft.=      —  -  --  ft. 

=  57-73  ft.  +  17-320  ft. 
=  75  ft.  nearly. 

Example  2.  A  man,  standing  on  the  top  of  a  tower  and  looking  in 
a  direction  perpendicular  to  the  length  of  a  river,  which  is  140  ft.  wide, 
observes  that  the  angles  of  depression  of  the  two  banks  of  the  river  are 
45°  and  30°.  Find  the  height  of  the  tower. 

Let  A  be  the  further,  B  the  nearer  bank  of  the  river  ;  P,  the  point 
of  observation;  and  PN  the  vertical  through  P.  (See  fig.  of  Art.  179.) 

Then  angle  PBN=45°,  and  angle  P^^=30°  ;  and  J.B=140  ft. 
Now         v  PBN=45°  and  PNB  =  9Q°,  .'.  BN=PN. 
Let  PNoT  BN=x.    Then  AN=AB+BN=UQft.+x, 

and 


\M  —  1  o  —  l 

=  191-24  ft.  =  191J  ft.  nearly. 
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178.  The  values  of  the  trigonometrical  ratios  of  any  angles 
are  to  be  found   in  published  tables.     If   any  ratio  cannot  be 
found   by  the   elementary  geometrical  methods  of  Chapter  IY. 
reference  must  be  made  to  these  tables. 

179.  To  find  the  height  and  distance  of  an  inaccessible  object. 

P  P 


Let  P  be  the  top  of  an  object,  PN  the  vertical  through  P. 

Let  A,  B  be  two  points  of  observation,  the  distance  between 
which  is  measured. 

(1)  Suppose  ABN  to  be  in  a  straight  line,  so  that  A,  B,  N,  P 
are  in  the  same  vertical  plane. 

At  A  and  B  measure  the  angles  of  elevation  NAP,  NBP. 
Then  the  angle  PBA  is  the  supplement  of  NBP. 

(2)  Suppose  ABN  not  to  be  a  straight  line. 

At  A  measure  the  angles  NAP,  BAP-,  and  at  B  measure  the 
angle  PBA. 

Then,  both  in  (1)  and  (2),  in  the  triangle  PAB,  the  side  AB 
and  the  angles  PAB,  PBA  are  known,  .'.  AP  can  be  calculated. 

.'.   in   the  right-angled  triangle  PAN,  AP  and    ^NAP  are 
known,  .'.  AN  and  PN  can  be  calculated. 

8—2 
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180.     To  find  the  distance  between  two  visible  objects. 


Let  P  and  Q  be  the  two  objects;  A  and  B  two  points  of 
observation. 

Measure  AB. 

At  A,  measure  the  angles  PAB,  QAB. 

At  B,  measure  the  angles  PBA,  QBA. 

Also  if  the  triangles  PAB,  QAB  are  not  in  the  same  plane, 
measure  the  angle  PAQ. 

Then,  in  triangle  PAB;  AB,  L  PAB,  and  L  PBA  are  known; 
.'.  AP  can  be  calculated. 

In  triangle  QAB]  AB,  L  QBA,  and  L  QAB  are  known; 
.'.  AQ  can  be  calculated. 

Lastly,  in  triangle  PAQ;  AP,  AQ  and  L  PAQ  are  known; 
.'.  PQ  can  be  calculated. 

181.  In  working  problems,  which  involve  points  not  all  in 
one  plane,  it  is  often  useful  to  employ  a  figure  in  which,  for 
points  not  in  the  observer's  horizontal  plane,  are  substituted  the 
feet  of  the  perpendiculars  from  them  on  that  plane. 

Thus,  if  P  is  any  point  not  in  the  horizontal  plane  containing 
two  points  of  observation  A  and  B,  draw  PN  perpendicular  upon 
that  plane. 

Then  (by  Art.  177)  we  have 

AN=  PNx  (cot  of  elevation  of  P  at  A), 
BN=PNx  (cot  of  elevation  of  P  at  B). 
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Example.  At  A  and  B,  the  angles  of  elevation  of  an  object  P  are 
observed  to  be  a  and  /3  respectively.  The  distance  between  A  and  B 
is  c:  and  the  angle  between  AB  and  the  line  joining  A  to  the  foot  of 
P  is  6.  Find  the  height  of  P. 

Let  N  be  the  foot  of  P,  and  PN=x. 
Then  in  the  triangle  ABN  we  have 


Thus  BN2  =  AB*  +  AN2-  2AB .  AN .  cos  0, 

i.  e.  x2  cot2  j8 = c2 + x2  cot2  a  -  2cz  cot  a  cos  0, 
.' .  xl  (cot2  £  -  cot2  a)  +  2c#  cot  a  cos  0 = c2, 
a  quadratic  equation  giving  x. 

EXAMPLES  VIII. 

1.  At  a  point  866  ft.  from  the  base  of  a  column,  the  angle  of 
elevation  of  its  summit  is  observed  to  be  30°.     Find  the  height 
of  the  column. 

2.  From  the  top  of  a  hill  the  angle  of  depression  of  an  object 
on  the  ground  is  observed  to  be  60°.     The  hill  being  1732ft. 
high,  find  the  distance  of  the  object  from  the  point  where  the 
vertical  line  through  the  top  of  the  hill  would  cut  the  ground. 

3.  A  man  5  ft.  10  in.  high  observes  that  his  shadow  from  a 
lamp  3  yds.  4  in.  high  is  1  yd.  9  in.     What  is  his  distance  from 
the  lamp? 

4.  A  tower  50  ft.  high  stands  on  a  mound  ;  from  a  point  on 
the  ground  the  angles  of  elevation  of  the  top  and  bottom  of  the 
tower  are  observed  to  be  75°  and  45°  respectively;  find  the  height 
of  the  mound. 

5.  The  angle  of  elevation  of  a  balloon  from  a  station  due 
north  of  it  is  45°,  and  from  a  station  at  a  mile  due  east  of  the 
former  station  it  is  30°.     Find  the  height  of  the  balloon  and  its 
distance  in  a  straight  line  from  the  second  station. 

6.  A  man,  walking  along  a  straight  road  at  the  rate  of  3J 
miles  an  hour,  observes  that  a  house,  whose  direction  \  hr.  ago 
made  an  angle  of  45°  with  the  road,  is  now  directed  at  an  angle 
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of  75°.     Find  how  long  he  will  take  to  reach  the  nearest  point  on 
the  road  to  the  house  and  how  distant  the  house  will  then  be. 

7.  At  two  points,  400  ft.  apart,  on  the  bank  of  a  straight  river, 
the  direction  of  an  object  on  the  other  bank  is  observed  to  make 
with  the  first  bank  angles  equal  to   72°   and  36°  respectively. 
Find  the  breadth  of  the  river,  and  the  distance  of  the  object  from 
the  first  point  of  observation. 

8.  At  two  points  A  and  JB,  at  a  distance  c  apart,  the  angles 
of  elevation  of  an  object  P  are  observed  to  be  a  and  ft  respectively. 
The  straight  line  AB  is  horizontal  and  the  plane  ABP  is  vertical. 
Show  that  the  height  of  P  above  the  horizontal  plane  through 

A3  is 

c 
cot  a  ~  cot  ft  ' 

9.  At  two  points  A  and  JB,  at  a  distance  c  apart,  the  angles 
of  elevation  of  an  object  P  are  observed  to  be  a  and  ft  respectively. 
The  plane  ABP  not  being  vertical,  it  is  observed  that  the  differ- 
ence of  the  angles  BAP  and  ABP  is  90°.     Show  that  the  height 

of  Pis 

c  ^/(cosec2  a  +  cosec2  ft) 
cosec2  a  —  cosec2  ft 

10.  An  object  2b  feet  high,  placed  on  the  top  of  a  tower, 
subtends  an  angle  a  at  a  place  whose  horizontal  distance  from  the 
foot  of  the  tower  is  b  feet;  show  that  the  height  of  the  tower  is 

Hv/(2cota)-l}. 

11.  The  angles  of  elevation  of   a  tower  from  three  points 
A,  B,  C  in  a  straight  line  are  observed  to  be  a,  ft,  y  respectively. 
If  BC  =  a,  AC  =  b,  AB  —  c,  show  that  the  height  of  the  tower  is 

abc 


^a  cot2  a  —  6  cot2  ft  +  c  cot2  y/ 

12.  A  house  of  three  equal  storeys  is  observed  from  three 
points  A,  £,  C  in  a  straight  line.  It  is  found  that  (when  looking 
at  a  fixed  vertical  line  on  the  house)  the  angle  of  elevation  of  the 
top  of  the  lowest  storey  at  A  is  equal  to  that  of  the  top  of  the 
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middle  storey  at  B  and  to  that  of  the  top  of  the  highest  storey 
at  C.  If  AB  =  a,  BC  =  b,  show  that  the  distance  of  A  from 
the  foot  of  the  vertical  line  is 


/(ab(a+b)} 
V    I  5»  -  36  J  ' 


13.  In  the  last  question  find  the  cosines  of  the  angles  sub- 
tended by  AB,  BC,  and  AC  respectively  at  the  foot  of  the  vertical 
line;  and  show  that  if  AB  =  2  .  BC  and  if  a,  /3  are  the  angles 
subtended  by  AB,  BC  respectively,  then 

(1)  /?  is  the  supplement  of  2a. 

(2)  12cosa-72versyg  =  1. 

14.  The  angle  of  elevation  of  the  top  of  a  mountain  from  a 
point  at  its  base  is  observed  to  be  y.     A  path  leads  directly  from 
that  point  to  the  top,  being  for  some  distance  inclined  to  the  hori- 
zon at  an  angle  a  and  for  the  remainder  of  the  distance  at  a 
greater  angle  ft.     At  the  point  where  the  path  becomes  steeper, 
the  vertical  altitude  is  found  by  the  barometer  to  be  a.     Show 
that  the  height  of  the  mountain  is 

a  (cot  a  —  cot  /?) 
cot  y  -  cot  ft 

15.  A  vertical  stick  casts  a  shadow  of  length  b  from  a  lamp 
upon  a  horizontal  plane.     The  horizontal  and  vertical  distances 
of  the  bottom  of  the  stick  from  its  shadow  are  a  and  c  respectively. 
If  the  stick  subtends  equal  angles  at  the  two  ends  of  its  shadow, 
show  that  the  height  of  the  lamp  is 

abc 
~#^~tf' 

16.  An  object  is  observed  at  three  points  A,  B,  C  lying  in  a 
horizontal  line  which  passes  directly  underneath  the  object.     The 
angles  of  elevation  at  A,  B,   C  are  a,  2a,  3a  respectively.     If 
AB  =  a,  BC  =  b,  show  that  the  height  of  the  object  is 


If  tan  a  =  f,  show  that  ISa,  =  236, 
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17,  From  a  point  c 
altitude  olr  the  highest  p 
observed  to  be  a:  a  feet 
that  if  0  be  the=  inclinati 


18. 


A  andffZ?  are 

From  a  p aint  lf|  it  is  i 

and  CB  an  an£-..'*- 


19.     Aver 

hill.      A   and  1 

the  foot  of   tt 
the  angular  ele 

the  tower  lies 
45°.     Show  thf 


: 


20.  .4  is  the  top  of   a  tower,  ^5  and  C  are  points   in  the 
horizontal  plane  on  which  it  stands.     The  elevations  of  A  at  £ 
and  C  are  ft  and  y  respectively;  and  the  angle  subtended  at  A  by 
BC  is  a.     Show  that 

cot  A  BC  =  sin  y  cosec  a  cosec  /?  -  cot  a. 
cot  -4  (7.5  =  sin  p  cosec  a  cosec  y  —  cot  a. 

21.  A  person  walking  along  a  straight  road  observes  that 
the  greatest  angle  which  a  building  subtends  is  a.     From  this 
point  he  walks  a  distance  c,  and  the  front  of  the  building  is  now 
just  along  his  line  of  sight  making  an  angle  j3  with  the  road. 
Show  that  the  length  of  the  building  is 

c  sin  a  sin  /?  sec  J  (ft  +  a)  sec  J  (ft  -  a). 

22.  A  man,  standing  at  a  point  close  to  the  side  of  a  base 
of  a  pyramid  whose  base  is  square  sees  the  sun  disappear  over  an 
edge  of  the  pyramid,  half-way  along  it.     Show  that,  if  a  and  b 
.are  the  distances  of  the  man  from  the  two  ends  of  the  side  at 
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which  he  is  standing,  and  9  the  altitude  of  the  sun,  the  height  of 
the  pyramid  will  be 

£  tan  0  J(\W  -  ±ab  +  262). 

23.  A,  £,  C  are  three  points  in  a  horizontal  plane  forming 
an  isosceles  triangle  right-angled  at  C,  and  AB  =  c.     At  A,  B,  0 
the  angles  of  elevation  of  an  object  P  are  a,  a,  ft  respectively. 
Find  h  and  show  that  ft  cannot  be  less  than  the  angle  whose 

.    tan  a 
tangent  is  — j^-  . 

VJ 

24.  Three  mountain  peaks  A,  B,  C  appear  to  the  observer  to 
~be  in  a   straight   line,  when  he  stands  at  each  of   two  places 
P  and  Q  in  the  same  horizontal  line.     The  angle  subtended  by 
AB  and  BC  at  each  place  is  a;  and  the  angles  AQP,  CPQ  are 
<£  and  if/. 

Prove  that  the  heights  of  the  mountains  are  as 
cot  2a  +  cot  {f/ :  \  tan  a  (cot  a  +  cot  if/)  (cot  a  +  cot  <£)  :  cot  2a  +  cot  <£; 
and  that  if  QB  cut  AC  in  D, 

AC  =  CD x  sin  2a  (cot  a  +  cot  \j/). 

25.  A  man  standing  on  a  plane  observes  a  row  of  equal  and 
equidistant  pillars,  the  10th  and  17th  of  which  subtend  the  same 
angle  as  they  would  if  they  were  in  the  position  of  the  first  and 
were  respectively  J  and  ^  of  the  height.     Show  that,  neglecting 
the  height  of  the  eye,  the  line  of  the  pillars  is  inclined  to  the  line 
drawn  to  the  first  at  an  angle  whose  secant  is  nearly  2-6. 


CHAPTER  IX. 
THE  GEOMETRY  OF  THE  TRIANGLE. 

182.  IN  this  chapter  will  be  given  the  most  fundamental 
propositions  on  the  circles  and  centres  of  a  triangle. 

For  the  sake  of  avoiding  repetition,  the  following  mode  of 
lettering  will  be  consistently  adopted.  (Explanation  of  the  terms 
will  be  given  in  the  course  of  the  chapter.) 

The  triangle  considered  ABC.  The  middle  points  of  the  sides 
D,  E,  F.  The  feet  of  the  perpendiculars  L,  M,  N.  The  points 
of  contact  with  the  inscribed  circle  X,  Y,  Z.  The  centre  of  the 
inscribed  circle,  /.  The  centre  of  the  circumscribed  circle,  S. 
The  centre  of  gravity,  G.  The  orthocentre,  0.  The  centre  of 
the  cosine  circle,  K.  The  centre  of  the  nine-points  circle,  T. 
The  centre  of  the  Lemoine  and  Brocard  circles,  V.  The  middle 
points  of  AO,  BO,  CO  ;  P,  Q,  R.  The  centres  of  the  escribed 
circles  7X,  72,  /3.  Their  points  of  contact  with  the  sides  Xlt  Y19 
Zlt  &c. 

Antiparallels. 

183.  DBF.     Two   lines   are  said  to  be  antiparallel  with 
respect  to  any  angle,  when  the  inclination  of  one  to  one  of  the 
lines  containing  the  angle  is  equal  and  opposite  to  the  inclination 
of  the  other  to  the  other  of  the  lines  containing  the  angle. 
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Thus,  in  the  figure,  BC,  B'C'  are  antiparallel  with  respect  to 
the  angle  A : — the  angles  ABC,  AB'C'  being  equal  and  opposite* 
to  one  another. 

It  follows  that  the  angles  C'BC,  C'B'C  are  together  equal  to 
two  right  angles:  and,  therefore,  the  quadrilateral  BCB'C'  is  in- 
scribable  in  a  circle.  Hence  antiparallels  might  be  thus  denned : — 

Two  opposite  sides  of  a  quadrilateral  inscribable  in  a  circle  are 
said  to  be  antiparallel  with  respect  to  the  angle  contained  by  the 
other  two  opposite  sides. 

The  following  statements  are  obvious  : — 

Lines  which  are,  with  respect  to  any  angle,  antiparallel  to  the 
same  line  are  parallel  to  one  another. 

Through  any  point,  one  and  only  one  line  can  be  drawn 
which  is,  with  respect  to  any  angle,  antiparallel  to  another  line. 

These  statements  are  sufficient  to  indicate  the  analogy  be- 
tween antiparallels  and  parallels. 

*  That  is,  BC  has  revolved  from  BA  in  the  opposite  direction  to  that  in 
which  B'C'  has  revolved  from  B'A. 
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184.  Another  mode  of  defining  antiparallels  is  the  following: 

Two  lines  are  said  to  be  antiparallel  with  respect  to  two  other 
lines  when  the  bisectors  of  the  angles  between  the  first  two  are 
in  the  same  directions  as  the  bisectors  of  the  angles  between  the 
second  two. 

Thus,  in  the  figure,  the  lines  BC,  B'C'  are  antiparallel  with 
respect  to  the  lines  EC',  B'C',  for  the  bisector  of  the  obtuse  angle 
between  EG  and  B'C'  is  in  the  same  direction  as  the  bisector  of 
the  acute  angle  between  BC'  and  B'C:  and  the  bisector  of  the 
acute  angle  between  BC  and  B'C'  is  in  the  same  direction  as  the 
bisector  of  the  obtuse  angle  between  BC'  and  B'C. 

This  will  become  clear  if  parallels  to  the  four  lines  BC,  B'C', 
BC',  B'C  be  drawn  through  any  point  0. 

It  is  clear  that  the  relations  between  the  pair  BC,  B'C'  and 
the  pair  BC',  B'C  are  reciprocal. 

It  should  be  observed  that,  if  the  angles  ABC,  ACB  are  equal, 
the  antiparallels  to  BC  with  regard  to  A  become  parallels  to  BC. 

185.  The  following  proposition  is  important: — 

A  line,  drawn  from  the  vertex  of  an  angle,  cuts  any  two 
parallel  intercepts  of  the  angle  in  the  same  ratio. 

This  follows  at  once  from  Euc.  VI.  4. 

In  particular: — The  line,. drawn  from  the  vertex  of  a  triangle 
to  bisect  the  base,  bisects  all  the  parallels  to  the  base. 

When  an  antiparallel  to  a  side  of  a  triangle  is  spoken  of, 
the  antiparallel  must  be  understood  to  be  drawn  with  respect  to 
the  angle  opposite  that  side. 

Thus,  in  considering  the  triangle  ABC  of  the  figure  of  Art. 
183,  B'C'  is  called  an  antiparallel  to  the  side  BC  (without  specify- 
ing the  angle  A). 

Since  the  antiparallels  to  a  side  are  parallel  to  one  another, 
the  line  from  the  opposite  angle  bisecting  one  of  them  will  bisect 
all. 
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Centres  of  Similitude. 

186.  DBF.  The  point  which  divides  the  distance  between 
the  centres  of  two  circles  internally  (or  externally)  in  the  ratio  of 
the  radii  of  the  circles  is  called  the  internal  (or  external)  centre 
of  similitude  of  the  two  circles. 

PROP.  The  line  joining  the  extremities  of  any  two  parallel 
radii  of  two  circles  cuts  the  line  of  their  centres  in  one  or  other 
of  the  centres  of  similitude. 

For,  let  0,  o  be  the  centres  of  two  circles,  and  OR,  or  two 
parallel  radii.  Let  Rr  cut  Oo  in  S.  Then  the  triangles  ROS, 
roS  are  equiangular ; 

.'.    OS  :  oS=OR  :  or,        .'.   S  is  a  centre  of  similitude. 

If  Rr  is  a  common  tangent  of  the  two  circles,  OR  and  or  are 
both  at  right  angles  to  Rr;  and  are,  therefore,  parallel:  hence, 
a  common  tangent  to  two  circles  cuts  the  line  of  their  centres  in  one 
or  other  of  tJie  centres  of  similitude. 

COR.  If  the  circles  do  not  cut,  there  is  a  pair  of  common 
tangents  through  each  centre  of  similitude,  the  angle  between 
which  is  bisected  by  the  line  of  centres. 

Hence  the  two  common  tangents  through  one  centre  of  similitude 
are  antiparallel  with  respect  to  the  angle  formed  by  the  two  common 
tangents  through  the  other  centre  of  similitude. 


Pole  and  Polar. 

187.  DBF.  The  point  of  intersection  of  the  tangents  to  a 
circle  drawn  from  the  extremities  of  any  chord  is  called  the  pole 
of  the  chord :  and  the  chord  is  called  the  polar  of  the  point  of 
intersection. 
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The  inscribed  circle. 

188.     PROP.  I.     The  internal  angular  bisectors  of  a  triangle 
meet  in  a  point. 


Let  BI,  CI — bisectors  of  B  and  C — cut  in  /.    AI  shall  bisect  A. 
For,  draw  IX,  IY,  IZ  perpendiculars  on  the  sides. 

Then,  the  triangles  BXI,  BZI  having  a  common  side  BI  and 
two  angles  of  the  one  equal  to  two  angles  of  the  other,  are  equal 
in  all  respects,  so  that  IX '=  IZ. 

Similarly  IX  =  IY,   :.  IY=IZ. 

Therefore,  the  triangles  AZI,  A  YI  having  each  a  right  angle 
and  two  sides  of  the  one  equ^l  to  two  sides  of  the  other,  are  equal 

in  all  respects,  .'.  I  A  bisects  A. 

\ 
Since  IX,   IY,  IZ  are  equal  and  are  perpendicular  to  the 

sides,  .".  /  is  the  centre  of  the  circle  of  radius  IX  which  touches 
the  sides  of  ABC  internally.  That  is,  I  is  the  centre  of  the  in- 
scribed circle  of  ABC. 

\ 

The  Escribed  Circles. 

\ 

189.  PROP.  II.  The  bisectors  of  two  external  angles  and  the 
bisector  of  the  remaining  internal  angle  meet  in  a  point. 
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Let  jB/1}  (7/x — bisectors  of  the  external  angles  at  B  and  C — 
cut  in  /j.  All  shall  bisect  A. 

For,  drawing  perpendiculars  I^X^  I^Y^  I^Z^  upon  the  sides, 
we  may  prove  precisely  as  in  the  last  proposition,  that  IlXl  =  I±  Y^ 
=  7^,  and,  therefore,  I^A  bisects  BAG. 

Since  the  perpendiculars  from  /x  on  the  sides  are  equal  to  one 
another,  .'.  I±  is  the  centre  of  the  circle  touching  A£,  AC  pro- 
duced and  BG  externally.  This  circle  is  called  an  Escribed  Circle 
of  the  triangle. 
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COR.  I.  The  three  sides  of  the  triangle  are  common  tangents 
of  the  inscribed  and  escribed  circles;  and  the  three  vertices  are 
centres  of  similitude  of  pairs  of  these  circles. 

Thus  the  vertex  A  is  the  external  centre  of  similitude  of  the 
inscribed  circle  and  the  A  -escribed  circle,  and  the  internal  centre 
of  similitude  of  the  B-  and  (7-escribed  circles. 

COR.  II.  If  the  internal  bisector  A 11^  of  A  cut  BC  in  If,  since 
HIX,  HI^  are  similar  triangles,  IE  :  I1H=IX  :  7^,  .'.  H  is 
the  internal  centre  of  similitude  of  the  inscribed  circle  and  the 
described  circle. 

[Similarly,  if  the  external  bisector  J2AI3  of  A  cuts  BG  in  Hlt. 
HI  is  the  external  centre  of  similitude  of  the  B-  and  (7-escribed 
circles.] 

COR.  III.  The  fourth  common  tangent  of  the  inscribed  and 
the  .4 -escribed  circles  passes  through  H  and  is  antiparallel  to  BC 
(with  respect  to  A). 

[Similarly  the  fourth  common  tangent  of  the  B-  and  (7-escribed 
circles  passes  through  H1  and  is  antiparallel  to  BC.] 

COR.  IY.  The  fourth  common  tangent  of  the  inscribed  and 
the  .4 -escribed  circles  cuts  off  from  AB  and  AC  parts,  measured 
from  A,  equal  to  AC  and  AB  respectively. 

[Similarly  the  fourth  common  tangent  of  the  B-  and  (7-escribed 
circles  cuts  off  from  BA  and  CA  produced  parts,  measured  from 
A,  equal  to  AC  and  AB  respectively.] 

COR.  Y.  Since  BI,  BI±  bisect  two  adjacent  supplementary 
angles  at  B,  IBIT  is  a  right-angle.  Hence  the  circle  on  11^  as 
diameter  passes  through  B  and  (7,  and  .'.  the  perpendiculars 
IX,  IlXl  from  the  extremities  of  this  diameter  cut  off  equal  seg- 
ments from  the  chord  BC  j 

and  CX=BXl. 
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The  Circumscribed  Circle. 

190.     PROP.  III.     The  straight  lines  which  bisect  the  sides  of  a 
triangle  at  right-angles  meet  in  a  point. 


Let  D,  E,  F  be  the  middle  points  of  the  sides  of  ABC. 

Let  FS,  ES — perpendiculars  on  AJB,  AC — cut  in  S. 

DS  shall  be  perpendicular  to  BC. 

For,  join  AS,  BS,  CS.  Then,  the  triangles  BFS,  AFS  having 
FS  common,  and  BF=AF,  and  the  angle  JSFS  =  th&  angle  AFSt 
are  equal  in  all  respects;  so  that  BS  =  AS. 

Similarly  CS  =  A S,    .'.£S  =  CS. 

.'.  the  triangles  BDS,  CDS  having  the  three  sides  of  one 
equal  to  the  three  sides  of  the  other,  are  equal  in  all  respects. 

.'.  DS  is  at  right-angles  to  BC . 

Since  AS,  BS,  CS  are  equal  to  one  another,  .*.  S  is  the  centre 
of  the  circle  circumscribing  ABC. 

If  the  triangle  is  obtuse-angled,  the  circumcentre  falls  out- 
side the  triangle,  on  the  side  remote  from  the  obtuse  angle. 

COR.  Since  the  tangent  at  A  to  ^he  circumcircle  makes  with 
AB  an  angle  equal  to  the  angle  EGA  in  the  opposite  segment, 
:.  it  is  antiparallel  to  BC.  But  the  radius  SA  is  perpendicular 
to  the  tangent  at  A.  .'.the  lines  SA,  SB,  SC  are  perpendicular 
respectively  to  the  antiparallels  to  the  sides. 

J.  T.  9 
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The  Orthocentre. 

191.     PROP.  IV.     The  perpendiculars  to  the  sides  from  the 
opposite  angles  meet  in  a  point. 


B  L  C 

Let  BM,  CN — perpendiculars  on  AC,  AB — cut  in  0'}  and  let 
AO  cut  BC  in  L.  OL  shall  be  perpendicular  to  BC. 

For,  join  MN.  Then,  the  angles  ANO,  AMO  being  right- 
angles,  a  circle  goes  round  AMON;  .'.  L  NMO  =  NAO. 

And  the  angles  BNC,  BMC  being  right-angles,  a  circle  goes 
round  BNMC;  :.  L  NMB  =  NCB-}  .'.  L  NAO  =  NCB. 

.'.  the  triangles  BAL,  BCN  having  two  angles  of  one  equal 
to  two  angles  of  the  other,  the  third  angles  BLA,  BNC  are  equal. 

But  BNC  is  a  right-angle,  .*.  also  BLA  is  a  right-angle. 

The  point  0  is  called  the  Orthocentre  of  the  triangle  ABC. 

If  the  triangle  is  obtuse-angled,  the  Orthocentre  falls  outside 
the  triangle,  and  within  the  space  formed  by  producing  through 
the  obtuse  angle  its  two  containing  sides. 

COR.  I.  Since  a  circle  goes  round  BNMC,  .'.  the  sides  of  the 
triangle  NHL  are  antiparallels  to  the  sides  of  the  triangle  ABC. 

COR.  II.     Since  angle  NMO  =  NAO  =  complement  of  B, 
and  angle  LMO  =  LCO  =  complement  of  B, 
.'.  0  is  the  centre  of  the  circle  inscribed  in  LMN. 

COR.  III.  Since  AB,  AC  are  perpendicular  to  ON,  OM 
respectively,  .".  A,  B,  C  are  the  escribed  centres  of  LMN. 
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The  Centre  of  Gravity. 

192.     PROP.  V.     The  bisectors  of  the  sides  drawn  from  the 
opposite  angles  meet  in  a  point. 


B  D  C 

Let  D,  E,  F  be  the  middle  points  of  the  sides  of  ABC.  Let 
BE,  CF  cut  in  G.  AG,  GD  shall  be  in  one  straight  line. 

For,  because  BF=AF, 

.'.  the  triangles  BCF,  ACF  are  equal;  and  also  the  triangles 
£GF,  AGF  are  equal,  .'.  the  remainders  BGC,  AGO  are  equal. 

Similarly,  BGC,  AGB  are  equal,  .'.  AGB  =  AGO. 

And  because  BD  =  CD,  :.  BGD  =  CGD. 

:.  AGB,  BGD  are  together  equal  to  AGC,  CGD. 

That  is,  the  lines  AG,  GD  bisect  the  triangle  ABC. 

But  the  straight  line  AD  bisects  the  triangle  ABC, 

.'.  the  lines  AG,  GD  coincide  with  the  straight  line  AD. 

The  point  G  is  the  Centre  of  Gravity  of  tlie  triangle  ABC. 

COR.  I.     Joining  DE,    y    AE  :  EC  =  BD  :  DC,    .'.    DE  is 
parallel  to  AB.      .'.  the  triangles  ABC,  EDC  are  similar, 
/.  AB  :  DE  =  BC  :  DC.     But  BC  =  twice  DC. 

.'.  the  sides  of  the  triangle  DEF  are  Iwlf those  of  ABC,  and  its 
angles  are  equal  to  those  of  ABC. 

COR.  II.     Also  the  triangles  AGB,  GDE  are  similar, 

/.  AG  :  GD  =  AB  :  DE. 

.'.  AG  =  twice  GD:  or,  G  trisects  the  distances  AD,  BE,  CF. 

9—2 


132 


THE   GEOMETRY   OF  THE  TRIANGLE. 


The  Cosine  Circle. 

193.     PROP.  VI.     The  bisectors  of  the  antiparallels  to  the  sides 
drawn  from  the  opposite  angles  meet  in  a  point. 


Let  BK,  CK — bisectors  of  the  antiparallels  to  AC  and  AB — 
cut  in  K.  AK  shall  "bisect  the  antiparallels  to  BC. 

Through  K  draw  ftKy,  yKa,  a.K/3'  antiparallel  to  BC,  CA, 
AB  respectively  ;  so  that  the  angles  at  a  and  at  a!  equal  A  ;  those 
at  /?  and  at  ft'  equal  B ;  and  those  at  y  and  at  y  equal  C. 

.'.  Ka  =  Ka'  ;  K/3  =  Kfi'  j  and  Ky  =  Ay'. 

But  •/  BK  bisects  the  antiparallels  to  CA,  .'.  Ky  =  Ka. 

And  •/  C  K  bisects  the  antiparallels  to  AB,  .'.  Ka  =  Kfi'. 

:.  by  above,  Ky  =  K/3'  and  K(3  =  Ky'. 

.'.  AK  bisects  the  antiparallels  to  BC. 
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Since  Ka  =  Ko!  =  Kj3  =  Kp!  =  Ky  =  Ky,  :.  the  circle  with 
centre  K  and  radius  Ka  passes  through  a,  a',  /?,  ft,  y,  y.  This  is 
known  as  the  Cosine  Circle.  It  is  a  unique  circle,  as  regards  the 
triangle,  in  possessing  the  property  of  cutting  the  sides  at  the 
extremities  of  three  diameters. 

The  construction  shows  that  the  quadrilaterals  aaj3'y,  /3/3'y'a, 
yy'a'fi  are  rectangles. 

Also  the  triangles  (3ya  and  y'a'/3'  having  their  sides  perpen- 
dicular to  those  of  ABC  are  equiangular  to  ABC. 

COR.  The  perpendiculars  from  K  upon  the  sides  are  propor- 
tional to  those  sides. 

For  if  Ky,  Kz  are  the  perpendiculars  upon  AC,  AB  respect- 
ively, since  the  angles  at  /3  and  y  are  equal  to  B  and  C  respectively, 

.'.  the  triangles  Kfty,  Kyz  are  similar  to  the  triangles  ABL, 
ACL  (of  Prop.  IV.))  respectively. 

/.  Ky  :  AL  =  K($  :  AB  and  Kz  :  AL  =  Ky  :  AC. 

.'.  Ky  .  AB  =  AL  .  Kfi=AL .  Ky  =  Kz  .  AC. 

:.  Kx  :  Ky  :  Kz  =  BC  :  CA  :  AB. 

The  Ex-Cosine  Circles. 

194.  Let  K,K2K3  be  the  poles  of  the  sides  of  ABC  with 
respect  to  the  circumcircle.  Then,  by  Prop.  III.  Cor.,  the  tan- 
gents BK^  CK^  are  antiparallels  to  AC,  AB  respectively. 

Through  X1  draw  faKty  antiparallel  to  BC. 

Then  we  may  prove  precisely  as  in  the  last  proposition  that 
=  K^B  =  Kfi  =Kiyi',  .'.  the  circle  with  centre  K^  and  radius 
or  K-^C  passes  through  /?1}  y1. 

This  circle  may  be  called  an  Ex-Cosine  Circle. 

Moreover  K^,  being  the  middle  point  of  ^71,  lies  on  AK. 

Hence  K  is  the  intersection  of  the  lines  joining  the  vertices  of 
the  triangle  to  the  poles  of  the  opposite  sides  with  respect  to  the  cir- 
cumcircle. 

COR.  The  perpendiculars  from  JT1}  from  K2,  and  from  Kz  upon 
the  sides  are  proportional  to  the  sides. 
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Relations  between  S,  0,  G,  K. 

195.  PROP.  VII.  The  bisector  of  the  angle  A  is  also  the  bisec- 
tor of  each  of  the  angles  SAO  and  GAK. 

For,  in  Prop.  III.,  BSA  at  the  centre  is  twice  C  at  the  circum- 
ference opposite  AB.  .'.  FSA  =  (7.  .*.  FAS  is  the  complement 
otC  =  CAL,  in  Prop.  IV. 

i.e.  the  angle  that  AS  makes  with  AB  is  equal  to  the  angle 
that  AO  makes  with  AC. 

.'.  the  bisector  of  BAG  is  also  the  bisector  of  SAO. 
Again,  in  Prop.  VI.,  A fiy  is  similar  to  ABC  ;  and  since  ($K  is 
half  fty,  and  ED,  in  Prop.  V.,  is  half  EG,  .'.  the  triangles  A(3K, 
ABD  are  similar.      .'.  the  angle  BAD  =  the  angle  CAK. 

i.e.  the  angle  that  AG  makes  with  AB  is  equal  to  the  angle 
that  AK  makes  with  AC. 

.'.  the  bisector  of  BAG  is  also  the  bisector  of  GAK. 
The  results  of  Props.  I. — VII.  may  be  thus  summarised  : — 
Consider  the  lines  from  the  vertex  A  to  the  several  centres. 
AII±  bisects  the  internal  angle  at  A, 
I2AIS  bisects  the  external  angle  at  A ; 

and  hence  AII±  and  I2AIS  are  perpendicular  to  one  another. 
AS  is  perpendicular  to  the  antiparallels  to  BC, 
AO  is  perpendicular  to  the  parallels  to  BC ; 
and  hence  AS  and  AO  are  antiparallel*  with  respect  to  A. 
AG  bisects  the  parallels  to  BC, 
AK  bisects  the  antiparallels  to  BC ; 
and  hence  AG  and  AK  are  antiparallel*  with  respect  to  A. 

It  may  be  shown  generally  that  if  any  three  lines  through 
the  vertices  of  a  triangle  are  concurrent,  their  antiparallels 
through  the  vertices  are  concurrent.  [See  Prop.  XVI.] 

The  two  points  of  concurrence  may  be  called  anticentres. 
Thus  /  is  its  own  anticentre  :  0  is  the  anticentre  to  S ;  and  K  is 
the  anticentre  to  G. 

*  Antiparallels,  with  respect  to  an  angle,  when  drawn  through  the  angle, 
are  called  Isogonal  Conjugates.  The  definition  by  means  of  the  quadrilateral 
inscribable  in  a  circle  here  fails. 
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Relations  between  the  Incircle  and  the  Circumcircle. 
196.     PROP.  VIII.     If  AI  be  produced  to  cut  BC  in  H  and 
the  circumcircle  in  U,  then  UI  =  UC  =  UB  =  the  mean  proportional 
between  TJH  and  UA. 


For  the  chords  BU,  CU  of  the 'circumcircle,  subtending  equal 
angles  BA  U,  CA  U  at  the  circumference  are  equal. 

And,  angles  in  the  same  segment  being  equal,  BCU=BAU 
=  CAU. 

And,  the  angle  at  U  being  common,  the  triangles  HC  U,  CA  U 
are  similar,  /.  UH  :  UC  =  UC  :  UA. 

Again,  join  CI. 

Then  UIC  =  IAC  +  1C  A  =  BCU  +  ICH  =  UCI. 

:.  UC  =  UI  =  the  mean  proportional  between  UH  and  UA. 

COR.  Let  UD,  IX,  AL  be  drawn  perpendicular  to  BC.  Then 
D  is  the  middle  point  of  BC,  X  its  point  of  contact  with  the  in- 
circle,  and  L  the  foot  of  the  perpendicular  on  it  from  A. 

Now  the  triangles  DUH,  XIH,  LAH  are  similar;  .'.  from  the 
proposition  that  UI  is  the  mean  proportional  between  UH  and 
UA,  it  clearly  follows  that  DX  is  the  mean  proportional  between 
DH  and  DL. 
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197.  PROP.  IX.  The  rectangle  of  the  segments  of  any  chord 
of  the  circumcircle  drawn  through  the  centre  of  the  incircle  =  twice 
the  rectangle  of  their  radii. 


For  draw  the  diameter  UU'  of  the  circumcircle  perpendicular 
to  BG\  and  the  radius  IY  of  the  incircle  perpendicular  to  AC. 
Join  CU'. 

Then,  by  Prop.  VIII.,  U,  I,  A  are  in  a  straight  line,  and 
UI=  UC. 

Also,  UC  U'  in  a  semicircle  =  the  right-angle  IT  A,  and  UU'C, 
UAG  in  the  same  segment  are  equal. 

.'.  the  triangles  UCU',  IYA  are  similar. 
/.   UC  :  UU',  i.e.  UI  :   UU'  =  IY  :  IA. 
,".  rectangle  UI,  2 A  =  rectangle  UU',  IY. 

i.e.  the  rectangle  of  the  segments  UI,  I  A  =  twice  the  rectangle  of 
the  radii  of  the  two  circles. 

.'.  the  rectangle  of  the  segments  o/any  chord  of  the  circumcircle 
drawn  through  I  is  equal  to  twice  the  rectangle  of  the  radii. 
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The  Nine-Points  Circle. 
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198.  PKOP.  X.  The  middle  points  of  the  sides,  the  feet  of  the 
perpendiculars  from  the  opposite  angles,  and  the  points  midway 
between  the  angles  and  the  orthocentre  lie  on  a  circle. 


Let  D,  E,  F  be  the  middle  points  of  the  sides  of  ABC',  AL, 
BM,  CN  the  perpendiculars  from  A,  B,  C  cutting  in  0;  P,  Q,  R 
the  middle  points  of  AO,  BO,  CO.  The  nine  points  D,  E,  F] 
L,  M,  N ;  P,  Q,  R  will  lie  on  a  circle. 

Draw  the  lines  AL,  CN ;  PE,  DE. 

Y  DE  bisects  BC  and  AC,  .'.  DE  is  parallel  to  AB.     And 

V   PE  bisects  AO  and  AC,  .'.  PE  is  parallel  to  00. 

But  AB  and  OC  are  at  right-angles  to  one  another; 

.'.  also  DE  and  PE  are  .at  right-angles  to  one  another. 

.'.  the  circle  on  DP  as  diameter  passes  through  E. 

For  the  same  reason  this  circle  passes  through  F. 

And  it  passes  through  L,  because  DLP  is  a  right-angle. 

.'.  the  circle  circumscribing  DEF  passes  through  P  and  L. 

Similarly  it  passes  through  Q,  M',  R,  and  N. 

Hence  the  nine-points  DEF,  PQR,  LMN  lie  on  a  circle. 
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199.  PROP.  XI.  The  gravity  centre  trisects  and  the  nine- 
points  centre  bisects  the  line  joining  the  circumcentre  and  ortho- 
centre. 


Let  T  the  middle  point  of  DP  be  the  nine-points  centre. 

(1)  Produce  OT  to  S.    Let  TS  =  TO.     S  shall  be  the  circum- 
centre. 

Join  SD.     Then  the  triangles  STD,   OTP  having  two  sides 
and  an  included  angle  at  T  equal,  are  equal  in  all  respects. 
.*.  SD  is  parallel  to  OP  and  .'.  at  right-angles  to  EG. 
Similarly  SJS,  SF  are  at  right-angles  to  AC,  AB. 
.'.  S  is  the  circumcentre. 

(2)  Join  AD  cutting  ST  in  G.     Gf  shall  be  the  gravity  centre. 
For  the  triangles  /SGD,  OGA  are  similar,  and 


.*.  G  is  the  gravity  centre. 

Also  GO  =  2.GS,    :.  G  trisects  the  distance  SO. 

COR.  I.     The  radius  of  N.P.C.  =^  that  of  the  circurncircle. 

COR.  II.  The  angle  DPL,  which  is  the  angle  in  the  segment 
of  the  nine-points  circle  opposite  DL,  is  equal  to  SAL;  and  is 
therefore,  by  Prop.  VII.,  double  of  the  angle  between  the  bisector 
of  A  and  the  perpendicular  to  EG. 
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200.     PROP.  XII.     The  nine-points  circle  touches  the  inscribed 
circle. 


Let  D  bisect  EC,  AIH  bisect  A,  and  let  IX  and  AL  be  per- 
pendiculars upon  BC. 

Draw  HX'  to  touch  the  incircle  at  X'.  Through  D  draw 
DX'  W  to  cut  the  incircle  in  W.  Join  WL. 

Then  (by  Prop.  VIII.,  Cor.),  DR.  DL  =  DX\ 

:.  DH.DL  =  DX'  .DW  or  DH  :  DX'=DW  :  DL. 

:.  the  triangles  DWL,  DHX'  are  similar. 

.'.  the  angle  D  WL  =  DHX '  =  XIX'  =  '2  .  HIX =  (by  Prop.  XI., 
Cor.  II.)  angle  in  the  segment  of  nine-points  circle  opposite  DL. 

.'.  (1)  W  is  on  the  nine-points  circle. 

Also  the  tangent  at  W  to  the  nine-points  circle  makes  with 
WX'  an  angle  equal  to  DL  W  =  DX'H  =  angle  in  the  segment  of 
the  incircle  opposite  X'W. 

.'.  (2)  the  tangents  at  W  to  the  incircle  and  to  the  nine-points 
circle  coincide. 

.'.  the  incircle  and  the  nine-points  circle  touch  at  W. 
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201.  In  the  same  way  it  may  be  shown  that  the  nine-points 
circle  touches  each  of  the  escribed  circles. 

For  since  £X1  =  CX,  and  BD  =  CD,  .*.  the  remainder 

DX^  =  DX.     :.  DX*  =  DH.  DL. 
Moreover  the  escribed  centre  /j  is  on  AH. 

Hence  if  the  tangent  through  H  is  drawn  to  the  escribed 
circle  touching  it  at  JT-/,  and  a  chord  is  drawn  through  DX^,  the 
other  end  of  the  chord  will  be  the  point  of  contact  with  the  nine- 
points  circle. 

Now  H  being  the  centre  of  similitude  of  the  inscribed  and 
escribed  circles,  the  tangent  through  H  to  either  circle  is  a 
common  tangent.  Hence  we  see  that 

If  the  fourth  common  tangent  to  the  inscribed  and  an  escribed 
circle  be  drawn,  and  through  the  points  of  contact  chords  of  these 
circles  be  drawn  to  pass  through  the  middle  point  of  the  side, 
the  other  extremities  of  the  chords  will  be  the  points  of  contact 
with  the  nine-points  circle. 

The  Lemoine  Circle. 

202.  PROP.  XIII.     The  parallels  to  the  sides  drawn  through 
the  centre  of  the  cosine  circle  cut  the  sides  in  six  points  which  lie  on 
a  circle. 

Construction.  Let  V  be  the  middle  point  of  KS ;  and  a  the 
middle  point  of  AK.  Through  a  draw  A^  antiparallel  to  EC. 
Join  Fa,  VA2. 

Then  •/   V  and  a  are  the  middle  points  of  SK  and  AK, 
.'.   Fa  is  parallel  to  SA  and  is  half  SA. 

But  SA  is  perpendicular  to  the  antiparallels  to  EC  and  is 
•equal  to  the  circumradius. 

.'.  Fa  is  perpendicular  to  A^A^  and  equal  to  half  the  circum- 
radius. 

Again,  drawing  the  antiparallel  to  EC  from  K  to  AS,  we 
have  a  line  parallel  to  A2a  and  equal  to  the  cosine-radius. 
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A2a  is  half  the  cosine-radius. 

VA£  =  (half  circumradius)2  +  (half  cosine-radius)2. 

if  B^B^  C-iCz  are  similarly  drawn,  then 

VAt=VAi=7Bt  =  VB^  =  VC2  =  VC,. 
the  circle  with  centre  V  and  radius  VA2  passes  through 


Also,  since  AK,  A^A2  bisect  one  another,  A^AAZK  is  a  paral- 
lelogram. 

.'.  Bfiz,  C^A^  A1B2  are  parallels  through  K  to  the  sides. 

This  circle  is  unique,  as  regards  the  triangle,  in  possessing  the 
property  of  cutting  the  sides  in  three  concurrent  chords  parallel  to 
the  sides.  It  is  called  the  Lemoine  circle. 

203.  If,  instead  of  bisecting  SK  and  AK,  we  divide  SK  and 
AK  in  any  the  same  ratio  at  two  new  points  V  and  a,  and  if  the 
construction  of  the  last  article  be  made,  then,  by  the  same  reason- 
ing, the  six  new  points  A^A^B^B^C^^  will  lie  on  a  circle. 
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If,  further,  Ka,  Kb,  Kc  are  taken  on  AK,  BK,  CK  at  distances 
from  A,  B,  C  equal  to  twice  Aa,  Bfi,  Cy  respectively,  then  the 
figures  AiAAzKa,  B^BB^,  C^C^K,  will  be  parallelograms.  And 
because  Ka,  Kb,  Kc  divide  KA,  KB,  KC  in  the  same  ratio,  there- 
fore the  lines  KbKc,  KcKa,  ^A>  are  parallel  respectively  to 
EC,  CA,  AB. 

Hence  we  have  the  proposition  : 

Three  parallels  to  the  sides,  drawn  so  as  to  cut  one  another  in 
three  points  Ka,  Kb,  Kc  on  the  lines  KA,  KB,  KC,  will  cut  the 
sides  in  six  points  lying  on  a  circle. 

The  circles  so  described  are  called  Tucker's  Circles.  They  are 
unique  in  cutting  the  sides  in  six  points,  which,  being  joined  in 
pairs,  form  three  chords  parallel  to  the  sides. 

Observe  that  the  triangles  A^B-f/^  A2B2C2  are  similar  to 
ABC.  For  L  B2A2C2  =  L  B2A1C2=A-  and  so  on. 

All  Tucker's  circles  have  their  centres  in  SK. 

In  particular ; 

Taking  the  centre  at  K,  we  have  the  cosine  circle. 

Taking  the  centre  at  S,  we  have  the  circumcircle. 

Taking  the  centre  at  the  middle  point  of  SK,  we  have  Lemoine's 
circle. 

The  Brocard  Points  and  the  Brocard  Angle. 

204.  PROP.  XIV.  To  draw  from  the  vertices  of  a  triangle 
three  lines  intersecting  in  a  point,  which  shall  subtend  equal  angles 
at  the  other  vertices. 

On  AB,  BC,  CA  describe  segments  of  circles  containing  angles 
equal  to  A',  B',  C'  (the  supplements  of  A,  B,  C)  respectively. 
(Fig-  1.) 

These  segments  will  cut  in  one  point,  O  say,  because  the  angles 
A',  B',  C'  are  together  equal  to  four  right  angles. 

Then  •/  the  exterior  angle  at  O  of  the  triangle  B£lC '  =  B, 
:.  the  two  interior  angles  CEto  and  BC£l  are  together  equal  to  B. 
/.  the  angles  BC&,  ABO,  are  equal. 
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Thus,  the  three  angles  AB£l,  BC&,  CA£l  are  equal  .........  (1). 

Again  on  CA,  AB,  BC  describe  segments  of  circles  containing 
angles  equal  to  A',  B',  C'  respectively,  cutting  in  Q'.  (Fig.  2.) 
Then,  as  before, 

the  three  angles  AC&,  BAtf,  CB&  are  equal  .........  (2). 

If  possible,  let  the  angles  of  (1)  and  of  (2)  be  unequal. 

Suppose  those  of  (1)  are  the  greater. 

Then  from  the  triangles  A&B,  AQ,'C,  containing  the  angle  A'9 


Similarly  BQ  :  CO  >  .50'  :  AM,  and  CO  :  AV,  >  CO'  :  B&. 

But    compounding    the    last    two    disproportions,    we    have 
B£l  :  AQ,  >  CO'  :  A&,  which  contradicts  the  first  disproportion. 
.'.  the  six  angles  of  (1)  and  (2)  are  equal. 

The  value,  o>  say,  of  each  of  these  angles  is  called  the  Brocard 
Angle  :  and  the  points  O,  O',  the  Brocard  Points.  These  points 
are  obviously  anticentres. 

COR.  Turning  the  above  disproportions  into  proportions,  we 
see  that  the  following  pairs  of  triangles  are  similar,  viz.  :  — 

AVB  and  AV'C  ;  B&C  and  BVA  •  CttA  and  C&B. 
Also  since  AB  :  Aft  =  AC  :  Att,  .'.  the  sides  about  the  equal 
angles  BA&,  CAtl  of  the  triangles  A£l'B,  ASIC  are  reciprocally 
proportional  : 

Thus  the  following  pairs  of  triangles  are  equal,  viz.:  — 
AttB  and  AtlC  ;  BVC  and  BVA  •  CM  A  and  C&B. 
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The  Brocard  Circle. 


205.  PROP.  XV.  The  Brocard  Points,  and  three  intersections 
of.  the  Brocard  Lines  lie  on  the  circle  whose  diameter  is  the  line 
joining  the  centres  of  the  Circumcirck  and  the  Cosine  Circle. 


Let  B&,  Cto  cut  in  D'  '  ;  C&,  A£l  cut  in  E'  ;  A&,  BO,  cut  in  F. 

Then  AQB,  AQfC  being  each  the  supplement  of  A,  the  angle 
and  E'SlF'  is  its  supplement,  .'.  a  circle  goes  round 
similarly  a  circle  goes  round  D'&E'Sl. 
:.  the  circumcircle  of  D'E'F'  passes  through  li,  O'  .......  (1). 


E'Q!F'  — 
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Again,  •/  the  angles  J3C&,  CBQ,'  are  equal, 

.'.  the  perpendicular  from  D'  on  EC  bisects  EC  (in  D,  say). 

.'.  the  perpendiculars  from  D',  E',  F'  on  the  sides  cut  in  S 
the  circumcentre  of  ABC. 

And  since  the  angle  D'SE'  (between  the  perpendiculars  on 
EC,  CA)  =  C,  and  that  D'Q'JS'  =the  supplement  of  C, 
.'.  S  lies  on  the  circle  ...............................................  (2). 

Lastly  let  the  diameter  through  S  of  this  circle  cut  it  in  K. 
Then  SD'K,  SE'K,  SF'K  are  right-angles. 

/.  D'K,  E'K,  F'Ka.™  parallels  to  EC,  CA,  AE. 

.'.  D'D,  E'E,  F'F  are  equal  to  the  perpendiculars  from  K  on 
the  sides. 

But  •/  the  angles  LED',  ECE',  FAF'  are  equal, 

/.  the  triangles  BDD',  GEE',  AFF'  are  similar; 

/.  DJy  :  EE'  :  FF'=BD  :  CE  :  AF=BC  :  CA  :  AE. 

.'.  (Prop.  VI.  Cor.)  K  is  the  centre  of  the  cosine  circle  ...(3). 

COR.  I.  Since  SK  is  a  diameter  of  the  Brocard  Circle,  the 
Lemoine  and  Brocard  Circles  are  concentric. 

COR.  II.  Since  KD',  KE',  KF'  are  parallels  to  the  sides, 
these  meet  the  sides  on  the  Lemoine  Circle. 


COR.  III.  Since  KD'  is  parallel  to  EC,  /,  z£0'Q'  -  /  CBtt  = 
the  Brocard  angle.  Similarly  KF'Sl  =  the  Brocard  angle  .'. 
JTO,  K£l'  subtend  equal  angles  in  the  Brocard  circle,  and  Ofi'  is 
bisected  at  right-angles  by  SK. 

COR.  IV.     The  triangle  D'E'F'  is  similar  to  ABC. 

General  Property  of  Anticentres. 

206.  PROP.  XVI.  If  three  lines  from  the  vertices  of  a  triangle 
meet  in  a  point,  their  antiparallels  from  the  vertices  with  respect  to 
the  vertical  angles  will  meet  in  a  point;  and  the  feet  of  the  perpendi- 
culars from  the  two  points  of  concurrence  on  the  sides  will  lie  on  a 
circle  whose  centre  is  the  point  midway  between  the  two  points  of 
concurrence. 

J.  T.  10 
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Let  AO,  AO'  be  two  antiparallels  with  respect  to  A,  so  that 
tBAO  =  LCAO'.  On  AB  drop  the  perpendiculars  OZ,  O'Z'-, 
and  on  AC,  the  perpendiculars  OY,  O'Y'. 

Then,  since  a  circle  goes  round  both  AZO  Y  and  AZ'O'Y', 

:.   L  ZYO  =  L  ZAO  =  L  Y'AO'  =  L  Y'Z'V. 
And  the  angles  at  0,  0'  are  both  equal  to  the  supplement  of  A. 
:.  the  A'S  OZY,  O'Y'Z'  are  similar. 


Similarly  if  £0,  BO'  are  antiparallels  with  respect  to  £,  and 
OX,  O'X'  perpendiculars  on  BC,  OX.  0'X'  =  OZ.  O'Z', 

:.  OX.O'X'  =  OY.O'Yr. 
.'.  the  A'S  OXY,  O'Y'X'  are  similar. 

.'.   L  XCO  =  L  XYO  =  L  Y'X'O'  =  L  Y'CO'. 
.'.  OCj  O'C  are  antiparallels  with  respect  to  C. 

Also,  if  T  is  the  middle  point  of  00',  because  OX,  O'X'  are 
perpendiculars  on  BC, 


.'.  the  points  XX'YY'ZZ'  lie  on  a  circle  whose  centre  is  T. 

In  particular  taking  0  and  0'  to  be  the  orthocentre  and  cir- 
cumcentre,  we  have  the  nine-points  circle.  Similar  propositions 
hold  for  the  gravity  centre  and  cosine  centre,  and  for  the  two 
Brocard  Points. 
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EXAMPLES  IX. 

[The  following  are  easy  examples,  which  may  be  regarded  as  of  the 
nature  of  book- work.] 

1.  If  BO,  B'C'  be  antiparallel  with  respect  to  the  angle  at  A, 
ABC  and  A  B'C'  are  similar  triangles. 

2.  HA,  B,  C,  D  be  four  points  in  any  order  on  the  circum- 
ference of  a  circle,  AJ3,  CD  shall  be  antiparallel  with  respect  to 
the  angle  between  AC  and  BD. 

3.  If  the  bisector  of  A  cuts  BC  in  H,  the  antiparallel  of  BC 
(with  respect  to  A)  through  H  will  cut  off  from  AB  and  AC  parts 
equal  to  AC  and  AB  respectively. 

4.  The  tangent  to  the  inscribed  circle  from  either  vertex  of 
the  triangle  is  equal  to  half  the  excess  of  the  sum  of  the  sides 
through  the  vertex  over  the  base. 

5.  The  tangent  to  the  escribed  circle  from  the  opposite  vertex 
is  equal  to  half  the  sum  of  the  sides  of  the  triangle. 

6.  The  external  common  tangent  of  the  inscribed  and  escribed 
circles  is  equal  to  the  side  of  the  triangle,  to  which  the  escribed 
circle  is  exterior. 

7.  The  internal  common  tangent  of  the  inscribed  and  escribed 
circles  is  equal  to  the  difference  between  the  two  sides  to  which 
the  escribed  circle  is  interior. 

8.  The  fourth  common  tangent  to  the  inscribed  and  escribed 
circles  forms  with  the  two  sides  a  triangle  equal  in  all  respects  to 
the  primitive  triangle. 

9.  The  distance  between  the  middle  point  of  a  side  and  its 
point  of  contact  with  the  inscribed  circle  is  equal  to  half  the 
difference  between  the  two  other  sides. 

10.  If  the   sum  of  two  opposite  sides  of  a  quadrilateral  is 
equal  to  the  sum  of  the  two  other  opposite  sides,  a  circle  may  be 
inscribed  in  the  quadrilateral. 

10—2 
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11.  The  angle  which  each  side  subtends  at  the  inceiitre  ex- 
ceeds half  the  opposite  vertical  angle  by  a  right-angle ;  and  that 
which  each  side  subtends  at  an  ecentre  is  the  complement  of  half 
the  opposite  angle. 

12.  The  incentre  is  the  orthocentre  of  the  triangle  formed 
by  the  ecentres. 

13.  The  lines  joining  the  angle  of  a  triangle  to  the  extremi- 
ties of  that  diameter  of  the  circumcircle  which  bisects  the  base 
are  the  internal  and  external  bisectors  of  the  angle. 

14.  The  distance  between  the  centres  of  the  inscribed  and 
either  escribed  circle  is  bisected  by  the  circumcircle. 

15.  The  rectangle  of  the  segments  of  any  chord  of  the  circum- 
circle drawn  through  the  centre  of  an  escribed  circle  is  equal  to 
twice  the  rectangle  of  their  radii. 

16.  The  feet  of  the  perpendiculars  on  the  sides  from  any 
point  on  the  circumcircle  lie  on  a  straight  line. 

17.  The  lines  joining  the  vertex  to  the  circumcentre  and 
orthocentre  are  inclined  at  an  angle  equal  to  the  difference  be- 
tween the  base  angles. 

18.  If  OL,  the  perpendicular  from  the  orthocentre  on  the 
side  SCj  is  produced  to  meet  the  circumcircle  in  0',  OL  =  0' L. 

19.  The  angles  of  the  Pedal  triangle  (i.e.  the  triangle  formed 
by  joining  the  feet  of  the  perpendiculars  from  the  opposite  angles) 
are   supplementary  respectively  to  the  doubles  of  those  of  the 
primitive  triangle. 

20.  If  a  triangle  is  formed  whose  sides  are,  with  respect  to 
the  angles  of  ABC,  antiparallels  to  the  sides;  and  another  formed 
from  this  in  the  same  way,  and  so  on,  the  angles  of  the  nth  triangle 
so   formed   will   be   60°  +  (-  2)n  (A  -  60°),   60°  +  (-2)n(5-60°), 
60°  +  (-2)»  (C  -60°). 

21.  The  angle  which  each  side  subtends  at  the  orthocentre 
is  the  supplement  of  the  opposite  vertical  angle. 

22.  If,  in  a  given  triangle,  another  triangle  has  to  be  in- 
scribed whose  sides  shall  be  parallel  respectively  to  those  of  the 
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given  triangle,  then  the  vertices  of  the  inscribed  triangle  must  be 
the  middle  points  of  the  sides  of  the  given  triangle. 

23.  If,  in  a  given  triangle,  another  triangle  has  to  be  in- 
scribed whose  sides  shall  be  antiparallel  respectively  to  those  of 
the  given  triangle,  then  the  vertices  of    the  inscribed  triangle 
must  be  the  feet  of  the  perpendiculars  on  the  sides  of  the  given 
triangle. 

24.  The  centre  of  gravity  of  the  triangle  DEF  is  the  same 
as  that  of  ABC,  and  its  orthocentre  is  the  circumcentre  of  ABC. 

25.  If  the  middle  points  of  the  sides  of  a  triangle  be  joined, 
and  the  middle  points  of  the  sides  of  the  triangle  so  formed  be 
joined,  and  so  on;  then  all  the  triangles  so  formed  will  have  the 
same  centre  of  gravity,  and  the  circumcentre  of  each  will  be  the 
orthocentre  of  the  next. 

26.  The  three  triangles  into   which  the  centre  of   gravity 
divides  a  triangle  are  each  one-third  of  the  triangle. 

27.  The  triangles  cut  off  by  joining  the  middle  points  of  the 
sides  are  each  one  quarter  of  the  primitive  triangle. 

28.  The  lines  joining  the  middle  points  of  the  sides  with  the 
middle  points   of   the  perpendiculars  from  the  opposite  angles 
intersect  at  the  cosine- centre. 

29.  The  lines  joining  the  vertices  of  a  triangle  to  its  points 
of  contact  with  the  inscribed  circle  intersect  at  the  cosine-centre 
of  the  triangle  formed  by  those  points  of  contact. 

30.  The   triangles   into  which  the  cosine-centre  divides    a 
triangle  are  to  one  another  as  the  squares  on  the  sides. 

31.  The  line  joining  the  vertex  of  the  triangle  to  the  cosine- 
centre  divides  the  base  into  segments  which  are  to  one  another 
as  the  squares  on  the  other  sides. 

32.  The  radius  of  the  cosine-circle  is  to  that  of  the  circum- 
circle  as  the  perpendicular  from  the  cosine-centre  on  either  side 
is  to  half  that  side. 
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33.  The  distance  of  a  vertex  from  the  cosine-centre  is  to  its 
distance  from  the  middle  point  of  the  opposite  side  as  the  cosine- 
diameter  is  to  the  opposite  side. 

34.  The  cosine-centre  is  the  centre  of  gravity  of  the  triangle 
formed  by  the  feet  of  the  perpendiculars  from  it  upon  the  sides. 

35.  The  line  joining  the  circumcentre  of  the  three  eceiitres 
to  the  incentre  of  a  triangle  is  bisected  by  the  circumcentre. 

36.  If  G'  be  taken  on  AB  so  that  AC' =  AC,   and  if  the 
bisector  of  A  cut  CC'  in  D'  and  EC  in  H,  then  DD'  is  the  mean 
proportional  between  DH  and  DL. 

Show  how,  from  the  last  example,  it  follows  that  the  nine- 
points  circle  and  inscribed  circle  touch. 

37.  If  J3iC2,  Ci-42>  -^  A   be  any  three  diameters  of  a  circle 
and  a  triangle  be  formed  by  joining  the  extremities  A^A^  B^B^, 
CiC2,  then  the  circle  is  the  cosine-circle  of  the  triangle  so  formed. 

38.  Show  that,  by  the  method  of  the  last  example,  eight  dif- 
ferent triangles  may  be  described  with  the  same  three  diameters : 
and  that,  taking  any  two  of  these  triangles,  either  all  the  sides  of 
the  one  are  parallel  or  one  is  parallel  and  the  other  two  perpen- 
dicular to  the  sides  of  the  other. 

39.  In  Lemoine's   circle   the   three   chords   of   intersection 
opposite  to  the  three  parallels  to  the  sides  are  antiparallels  to  the 
sides  and  each  is  equal  to  the  cosine-radius. 

40.  Each  of  the  six  triangles  into  which  the  Lemoine  Hexa- 
gon is  divided  by  joining  its  vertices  to  the  cosine-centre  is  similar 
to  the  primitive  triangle. 

41.  The  three  segments  into  which  the  Lemoine  circle  cuts 
each  side  are  to  one  another  as  the  squares  on  the  three  sides. 

42.  The  circles,  whose  intersection  gives  one  of  the  Brocard 
Points,  may  be  defined  as  passing  through  one  vertex  and  touch- 
ing the  opposite  side  at  one  of  its  extremities. 

43.  If  any  points  a,  ft,  y  be  taken  on  the  sides  BC,  CA,  AB 
of  a  triangle,  the  circumcircles  of  Aj3y,  Bya,  Caj3  will  cut  in  a 
single  point. 


EXAMPLES   IX.  151 

44.  Let  O  be  the  Brocard  Point  at  which  AC  subtends  the 
supplement  of  A;  and  let  a,  ft,  y  be  such  points  taken  in  BC, 
CA,  AB  that  the  circumcircles  of   Afiy,  By  a,  Ca(3  cut  in  Q*. 
Then  (1)  afly  is  similar  to  BOA.     (2)  O  is  one  of  the  Brocard 
Points  of  a/3y.     (3)  The  Brocard  angle  of  a(3y  is  equal  to  that  of 
BOA.     (4)  The  angles  BQa,  (7O/3,  AQ,y  are  equal  (being  the  angles 
by  which  the  figure  EGA  would  have  to  rotate  round  O  in  order 
to  take  up  the  position  of  the  similar  figure  a/3y). 

45.  The    cosine-centre  is  a  Brocard  Point  of   each  of   the 
triangles,  similar  to  the  primitive  triangle,  in  which  the  Lemoine 
Circle    cuts    the    sides : — the   other    Brocard    Points   of    these 
triangles  being  the  Brocard  Points  of  the  primitive  triangle. 

46.  If  X,   Y  are  the  feet  of  the  perpendiculars  from  0  on 
AB,  AC;  then  XT  is  perpendicular  to  the  antiparallel  of  AO 
with  respect  to  BAC. 

47.  The  centre  of  the  circle  which  passes  through  the  feet  of 
the  perpendiculars  from  the  Brocard  Points  on  the  sides  is  the 
point  of  intersection  of  the  line  joining  the  Brocard  Points  with 
the  line  joining  the  circumcentre  and  cosine- centre. 

48.  The  Brocard  Circle  passes  through  the  middle  points  of 
the  three  chords  of  the  circumcircle  which  join  the  cosine-centre 
to  the  vertices. 

*  Thus:  take  a  anywhere  in  BC,  and  let  the  circles  ftBo,  OCa  cut  AB, 
AC  respectively  in  y,  ft. 


CHAPTER  X. 

TRIGONOMETRICAL  FORMULAE   FOR  CIRCLES  AND 
RECTILINEAL  FIGURES. 

§  1.     CIRCLES  AND  TRIANGLES. 

207.  Expressions  for  the  area  (S)  of  a  triangle. 

By  Art.  117  the  area  of  a  triangle  =  half  the  product  of  two 
sides  and  the  sine  of  the  non-obtuse  angle  included  by  them. 

Now  since  the  sine  of  an  angle  is  equal  to  the  sine  of  its  sup- 
plement (Art.  137),  the  sine  of  the  internal  angle  may  be  always 
used  in  this  expression. 

Thus :  given  two  sides  (a,  b)  and  the  included  angle  ((7), 

A?  =  area  of  triangle  =  \ab  sin  C (1). 

c  sin  A        .   .      c  sin  B 

JN  ow  a  =  —. — 7-  and  b  =  —. — -^  . 

sin  6  sin  C 

.'.  substituting  in  (1), 

0  ,  ,   .       ,       c2  sin  A  sin  B 

o  =  area  01  triangle  = =— : — -^ — ..(2). 

2  sin  C 

This  form  gives  the  area  in  terms  of  the  angles  and  one  side. 
Again,  by  Arts.  150,  152,  (1)  becomes 

S  =  area  of  triangle  =  J{s (s  -  a)  (s-b)(s -c)} (3). 

This  form  gives  the  area  in  terms  of  three  sides. 

208.  Expressions  for  the  radius  (r)  of  the  inscribed  circle. 
Bisect  the  angles  at  B  and  C  by  BI  and  CI. 

Draw  perpendiculars  IX,  IY,  IZ  on  the  sides. 

Then  IX  =  I7  =  IZ= r.     Now 

area  of  A  BIG  =  \BG .  IX  =  \a  .  r, 
area  of  A  CIA  =  \GA  .  IT  =\b .  r, 
area  of  A  AIB  =  %AB.IZ=±c.r, 
.'.  (adding)      area  of  A  ABC  =  ^  (a +6  +  c)  r  =  s  .  r, 
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s 


.(i). 


AY  =  AZ-}  BZ=BX;  CX=CY. 


Now 


.-.  AY  or  AZ=s  -a;  EZ  or  BX  =  s  -b;  CXorCY=s-c. 
.'.  r  =  IY=AYtB.nIAY=(8-a)t(m%A  .........  (2). 

Or  again  : 


TV       rn    •      mr 

r  =  IX  =  1C  sin  ICX  = 


sin 


.      T  „  v 
.  sin  ICX 


.(3). 


_  a  sin  \  B  sin  \  C  _  a  sin  \  B  sin  \  C 
"sin  1  (B  +  C)  ~~cos%A 

209.     Expressions  for  the  radius  (r-^)  of  the  escribed  circle. 
Bisect  the  exterior  angles  at  B  and  C  by  BI^  CI^ 
Draw  the  perpendiculars  IiX1}  I^YIJ  I^ZV  on  the  sides. 
Then  /^  -  Jx  Yl  =  I&  =  r^     Then 

area  of  A  BI^C  =  ^BC  .  IiX1  —  ^a.rlt 

area  of  A  CI^A  =  J CA  .  It Y±  =  J6  .  rlt 

area  of  A  AI^B  =  \  AB .  IlZl  =  J  c  .  r^ , 

.'.  (subtracting  BI^C  from  CI^A  +  AI^B), 

area  of  A  ABC  -  \  (b  +  c  —  a)  r±  =  (s  —  a)  r1} 

.•.rI=A..  -(D- 


Now  AYl  =  AZ,  ;  BZ^  =  BX^  ;  CX,  =  CY,. 

.'.  AZ^AB  +  BX^  and  AY^AC  +  CX,. 
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.'.  A  Y!  or  AZ±  =  J  (a  +  b  +  c)  —  s, 

. ' .  T!  =  A  Y1  tan  I^A  Yl  =  s  tan  J  A (2) 

=  £X,  cot  BI^  X,  =  (s-c)  cot  1  B. 
Or  again : 


EG  sin 


. 
sin  JjJL^(j 

_acos  J(7  cos  JjB     a  cos  J^  cos  J  (7 

"  cos  1^1 


.  cos 


,(3). 
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210.     Expressions  for  the  Radius  (R)  of  the  circumscribing 
circle. 


Through  B  draw  the  diameter  BA  of  the  circumscribing  circle. 
Join  A'C. 

Then  the  angle  BCA'  in  a  semicircle  is  a  right-angle.  And 
the  angle  BAG,  which  is  in  the  same  or  the  opposite  segment  to 
BAG  is  either  equal  or  supplementary  to  A. 

:.  sinBA'C  =  sin.A. 

nri  „ 

Now 


sin  .4      sin  7?      sin  C" 

.'.   d,  which  was  used  in  Art.  145  for  the  value  of  each  of 
these  fractions,  is  the  diameter  of  the  circumscribing  circle. 

abc 


Now 


•        A 

sin  A  =  -=—  , 
be 


The  formulae  (1)  may  be  also  derived  by  using  the  figure  of 
the  circumscribing  circle  in  the  last  chapter. 

COR.  The  distances  of  S  from  the  sides  of  ABC  are  R  cos  A, 
R  cos  B,  R  cos  C.  If  A  is  obtuse,  cos  A  is  negative,  and  the 
arithmetic  value  of  the  distance  of  S  from  BC  is  —  72  cos  .4, 
S  being  on  the  side  of  BG  remote  from  A. 

It  will  be  found  convenient  to  express  distances  in  terms  of 
R  and  ratios  of  the  angles. 
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211.  To  express  r  and  r^  in  terms  of  R. 

a  sin  A  B  sin  AC        '2a        .  . 

r  = * — .    .    2     =  -T — j  .  sin  I A  sin  A  B  sin  A  C' 

cos  |^1  sm.4 

=  kR  sin  ^A  sin  J^  sin  J  (7, 

a  cos  A  B  cos  A  (7        2a 

ri  = i  A     —  =  - — -A  sm  \A  cos  \B  cos  A  (7 

cos  J^l  sin  A 

=  4:R  sin  \A  cos  J^  cos  J(7. 

212.  The   distances  of  the  orthocentre  from  the  sides   and 
vertices  of  the  triangle. 

See  fig.,  Art.  191. 

c 


sin  (7 

If  ^  is  obtuse,  AO  is  arithmetically  —2JK  cos  .4,  £  being  on 
the  side  of  A  remote  from  EG. 

OL  =  BL  tan  Z^O  =  ^  cos  £cotC  =  '2R  cos  ^  cos  C.  If  J5  or 
C  is  obtuse,  OZ  is  arithmetically  —  2E  cos  ,5  cos  C. 

COR.  The  distances  of  0  from  the  sides  are  inversely  as  those 
of& 

213.  2%e  distances  of  the  centre  of  gravity  from  the  sides  and 
vertices  of  the  triangle. 

See  fig.,  Art.  192. 

Since  GD  =  ±AD,  .'.  the  distance  of  G  from  BG 

=  \AL  =  ^b  sin  (7=  |  .  -  =  §72  sin  B  sin  C  ......  (1). 

Also,  producing  AD  to  A',  so  that  A'D  =  AD,  ABA'C  is  a 
parallelogram,  and  the  angle  ABA'  is  the  supplement  of  A  • 

............  (2), 

(3). 
............  (4). 


COR.     The  distances  of  G  from  the  sides  are  inversely  as  the 
sides. 


CIRCLES   AND   TRIANGLES.  157 

214.     Expressions  for  the  radius  (p)  of  the  Cosine-Circle ;  for 
the  distances  of  its  centre  from  the  sides,  and  for  its  intercepts  on  the 


See  fig.,  Art.  193. 

Draw  KX,  KY,  KZ  perpendiculars  on  the  sides. 

Then  y  the  antiparallels  through  K,  which  are  diameters  of 
the  cosine-circle,  cut  BC  at  an  inclination  A, 

.'.  the  intercepts  on  the  sides  are,  respectively, 

2p  cos  A,  2p  cos  B,  2p  cos  C, 
and  are  .'.  proportional  to  the  cosines  of  the  angles. 

[Hence  the  name  of  the  circle.] 

And  the  perpendiculars  on  the  sides  are,  respectively, 

p  sin  A^  p  sin  B,  p  sin  (7, 
/.  KX  :  KY  :  KZ=sinA   :  sin  B  :  sin  C 

=  a  :  b  :  c  ....................  ...(1). 

If  now  x,  y,  z  be  the  perpendiculars  on  the  sides  from  any 
point  within  the  triangle,  it  follows,  as  in  Art.  208,  that 

xa  +  yb  +  zc  =  2  .  (area  of  triangle)  =  2$. 
KX 


^_ 

b    "  ~c~~  a?  +  b2  +  c2  .............  (  '* 


This  gives  the  distances  of  K  from  the  sides. 
•          KX         a  2S 


abc 


a2  +  b2  +  c2      26c  cos  A  +  2ca  cos  B  +  2ab  cos  C 

-s-  T^ 

=  cot  A  +  cot  B  +  cot  C. 
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215.     To  find  trigonometrically  the  Brocard  properties. 


Let  CO,  .40,  jSO  subtend  equal  angles  u>  at  A,  £,  G  respec- 
tively. Then  clearly  the  angles  AQ,£,  .50(7,  (7O.4  must  be  the 
supplements  of  A,  B,  G. 

Ati          c  A£l  b 


Thus 


and 


sin  to      sin  A          sin  (C  —  to)      sin  G  ' 
sin  (C  —  to)      c     sin  C          sin2  G          sin  (7  sin  (.4  +  B) 
sin  to  6  '  sin  A      sin  .4  sin  B          sin  .4  sin  B 

.'.  cot  to  =  cot  .4  +  cot  .5  + cot  C  (1). 


If  again  .SO',  C'O',  .40'  subtend  equal  angles  to'  at  .4,  5,  G 
respectively,  the  same  equation  (1)  will  give  to'. 

/.     tO-to' (2). 

If  OX,  OF,  £IZ  be  perpendiculars  on  the  sides,  since  circles 
go  round  A  YZti,  BZXSl,  OTTO,  it  follows  that  XJZ  is  similar 
to  CAB,  and  has  O  and  to  for  Brocard  point  and  Brocard  angle 
respectively.  And  since  OJT  :  O(7  =  sin  o>,  .'.  sin  w  is  the  ratio 
of  similitude  of  XYZ  to  CAB. 


Now 


OJT^OCsin  <o  = 


sin  G 


If  Q!X'  be  perpendicular  to  EG, 


-, 
sm  .5 

/.  OX.  O'X'  =  or.  O'F  =  O^.  O'^'  =  4^2  sin4  <o. 
/.  (10'0)2=  (radius  of  circle  XX'  YT  ZZJ  -  4.S2  sin4  o> 

-  IP  sin2  to  (1  -  4  sin2  to)  =  R*  sin2  to  (cos2  to  -  3  sin2  to). 
to  ^/(l-  3  tan2  to)  .........  (3). 
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216.  Since  B£l'  and  (7O  are  inclined  to  EG  at  equal  angles 
w,  therefore  if  their  point  of  intersection  D'  is  joined  to  D 
(the  middle  point  of  BC\  we  have 


Comparing  this  with  Art.  215  (1),  and  Art.  214  (5),  we  have 
KX  =  J)D',  KY  =  EE',  KZ  =  FF, 

and  KX     KY     KZ      p 

-=—  =  ^pp  =  -^  —  =  ^=  =  tan  w. 
\a       |6       \c      R 

Thus  p  =  R  tan  w. 

COR.     (Lemoine-Radius)2=(icircumradius)2+  (J  cosine-radius)2. 
.'.  Lemoine-Radius  =  \R  sec  o>. 

.'.   the  sides  of  A^B^C^  and  of   A^B^C^  (where  the  Lemoine 
circle  cuts  ABC]  are  to  those  of  ABC  in  the  ratio  ^  sec  w  to  1. 

217.      The  distance  between  tJie  Circumcentre  and  Incentre. 

By    Prop.    IX.    in   the   last    chapter,    the    rectangle    of   the 
segments   of  any  chord  of  the   circumcircle   drawn   through   the 


Draw   through  7  the  diameter   DSIE   of   the   circumcircle. 
Then  D 


Similarly  SI*  = 

218.     The  distance  between  the  Circumcentre  and  Orthocentre. 
SO9-  =  ^2  +  OA2  -  '2SA  .  OA  cos  SAO, 

=  R2  +  4:IP  cos2  A  -  4#2  cos  A  cos  (C  -  B) 
=  R2  -  4IP  cos  A  {cos  (C  +  B)  +  cos  (C  -  B)} 
=  R2  (1-8  cos  A  cos  B  cos  C). 

COR.     Since  the  Nine-Points  Centre  T  bisects  SO, 

.'.  ST2  =  r2  (1  -  8  cos  A  cos  B  cos  (7),  . 

where  T  =  nine-points  radius  =  ±R. 
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219.      The  distance  between  the  nine-points  centre  and  incentre. 

Drop   perpendiculars   from  T  on   BC,  and   from  7  on   this 
perpendicular.     Let  A I  cut  the  circumcircle  in  U. 


Then,  by  Prop.  IX.  of  last  Chapter,  UI.IA  =  2JRr  =  4rr; 
and  by  Prop.  XI,  Cor.  II,   L  J)PL  =  2  .  L  UIX  =  10  say. 

.*.  TI*  =  (r  cos  20  -  r)2  +  (r  sin  20  -  DX)2 

_  2rr  cos  20  -  DX  (2r  sin  20  -  DX) 
_2rr  cos  20 -DX.  XL 
_2Tr  cos  20-UI.IA  sin20 
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COR.    1.     This   is  another  proof   that   the  nine-points  circle 
touches  the  incircle. 

COR.  2.     If  we  write  I±  for  /,  r^  for  r,  and  +  for  —  in  the 
above  we  have  the  similar  proposition  for  the  escribed  circle. 

220.     The  distcmce  between  the  Circumcentre  and  the  Cosine- 
centre. 


Join   AK.     Through  K  draw   (3y  antiparallel  to  EC.     Join 
SA  cutting  fiy  at  right-angles  in  A. 

Then  the  triangle  Afty  is  similar  to  ABC  ;  so  that 


Thus 


_=        = 

AL  ~  AD  ~~  EC  ~  a  ' 

-2SA.XA 


c2), 


/.  SK*  =  R*  -  3p2  =  R*  (1-3  tan2  o>). 


J.  T. 


11 
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COE.  1.     Square  on  diameter  of  Brocard  Circle  =  R-  -  3p2. 

COR.  2.     Since  QK  and  O'A"  subtend  angles  equal  to  <o  in  the 
Brocard  Circle, 

.'.  £IK  =  Q,'K  =  SK  sin  o>  =  R  sin  w  ^/(l  -  3  tan2  w), 
and  QS.  =  MS  =  SK  cos  <o  =  R  ^/(cos2  <o  -  3  sin2  <o), 
and  12Q'  =  OT  sin  2w  =  7?  sin  2<o  ^/(l  -  3  tan2  w). 

This  last  result  was  reached  in  Art.  215. 


§  2.     AREAS  OF  QUADRILATERALS. 

221.  Area  of  a  parallelogram. 

Let   ABCD   be   a    parallelogram.        p         D 
Draw  AF,  BE  perpendicular  to  CD. 

Then  ABCD  =  ABEF  =  AB  .  BE 
=  AB .  BC  sin  BCE,  :.  the  parallelo- 
gram is  measured  by  the  product  of 
two  adjacent  sides  and  the  sine  of  their 
inclination. 

222.  Area  of  a  trapezium  (i.e.  a  quadrilateral  with  one  pair 
of  opposite  sides  parallel). 

Let  ABCD  be  a  quadrilateral  in  which  AB,  CD  are  parallel. 
Then 

ABCD=  AABD  +  ABCD 
=  Y  (AB  +  DC)   (perpendicular 
distance  between  AB  and  CD), 
=  \  (sum  of  parallel  sides)  x  al- 
titude. ^  B 

This  may  be  written 
|  (AB  +  CD)  AD  sin  ADC  or  |  (AB  +  CD)  BC  sin  BCD. 
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223.     Area  of  a  quadrilateral  inscribable  in  a  circle. 

Let  ABCD  be  a  quadrilateral 
inscribable  in  a  circle;  so  that  the 
•angles  at  A  and  C  are  supplementary. 

.'.  sin  A  =  sin  C 
and  cos  A  =  —  cos  C. 

Let  AB  =  a-,  BC  =  b;  GD  =  c'} 
DA  —  d  ;  and  a+b  +  c  +  d=2s. 

Then  ABCD  =  &ABD  +  &BCD 
=    A  B  .  AD  sin  A  +    BC  .  CD  sin  C 


Now  from  A  A  BD, 
from  A  BCD, 


BD*  =  a*  +  d2-  2ad  cos  A  , 
BD*  =  b*  +  c2  +  26c  cos  A  • 


i.e.  2(ad  +  bc)  cos  A  =  a*  +  d2  -  b*-c2, 

and  2  (ad  +  be)  1  =  2ad  +  2bc. 

.'.  adding  and  subtracting 

2  (ad  +  be)  (1  +  cos  A)  =  (a  +  d)2  -(b-  c)2, 
2  (ad  +  bc)(l-cosA)  =  (b  +  cf  -(a-  df, 

„•.  multiplying 
4   ad+6c2sin2^ 


(1). 


dividing  by  16  and  taking  the  square  root 

Quadrilateral  ABCD  =  J{(s-  a)  (s  -b)(s-  c)  (s  -d}}  ......  (2). 


11—2 
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224.     The  area  of  any  quadrilateral  (in  terms  of  its  sides  and 
diagonals). 


Let  $  =  area  of  A  BCD. 

AJB  =  a,  BC  =  b,  CD  =  c,  DA  =  d,AC  =  e,  BD=f. 
Let  AC,  BD  cut  in  0.     Then 
Q  =  AOB  +  BOG  +  COD  +  DO  A 
=  i  (AO  .  OB  sin  AOB  +  BO  .  OC  sin  BOG 

+  CO.OD  sin  COD  +  DO  .  OA  sin  DO  A} 
=  \AC  .BD  siuAOB  =  ±efsmAOB  ........................  (1). 

Now  a* 


CO2  -  2BO  .  CO  cos  BOG, 
c2  =  CO2  +  DO2  -  2CO  .  DO  cos  COD, 
d2  =  D02  +  A02-  2DO  .  AO  cos  DO  A. 
_c*  =  2  (AO.OB  +  BO.OC 

+  CO.OD  +  DO.  OA)  cos  AOB 
=  2e/cos  AOB. 

2e/(l  +  cos  A  OB)  =  2e/+  62  +  d2  -  a2  -  c\ 
2e/(l  -  cos  AOB)  =  2ef+  a?  +  c2-b2-  <P, 


Cor.  1.     Since  in  a  circle  ef=ac  +  bd,  (Euc.  VI.  D)  therefore 
his  equation  reduces  to  the  formula  (2)  of  the  preceding  article. 

Cor.  2.     If  a  circle  is  inscribable  in  the  Quadrilateral, 
a  +  c  -  b  +  d, 

d  -  ac)  (*f- 
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225.     The  area  of  any  quadrilateral:  (in  terms  of  its  sides 
.and  the  sum- of  its  opposite  angles.) 


Let  A  +  C  =  10,  so  that  B  +  D  =  2  (IT  -  6).     Then 

Q  =  A  ABD  +  A  BCD  =  \ad  sin^  +  J6c  sin  (7  .......  (1). 

Now 


/.  (a2  -  62  +  d2  -  c2)2  =  4a2d2  cos2  A  -  Sabcd  cos  A  cos  (7  +  462c2  cos2  (7, 
and  1  6  Q*  =  4a2d2  sin2  4  +  Sabcd  sin  ^  sin  C  +  462c2  sin2  (7. 

/.  16$2  +  (^  -  b2  +  tf  -  c2)2  =  4a2^  -  8a6c^  cos  (A  +  C)  +  46V. 
.'.  1  QQ2  =  4  (ad  +  be)2-  (a2  -  62  +  ^2  -  c2)2  -  1  Qabcd  cos2  0 


.-,  Q*  =  (s-a)(s-b)(s-c)(s-d)-abcdcos?0  ......  (2). 

COR.  1.     If  Q  is  inscribable  in  a  circle,  20  =  IT,  O  =  ^TT  and 
cos  0  =  0.     Hence  Q  =  v/{(s  -  a)  (s  -  b)  (s  -  c)  (s  -  d)}. 

COR.  2.     Jf  a  circle  is  inscribable  in  Q, 


COR.  3.     A  quadrilateral  of  given  sides  has  its  maximum  area 
when  it  is  inscribable  in  a  circle. 
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§  3.     REGULAR  POLYGONS. 
226.     Formulcefor  any  polygon  circumscribing  a  circle. 


Let  AB  be  a  side  of  a  polygon  circumscribing  a  circle  whose 
centre  is  0. 

Let  s  =  |  sum  of  sides  of  polygon. 

r  =  radius  of  inscribed  circle. 
S  =  area  of  polygon. 

Draw  OX  =  r  perpendicular  to  AB. 
Then  AAOB  =  \OX .  AB. 

.'.  area  of  polygon  =  \  (radius  x  perimeter) 


i.e.  b  = 


, 
and  r  =  —. 

s 


Also 


A      AB  sin 
m~ 

2 


sn 


.(2). 


sin  ±(A  +  B) 

Thus  the  radius  is  determined  by  one  side  and  the  adjacent 
angles. 

227.      The  perimeter  and  area  of  a  regular  polygon  in  terms  of 
the  radius  of  the  inscribed  circle. 

Take  the  figure  of  last  article. 
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Then  the  polygon  being  regular,  and  containing  n  sides,  (say) 
n  L  AOB  =  4:  right-angles,    .'.   L  AOB=  2w/w. 

a). 

(2)- 


.'.  s  =    n .  AB  —  n .  AX  =  nr  tan  - 


S  =  r  .  s  =  nr2  tan  -  . 
n 


228.     The  perimeter  and  area  of  a  regular  polygon  in  terms  of 
the  radius  of  the  circumscribing  circle. 


Let  AB  be  a  side  of  a  regular  polygon  of  n  sides.  Let  the 
centre  of  the  circumscribing  circle  be  0.  Draw  OX  perpendicu- 
lar to  AB. 

Then,  as  in  last  article,  /  AOB  =  2-jr/n. 

.'.  s  =  ^n  .  AB  —  n.  AX=nJRsin     ....................  (1). 

n 


-cos-  ......  (2). 

n        n 
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.     EXAMPLES  X. 

[The  following  notation  is  employed  : — area  of  ABC=  A ;  inradius 
— r  ;  circumradius=^  ;  cosine-radius =p  ;  eradii  =  r1}  r2,  r3  ;  ex-cosine 
radii =plt  p2,  p3;  half-sum  of  sides =s;  and  points  are  lettered  as  in  the 
last  chapter.] 

Prove  the  following  statements. 

1 .  As  =  abc  cos  \A  cos  \E  cos  J C. 

2.  A(s  —  a)  —  a&ccos  J.4  sin  J.Z?sin  \G. 

3.  A  (a  +  b)  =  abc  cos  j-  C  cos 

4.  A  (a  -  6)  =  a&c  sin  JCsin 

5.  4A  -  ^  sin  2£  +  52  sin  2 A. 

6.  2A  sin  (.4  -  B)  =  (a?  -  b2)  sin  A  sin  £. 

7.  16A2  -  (a2  +  62  +  c2)2  -  2  (a4  +  64  +  c4). 

8.  abc  =  4ff  A  -  4sr^  =  p  (a2  +  62  +  c2). 

9.  &  =  Rr  (sin  ^  +  sin  ^  +  sin  C). 

10.  r2  =  A  tan  \A  tan  \E  tan  J  G, 

11.  s  =  4=E  cos  J^l  cos  \E  cos  JC. 

12.  abcr=±R  (s-a)(s-b)  (s-c). 

13.  2r+2/?  =  acot^+6cotJ5-i-ccotC'. 

1 4.  47?  sin  A  sin  B  sin  (7  =  a  cos  ^t  +  6  cos  5  -f  c  cos  C. 

15.  A  =  2/?2  sin  4  sin  .8  sin  (7. 

16.  2  A  =  p  (a  sin  ,4  +  b  sin  .5  +  c  sin  (7). 

p          sin  A  sin  .Z?  sin  (7 

17.  -£  =  ^ -. 5 7,  =  tan  w. 

-ft      1  +  cos  .4  cos  .§  cos  C 

1 8.  cot  o>  =  cosec  A  cosec  -6  cosec  C  +  cot  4  cot  B  cot  (7. 

19.  cosec2  CD  =  cosec2  J.  +  cosec2  B  +  cosec2  C. 
1      2      2      2__A_       ^_ 

p  +  a  +  b  +  ~c  ~  Rr*  ~  R A  * 

11444 
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2c2 


23.  +      +  . 

6c      ca      ao      p 

24.  rr^rg  =  A2.  25. 


26.  ++-. 

rx      r2     r3     r 

27.  n  +  r2  +  r3  -  r  =  4 

28.  ^+^  +  !l=i 
be      ca      ab      r 


29.  =-tan°. 

V»  2 

30-   *- 


31.  +      +=. 

Pi       Pa      Ps       P 

32.  A  +  J_+i=l. 

P2p3    P3Pl    PlP2    & 

33.  p2p3  +  pgpj  +  pjp2 

=  3.#2  +  R*  (cos2  ^  +  cos2  E  +  coV2  C)  sec  ^  sec  ^  sec  C. 

1          1          1        1      bc  +  ca  +  ab 

34.  —  +  —  +  —  +  -3  =  -  -  . 

^2rs     ?Vi     rir2     >*  ^       : 

35.  4r  (rx  +  r2  +  rs)  -  2bc  +  2ca 
36 

37. 


=  8J  (Its)  sin  (45°  -  ±A)  sin  (45°  -\B)  sin  (45°  -  \C). 
38.     2rp  (rj  +  r2  +  r3)  =  2ps2  -  abc. 

39. 


P2         PS/  \PS         Pi 
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40.  rx  cot  ^A—r2  cot  \E  —  r^  cot  \ C  =  r  cot  \A  cot  \E  cot  J  (7. 

41.  px  cot  A  =  p2  cot  B  =  p3  cot  (7  =  p  cot  <o. 

42.  p2  +  ps  =  \<*>  sec  J5  sec  C. 

43.  r2  +  r3  =  acot  J-4. 

44.  p,  +  p9  +  p.,  =  ,- 


r  2  cos  A  2  cos  5  2  cos  C 


p     cot  J.5  +  cot  J(7     cot  \G  +  cot  JJ.     cot  ^A  +  cot  Jjfr 
_  a  sin  -4+6  sin  .Z?  +  c  sin  (7 

7? 

46.  In  no  triangle  is  r  greater  than  -^ ,  nor  p  greater  than 

R 

73* 

47.  Given  the  inradius  r,  the  circumradius  R,  and  the  area 
A  of  a  triangle,  show  that  its  sides  are  the  roots  of  the  equation 

a?  —  2ic2A/r  +  x  (r2  +  krR  +  A2/r2)  =  4 A/?. 

48.  Given  the  half-sum  of  sides  s,  the  half-sum  of  squares  on 
sides  cr2,  and  the  area  A  of  a  triangle,  show  that  the  radii  of  its 
escribed  circles  are  the  roots  of  the  equation 

a? js  +  xs  =  x*(s*-  o-2)/A  +  A. 

49.  If  the  sides  of  a  triangle  are  the  roots  of  the  equation 
x3  +  px  =  qv?  -*-  v,  its  cosine-radius  is  vj((f  -  2p)  and  the  rectangle 
contained  by  its  inradius  and  circumradius  is  v/2q. 

50.  If  the  squares  on  the  sides  of  a  triangle  are  the  roots  of 
the  equation  x3  +  px  —  qx*  +  -w2,  its  cosine-radius  is  v/q  and  its  cir- 

41 

cumradius  is 


51.  In  an  equilateral  triangle,  the  incircle  coincides  with  the 
nine-points  circle,  the  cosine-circle  with  the  Lemoine  circle,  and 
the  centres  of  the  escribed  circles  with  those  of  the  ex-cosine 

i  *  i       n       Q>  Q>  &  ^73  OAO 

circles.     Also  ^  =  -^)  ^  =  3 '  r=  2T/3 '  TI  =  \  a'  Pl^a'  w  =       ' 
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52.  In  a  right-angled  triangle,  the  diameter  of  the  circum- 
circle  is  the  hypothenuse  and  that  of  the  cosine-circle  is  the  per- 
pendicular from  the  right-angle  upon  the  hypothenuse.  Also,  if 
G  is  the  right-angle, 


PiPz  =     >         Ps  =  °o  > 
2  tan  w  =  sin  2A. 

53.  In  the  ambiguous  case,  given  b,  c,  B\  show  that  the  cir- 
cumradii  of  the  two  triangles  are  equal;  the  ratio  of  their  areas 
is  1  :  ra  where 

4c2m  cos2  B  =  (c2-  b2)  (1  +  ra)2, 
and  the  distance  between  their  orthocentres  is 


cos  A      cos  B     cos  G  _  1 
~'"~         +  'It' 


I         1        J__l 
+          +  CN~  r 


MN2     NL*     LM2     ^MN.NL.LM  _1 
"^    "  ~^"      ~?~  a&c 

57.     a .  I  A2  +  b  .  IB2  +  c.IC2  =  abc. 

59.  7/1.//2.//8=16^r. 

60.  If  ^47,  .57,  C7  cut  the  sides  in  Hlt  7T2,  7^3, 

cos  ^A      cos^B     cos  ^(7     111 
TjBTi""       £7T2    " "    (7#3    ~  a  *  T>     ~c' 

61.  £02  =  i  (5  +  9  cot2  A)  a2  -  (b2  +  c2). 

62.  77^  +  72732  =  7722  +  IJ*  =  II.2  +  71722. 


63. 

64.     IA.IB.IC  =  abc  tan  \A  tan  \B  tan  JC. 
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65.  702  =  2r2  -  4T22  cos  A  cos  B  cos  G;  hence,  from  the  known 
values  of  SO*  and  SP,  find  IT. 

66.  Of  the  triangle  LMN,  the  side  opposite  A  is  a  cos  -4,  the 
half  sum  of  sides  is  2R  sin  A  sin  .5  sin  (7,  the  area  is  2  A  cos  A  cos  B 
cos  (7,  the  inradius  is  2R  cos  A  cos  .5  cos  (7,  the  eradius  is  2R  cos  A 
sin  .5  sin  (7. 

67.  Of  the  triangle  1^1^  the  angle  is  90°-  \A,  the  side  is 
a  cosec  \A,  the  area  is  272s,  the  circumradius  is  2R,  the  inradius  is 

4J2  cos    -4  cos    B  cos    (7 


cos  \A  +  cos  J  .#  +  cos  J  6^  ' 

68.  Of  the  triangle  XYZ,  the  side  is  2rcos  J-4,  the  area  is 
A  sin  J  A  sin  J  7?  sin  J  (7. 

69.  Of  the  triangle  K^KJK9t  the  angle  is  180°  -2-4,  the  side 
is  J  a  sec  7?  sec  (7,  the  half  -sum  of  sides  is  R  tan  A  tan  5  tan  G,  the 
area  is  J  A  sec  -4  sec  B  sec  (7,  the  circumradius  is  J  72  sec  .4  sec  7? 
sec  (7. 


70.  If  -47,  BI,  GI  cut  the  opposite  sides  in 

:  (b  +  c)  (c  +  a)  (a  +  b) 
:  (c  +  a)  (a  +  b). 

71.  If  AK,  BK,  CK  cut  the  opposite  sides  in  7)',  E't  F', 

(2)  AD'  :  AD  =  2bc  :  62  +  c2, 

(3)  AK  :  AD  =  2bc  :  a2  +  &2  +  c2, 

AD  BE  GF          2R 

77™-^-rr  =  —  =  2  COt  CO, 


v  '     AD'siuA      BE' sin  B 

AKsmA      BKsinB     GKsiuC      p 
<5>      -TOT       -BE-       ~GY-=R  =  ^ 

72.     If  -4,  B,  C  are  the  angles  of  any  triangle,  find  the  angles 
of  the  triangle  whose  sides  are  proportional  to 

(1)     cos  J-4,  cos  J B,  cos  J (7.       (2)     cos  \A,  sin  J.5,  sin  \C. 
(3)     sin  2-4,  sin  2B,  sin  2(7. 
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73.     If  s',  /,  R'  be  the  lengths  in  the  Pedal  Triangle  corre- 
sponding to  s,.  r,  R  in  the  primitive  triangle,  then 


tan  w- 


ill  +r 

74.  The  radius  of  that  Tucker's  circle  whose  centre  is  mid- 
way between  the  Brocard  points  is  R  sin  <o. 

75.  If  the  sides  of  a  triangle  are  in  H.P.,  so  also  are  the  areas 
of  its  escribed  circles. 

76.  If  AL,  EM,  CN  meet  the  circumcircle  in  A',  B,  C1  then 
cos  (B-C)  =  cos(C-A)     cos  (A  -  B)  _  2ABC 

AA'  BE  CC'  abc 

77.  If  tangents  to  the  incircle  be  drawn  so  as  to  cut  off  from 
the  corners  triangles  similar  to  ABC,  the  circumradii  of  these 
triangles  are  inversely  as  the  eradii  of  ABC. 

78.  If  2</>  be  the  angle  at  which  the  circumcircle  cuts  the 
ecircle,  cos  <f>  =  J    /  j*- 

79.  The  area  of  the  triangle  formed  by  the  points  of  contact 
of  either  of  the  four  circles  which  touch  the  three  sides  of  a 
triangle  is  to  the  area  of  the  given  triangle  as  the  circumradius 
of  the  former  is  to  the  circumdiameter  of  the  latter. 

80.  If  a,  b,  c  are  in  A. p.,  then  2r,  IB,  R  are  in  G.P. 

81.  If  SI  cuts  the  incircle  in  U  and  7,  then  the  product  of 
the  rectangles  of  the  segments  of  any  chords  of  the  circumcircle 
through  U  and  7=  r3  (r  +  4=R). 

82.  The  square  on  the  inradius  of  the  triangle  whose  sides 
are  b  +  c,  c  +  a,  a  +  b  is  equal  to  2  Rr. 

83.  The  perpendicular  from  G  on  EC  cuts  it  in  the  ratio 


84.     The  perpendicular  from  K  on  EC  cuts  it  in  the  ratio 

er  +  3c2-62  :  a2  +  3b'2  -  c2. 
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85.     Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 
from  G  on  the  sides,  the  circumradius  is  f  .  —  y  and  the  area  is 

A2 

,  where  d,  e,  f  are  the  distances  of  the  vertices  from  the  mid- 


die  points  of  the  opposite  sides,  and  So2  =  a?  +  62  -f  c2. 

86.  Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

from  K  on  the  sides,  the  circumradius  is  f  .  —  ^  ,  and  the  area  is 

<r" 

3A3 
<r4  ' 

87.  Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

3A3 

from  Kl  on  the  sides  the  area  is  ^  -  ^  ;   and  the  intercepts  on 

(a-  -a) 

the  sides  by  the  ex-cosine  circle  (centre  K^  are  to  one  another  as 
cos  -4,  cos  B,  cos  C. 

88.  If  AS,  BS,  CS  cut  the  sides  in  L',  M'y  N',  then 

nr>  -j  1  12 

(1)     -      = 


(3)  kL'M'N'  :  &ABG 

=  2  cos  A  cos  B  cos  C  :  cos  (A  -  B)  cos  (A  -  C)  cos  (B  -  G). 

89.  Show  that 

(1)  DK  passes  through  the  middle  point  X  of  AL. 

(2)  K\  :  £(K=bccosA  :  a\ 

(3)  SK  cuts  LA  in  the  ratio  cos  (180°  -  2  A)  :  1. 

(4)  SK  passes  through  the  orthocentre  of  LMN. 

(5)  If  0'  is  the  orthocentre  of  LMN,  SO'  :  SK=&  :  Rp. 

90.  The  triangles  formed  by  the  feet  of  the  perpendiculars 
from  the  two  Brocard  points  are  each  similar  to  ABC,  their  sides 
being  reduced  in  the  ratio  of  the  sine  of  the  Brocard  angle. 

91.  The  tangents  from  A,  B,  C  to  the  nine-points  circle  are 
as  ^(cot  A),  J(cot  B\  J(cot  C)  ;  and  those  to  the  cosine  circle  are 
as  cosec  A  ^(cotA),  cosec  B  ^/(cc  t  B),  cosec  C  ^(cot  C). 
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92.  If  ^O  cut  the  Brocard  Circle  in  E',  AS,  .  AE'  =  ^  . 

a 

Hence  the  tangents  from  A,  B,  C  to  the  Brocard  circle  are  in- 
versely as  a,  b,  c. 

93.  CD  is  never  greater  than  30°. 

94.  The  circumradii  of  the  triangles  into  which  either  Bro- 
card point  divides  the  primitive  triangle  are  each  equal  to  a  half 
the  product  of  a  side  into  the   cosecant  of  an  adjacent  angle. 
Hence  the  product  of  the  three  circumradii  =  R?. 

95.  The  area  of  the  triangle  which  contains  the  angle  to  at 
the  vertex  A  is  A  sin2  <o  cosec2  A. 

96.  cot  ABK+  cot  BCK  +  cot  OAK 

=  cotACK  +  cot  CBK+  cot  BAK=3  cot  <o. 

97.  AK  cuts  BG  in  the  ratio  c2  :  62.     Hence 

(1)  The  Lemoine  Circle  cuts  BC  in  the  ratio  c2  :  a2  :  62. 

(2)  The  intercepts  on  the  three  sides  by  the  Lemoine  Circle 
are  as  a3  :  b3  :  c3. 

[From  this  last  property  the  Lemoine  Circle  is  called  the 
Triplicate  Ratio  circle.] 

98.  The  cosine-circle  cuts  BC  in  the  ratio  cot  B  :  cot  A  :  cot  C. 

99.  The   perimeter  and  area  of  the  hexagon  in  which  the 
cosine   circle    cuts   the   sides  are   4  (R  +  r)  tan  w,   and   2A  tan2  w 
respectively. 

100.  If  /?/,  ya,  aft'  be  the  antiparallels  to  the  sides  through  K, 
the  square  on  the  cosine-diameter  =  Ba  .  Ca  =  C/3'  .  A  (3  =  Ay  .  By. 

101.  Of  the  Lemoine  Hexagon,  the  perimeter  is 


.    A  (a4  +  64  +  c4  +  a262  +  62c2  +  c  V) 
a'  +  fc'  +  c8       ;  (a1  +  6*  +  c2)2 

the  sides  are  as 

sin  (  A  —  co)  :  sin  to  :  sin  (B  —  w)  :  sin  <o  :  sin  ((7  —  to)  :  sin  w. 

102.     The  inradii  of  X^Z^   X^Z.2,   XSYS£S,   are  to  one 
another  inversely  as  1  —  tan  ^A,  1  -  tan  \B,  1  —  tan  \C. 
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103.  Through  A,  B,  G  the  lines  A,B^  B^C^  C^  are  drawn 
perpendicular  respectively  to  the  sides  AB,    BO,  CA   of  ABC: 
show  that  the  circumradius  of  A^B-^d  is  to  that  of  ABC  as 

sin2  A  +  sin2  B  +  sin2  C  is  to  2  sin  A  sin  B  sin  C. 

104.  If  the  A  -escribed  circle  is  equal  to  the  circumcircle,. 
cos  A  =  cos  B  +  cos  G. 

105.  As  any  point  P  moves  on  the  circumcircle,  the  quantity 
AP* .  &BSC  +  BP2 .  &CSA  +  CP* .  &ASB  remains  constant. 

106.  If  from  the  primitive  triangle  a  tangent  to  the  incircle 
parallel  to  EG  cut  off  a  new  triangle,  and  from  the  triangle  so 
formed  another  triangle  is  similarly  cut  off,  show  that  the  aggre- 

As2 

gate  areas  of  all  the  triangles  is  — 7= .  . 

a  (b  +  c) 

107.  If  IS  =  10,  one  of  the  angles  of  the  triangle  is  60°. 

108.  The  distance  between  two  points  is  a,  their  distances 
from  a  given  straight  line  are  b  and  c.     Of  all  the  triangles  that 
can  be  described  having  the  same  base  a  and  vertex  lying  in  the 
given  straight  line,  the  area  of  that  which  has  the  greatest  verti- 
cal angle  is  J  a  *J(bc). 

109.  If  S1  be  taken  on  AS,  so  that  &Si  is  cut  by  BO  in  the 
same  ratio  as  it  is  cut  at  A,  then 

(1 )  AS1=J^l  (say)  =  Ri&,nB  tan  G. 

(2)  SS^ficosAsecBsecC. 

(3)  #2#3,  SsSlt  S&  pass  through  A,  B,  C  respectively. 

(4)  The  perpendiculars  from  Sj_  upon  the  sides  are  as  those 
from  S. 

(5)  The  intercepts  on  the  sides  by  the  circle  with  centre 
ST,  and  radius  R^  are  to  one  another  as  the  sides. 

(6)  The  tangents  to  this  circle  where  it  cuts  the  sides  are 
antiparallels  to  the  sides. 
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110.  If  x,  y,  z  are  the  perpendiculars  from  any  point  upon 
the  sides  of  ABC,  then 

(1)  If  the  point  is  within  the  triangle, 

ax  +  by  +  cz  =  2A. 

(2)  If  the  point  is  within  the  space  formed  by  producing 
AS  and  AC, 

by  +  cz  —  ax  =  2A. 

(3)  If  the  point  is  within  the  space  formed  by  producing 
B'A  and  CA, 

ax  -  by  -  cz  —  2A. 

111.  Show  that  four  points  may  be  found  so  that  x  :  y  :  z 
is  in  any  given  ratio:  and  that  the  line  joining  any  two  out  of 
the  four  points  passes  through  a  vertex  of  the  triangle  and  is  cut 
at  the  vertex  in  the  same  ratio  as  by  the  opposite  side. 

112.  If  J,  i/!,  1/2,  «73  be  the  four  points  in  the  last  example, 
viz.  such  that  AJJl}  J2AJS,  &c.,  are  straight  lines,  and  if  through 
J  lines  B'C",  C'A",  A'B"  be  drawn  parallel  to  BC,  CA.  AB  re- 
spectively and  cutting  the  sides  in  the  hexagon  A'B'C'A"B"C", 
then  A'  A",  B'B",  C'C"  will  be  parallel  to  J^73J  Jyf^  J:J2  respec- 
tively. 

113.  In  the  last  example,  show  that  four  circles  with  centres 
J,  «/!,  1/2,  </3  and  centres  of  similitude  A,  £,  G  may  be  described 
all  of  which  will  cut  the  sides  at  the  same  angles  ;  and  that  their 
radii  p,  pl5  p2,  p3  will  be  such  that 

-=-      -     1 

P         Pi         P2         Ps' 

[Particular  cases  of  propositions  111,  112,  113  are  given  by 
/A/2/3,  KK&KS,  and  S8£&.     (Ex.  109.)] 

114.  If  J  be  any  point,  ABC  any  triangle,  and  if  a  .  AJ-  =  X, 
b.BJ2=Y,c.  O/2  =  Z,  and  abc  =  T,  then 


=  2cosA(YZ+  TX)  +  2  cos  B  (ZX  +  TY)  +  '2  cos  C  (XY+  TZ). 
Hence  find  the  radius  of  the  circle  circumscribing  ABC. 
J.  T.  12 
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115.  The  distance  from  A  of  the  point  at  which  the  sides  of 
ABC  subtend  angles  a,  (3,  y  is 

2A  sin  a  +  \  (d2  —  fe2  -  c2)  cos  a 
^/{sin  a  sin  ft  sin  y  (4  A  -  a?  cot  a  -  &2  cot  /3  -  c2  cot  y)}  ' 

116.  If  fc,  2/,  »  be  perpendiculars  from  any  point  upon  the 
sides  of  a  triangle,  (a?  +  y2  +  z2)  (a2  +  62  +  c2)  is  never  less  than  4A2, 
and  has  its  minimum  value  at  K. 

117.  If  through  any  point  P  within  a  triangle  AP,  BP,  CP 
cut  the  sides  in  A',  B',  C',  then 

EC'  .  CA'  .  A  B'  =-  CB'  .  BA'  .  AC'. 

Also  if  BA'  :  CA'  =  n  :  m  and  CB'  :  AB'  =  1  :  n,  then 
:  &ABC  =  2lmn  :  (m  +  n)(n  +  1)  (I  +  m). 


2Ararz.  sin  a 

And  A  P2  =  j-.  -  r—  7  .  —  —  -F—  -.  -  ,  where  a,   #,   y  are  the 
(l  +  m  +  n)  I    sin  p  sin  y 

angles  subtended  by  the  sides  at  P. 

118.  If  the  perimeter  of  the  triangle  formed  by  the  feet  of 
the  perpendiculars  from  any  point  P  on  the  sides  is  p,  then  the 
least  value  of  PA2  +  P&  +  PC2  is 


sin2  A  +  sin2  B  +  sin2  C  ' 
and  for  this  least  value  PA   :  PB  :  PC  =  a  :  b  :  c. 

119.  The  area  of  the  triangle  formed  by  the  feet  of  the  per- 
pendiculars from  any  point  P  within  ABC  is  less  than  J  the  area 
of  ABC  by 

i  (AP2  .  sin  2  A  +  BP*  .  sin  2B  +  CP2  .  sin  2(7). 

120.  Lines  B'C',  C'A',  A'B'  are  drawn  parallel  to  the  sides 
BC,  CA,  AB  at  distances  x,  y,  z  respectively;   find  the  area  of 
A'B'C'. 

If  eight  triangles  be  so  formed  the  mean  of  their  perimeters 
is  equal  to  the  perimeter  of  ABC,  but  the  mean  of  their  areas 
exceeds  its  area  A  by 


4A 
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[In  the  following  examples  (121  —  124),  ABCD  is  a  quadri- 
lateral inscribable  in  a  circle.] 

121.     If  BA,  CD  be  produced  to  meet  in  0,  and  if  A0=x, 
DO  =  y,  show  that  x  and  y  are  given  by  the  equations 

d.  d 


Hence  find  the  area  of  A  BCD  from  the  formulae  giving  the 
areas  of  OAD  and  OBC. 

122.     The  circumradius  of  ABCD  is 


1       /  f(ab  +  cd)  (ac  +  db)  (ad+bc)} 

IV    \(8-<*)(*-b)(8-c)(8-d)j 


123.  If  A,  B,  C,  D  be  the  areas  of  the  triangles  whose  bases 
are  a,  b,  c,  d  and  vertex  the  intersection  of  the  diagonals,  then 

A  B  C  D  Q 

a2 .  bd  ~  62 .  ca  ~  c2 .  db  ~  d2  .ac~  (be  +  ad)  (ab  +  cd) ' 

124.  If  BA,  CD  intersect  in  E  •  BC,  AD  in  F-,  and  AC,  BD 
in  G,  then 

area  EFG  :  area  ABCD  =  '2abcd  :  (d*  ~  62)  (c2  -  a2). 

125.  Find  the  ratio  of  the  perimeter  of  a  regular  polygon  to 
the  diameter  of  its  circuincircle  when  the  polygon  has  6,  8,  10, 
12,  20  sides.     Evaluate  the  surd  expressions  in  each  case  to  four 
decimal  places. 

126.  Show  that  the  square  described  about  a  circle  is  ^  of 
the  dodecagon  inscribed  in  the  circle. 

127.  If  R  and  r  be  the  radii  of  the  inscribed  and  circum- 
scribed circles  of  a  polygon  of  n  sides,  each  =  a, 

R  +  r  =  -J  cot . 

2          n 

12—2 
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128.  The  area  of  an  irregular  polygon  of  an  even  number  of 
sides  described  about  a  circle  is  equal  to  the  radius  x  the  sum  of 
every  alternate  side. 

129.  If  a,  b,  c,  d  be  the  sides  of  a  quadrilateral  circumscrib- 
ing a  circle,  and  if  /?,  y  be  the  angles  contained  by  a,  6  and  by 
c,  d  respectively, 

ab  sin2  ^(3  =  cd  sin2  Jy. 

Hence  show  that  the  area  of  the  quadrilateral  is 
J(abcd) .  sin  J  (/?  +  y). 


CHAPTER  XI. 

INDICES  OR  LOGARITHMS;   AND  MATHEMATICAL 

TABLES. 

Negative  Symbols. 

If  a>c,  the  symbol  a  —  c  has  an  intelligible  meaning.  In  this  case 
we  may  easily  show  that 

I.  The  addition  of  a  -  c  (to  any  number  whatever)  is  equivalent  to 
the  addition  of  a  followed  by  the  subtraction  of  c.     Or,  in  symbols, 

+  (a-c)=+a-c I. 

II.  The  subtraction  of  a-c  (from  any  number > a)  is  equivalent  to 
the  subtraction  of  a  followed  by  the  addition  of  c.     Or,  in  symbols, 

—  (a  —  c)  =  —  a  +  c   II. 

I.  and  II.  here  represent  equivalences  of  operation. 

But  if  a<c,  the  symbol  a-c  has  no  intelligible  meaning  by  itself. 
It  is  convenient,  however,  to  be  able  to  use  the  above  fundamental 
equivalences  in  all  cases  whatever. 

Putting,  then,  a  =  0  ;  (a-c}  becomes  (0  -  c).  Such  a  quantity  is 
called  a  negative  quantity.  It  may  be  written  for  brevity  -  c,  or  still 
better  c.  The  sign  —  is  here  called  a  sign  of  affection.  It  is  useful  to 
write  it  over  a  number  to  distinguish  it  from  the  sign  -  used  to  denote 
the  operation  of  subtraction. 
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Putting  a  =  0  on  the  right-hand  side  of  I.  and  II.  (since  the  addition 
or  subtraction  of  0  has  no  effect),  the  right  hand  of  (I.)  becomes  -c; 
that  of  II.  becomes  +c.  Hence  (I.)  and  (II.)  become 

+c=-cand  -c=  +  c. 
In  words  : 

The  addition  or  subtraction  of  a  negative  symbol  is  interpreted  to 
mean  the  subtraction  or  addition  of  the  corresponding  positive. 

It  remains  to  interpret  multiplication  involving  a  negative  quantity. 
If  a>b  and  oo?,  we  may  prove  that 

(a-b)  (c-d)  =  ac-bc-ad+bd III. 

It  is  convenient  to  use  this  equation  for  all  cases.  Hence  if  a<b  or 
c<d  we  so  interpret  multiplication  of  negatives  that  this  shall  always 
hold.  Thus 

Put  6=0  andd=0;  then  ac=ac-0-0  +  Q  =  ac. 
Puta  =  0  ande?=0;  then  bc=  0-bc-0  +  0  =  bc. 
Put  6=0  and  c=0;  then  dd=0-0-ad+0  =  ad. 
Puta=0and  c=0;  then  6<J=  0  -  0  -  0  +  bd=  bd. 

Thus  the  multiplication  of  a  negative  by  a  positive  is  negative  ;  and 
the  multiplication  of  a  negative  by  a  negative  is  positive. 


§  1.     INDEX  NOTATION. 

229.  If  ra  is  any  positive  integer,  the  symbol  xm  is  used  to 
denote  xx.xx.x~x. torn  factors. 

Here  x  is  called  the  Base;  m,  the  Index;  and  xm,  the  mih  Power 
of  x. 

An  7nth  Root  of  a  given  quantity  means  a  quantity  whose  mfch 
Power  is  equal  to  the  given  quantity. 

The  symbol  ™/x  denotes  an  mth  Root  of  x;  i.e.  {^Jx)m.=  x. 

230.  To  determine  how  many  positive  or  negative  roots  a  given 
positive  or  negative  quantity  has. 

The  rules  for  multiplying  positive  or  negative  quantities  are 

I.  The  product  of  positive  quantities  is  positive. 

II.  A  change  in  sign  of  one  factor  changes  the  sign  of  the 
product. 
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Hence  a  product  containing  an  even  number  of  negative  fac- 
tors is  positive;  and  a  product  containing  an  odd  number  of 
negative  factors  is  negative. 

From  this  it  follows  conversely  that 

(1)  If  m  is  odd,  and  x  positive,  there  is  no  negative  mth  root  of  x. 

(2)  If  m  is  odd,  and  x  negative,  there  is  no  positive  mth  root  of  x. 

(3)  If  m  is  even,  and  x  negative,  there  is  no  positive  and  there 
is  no  negative  rath  root  of  x. 

(4)  There  cannot  be  two  different  mth  roots  of  x  having  the 
same  sign.     For,  if  possible,  let  y  and  z  be  two  such  roots,  so  that 
ym  =  zm  =  x:  then 

ym-zm=(y-  z)  (2/™-1  +  zym~*  +  z*ym-3  + +  zm~l)  =  0. 

But,  by  the  rules  of  signs,  every  term  in  the  second  factor  has 
the  same  sign,  .'.  this  second  factor  cannot  be  zero.  .'.  y  —  z  =  0, 
i.e.  y  —  z.  Hence  the  two  roots  supposed  to  be  different  are  not 
different. 

Thus,  considering  positive  or  negative  values  of  ^x,  we  have 
the  following  results*: — 

If  m  is  odd,  and  x  positive,  tyx  can  have  only  one  value,  and 
this  positive. 

If  m  is  odd,  and  x  negative,  tyx  can  have  only  one  value,  and 
this  negative. 

If  m  is  even,  and  x  positive,  ^Jx  can  have  only  two  values,  one 
positive  and  the  other  negative. 

If  m  is  even,  and  x  negative,  ^x  can  have  no  values,  positive 
or  negative. 

231.  The  symbol  ^x  may  be  used  for  the  present  to  denote 
the  positive  value  of  the  mth  root  of  x,  if  x  is  positive ;  and  the 
negative  value  of  the  mth  root  of  x,  if  x  is  negative  (and  m  odd). 

*  Whether  there  are  roots  which  are  neither  positive  nor  negative,  is  not 
here  discussed. 
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232.  The  method  of  finding  the  arithmetical  value  of  ^x, 
when  m  and  x  have  any  particular  values,  is  not  explained 
here. 

But  it  is  important  to  observe  that  its  value  cannot  be  exactly, 
but  only  approximately,  determined  in  most  cases. 

A  number  which  cannot  be  arithmetically  expressed  by  a 
fraction  having  a  finite  integral  numerator  and  denominator  is 
called  an  Irrational  or  Incommensurable*  number. 

Thus,  ^2197  =  13  and  is,  therefore,  rational.  But  ^2  =  1-414  &c., 
cannot  be  exactly  evaluated,  and  is  therefore  irrational. 


Laws  involving  the  same  indices  but  different  bases. 

233.  The  power  [or  root]  of  a  product  [or  quotient]  of  two 
quantities  is  equal  to  the  product  [or  quotient]  of  the  correspond- 
ing powers  [or  roots]  of  the  two  quantities.  Thus 

(1)  (x  x  y)m  =  xm  x  ym  • 

(2)  (x  +  y)m  =  xm  +  y™-, 

(3)  y(x*y)  =  yx*yy, 

(4)  <*l(x  +  y)=yx*yy. 

For  (as  x  y)m  means  (x  x  y)  x  (x  x  y)  x  . . .  to  m  factors 

=  (x  x  x  x  ...  to  m  factors)  x  (y  x  y  x  ...  to  m  factors) 
=  £emx2/OT (1). 

Similarly  (aj  *  y)m  =  xm  +  ym (2). 

In  (1)  write  ^/x  and  ™/y  instead  of  x  and  y  respectively. 

Thus        (*/x  x  yy)~ = cyx)*  x  (iyy)M= x  x  y. 

.'.  taking  the  mth  root  of  both  sides 

1$xx'*ly=1*l(xxy) (3). 

Similarly  ^x^y^^x^-y) (4). 

*  That  is,  incommensurable  with  unity  as  explained  in  Art.  31. 
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Laws  involving  different  indices  but  the  same  bases. 

Law  I.  xm  x  xn  =  xm+n. 

Law  II.  If  m  is  greater  than  n,  xm  -f-  xn  —  xm~n. 
Law  III.  (a;m)w  =  a;mxn. 

Law  IV.  If  m  is  divisible  by  n,      nj(xm)  =  xm+n. 

234.  Law  I.     xm  x  xn  =  xm+n. 
For                 xm  means  x  x  x  x  ...  to  m  factors  ; 

xn  means  x  x  x  x  ...  to  ^  factors. 

'.  icm  x  a;71  =  (x  x  #  x  .  .  .  to  m  factors)  x  (#  x  #  x  .  .  .  to  n  factors) 
=  x  x  x  x  .  .  .  to  (m  +  n)  factors 
=  xm+n. 

235.  Law  II.     If  m  >  n,  xm  ~  xn  =  xm~n. 
For,  since  m>n,  m  —  n  is  positive. 

.'.  in  Law  I.,  writing  m  —  n  instead  of  m,  we  have 

xm~n  xxn  =  xm~n+n  =  xm. 
Dividing  both  sides  by  xn,  we  have 

xm-n  =  x™+  xn^ 

236.  Law  III.     (xm)n  =  xm*n. 
For  (xm)n  means  xm  x  xm  x  ...  to  n  factors 

=  xm+m+...  ton  terms  ^ 


237.     Law  IY.     If  m  is  divisible  by  n,  ^J(xm)  =  xm+n 
For,  since  m  is  divisible  by  n,  m  H-  n  is  an  integer. 
.'.  in  Law  III.,  writing  m  +  n  instead  of  m,  we  have 


Taking  the  wth  root  of  both  sides 
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238.  The  above  laws  may  be  thus  expressed: 

I.  Multiplying  powers  is  performed  by  adding  indices. 

II.  Dividing  powers  is  performed  by  subtracting  indices. 

III.  Power-raising  of  a  power  is  performed  by  multiplying 
indices. 

IY.     Root-taking  of  a  power  is  performed  by  dividing  indices. 

Extension  of  Index  Notation. 

239.  Each  of  the  two  inverse  laws,  viz.,  II.  and  IY.,  are 
proved  under  a  condition.     This  condition  is  equivalent  to  the 
statement  that  the  index  on  the  right-hand  side  shall  be  positive 
(Law  II.)   and  integral  (Law  IY.).     Otherwise  the  right-hand 
side  would  be  meaningless,  for  we  have  only  defined  the  symbol 
x*n,  when  ra  is  a  positive  integer. 

It  is  convenient,  however,  to  be  able  to  use  these  formulae  for 
any  case  whatever.  To  do  this  we  have  only  to  interpret  nega- 
tive or  fractional  indices  so  that  Laws  II.  and  IY.  shall  hold 
universally.  That  is,  for  all  positive  integral  values  of  ra  and  n, 

xm-n  snaii  equal  xm  +  xn,  according  to  Law  II., 
and  xmJrn  shall  equal  %/(xm),  according  to  Law  IY. 

In  the  formula  of  Law  II.,  then 

First,  let  n-m,  then 


i.e.  x°  must  equal  1  ..........................  (1). 

Secondly,  let  ra  =  0,  then 

x°~n  must  equal  x°  -r  xn, 

i.e.  x~n  must  equal  —  .........................  (2). 

00 

Thirdly,  in  the  formula  of  Law  IY.,  let  ra  be  not  divisible  by 
n,  then 

m 

x*  must  equal  ^J(xm)  .....................  (3). 
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240.  The  interpretations  (1),  (2),  (3)  of  the  last  article, 
which  are  of"  the  greatest  importance,  thus  enable  us  to  use  the 
four  index  Laws  for  all  positive  integral  values  of  ra  and  n.  It 
only  remains  to  show  that,  with  the  interpretation  of  negative 
and  fractional  indices  given  in  the  last  article,  the  same  laws 
hold  for  all  values  of  in  and  n  whatever.  This  may  be  shown 
by  use  of  the  preceding  articles.  Thus,  e.g. 

a          £          a    c_ 

To  prove  x*  x  xd  =  xb    d . 

x*  means  tyx0",   .'.  (x*)b  =  xa-,   .'.  (xl)bd  =  x0*  (Law  III.), 
Similarly  x*  = 


/.  x**  x  xd=  bd/(xad)  x  bd/(xbc)  =  ^(x^  x  a*")  by  Art.  233,  (3) 
-^'(icad+6c)     (Law  I.) 

ad+bc         a+£ 
=  X   bd    =Xb   d  . 

Example  1.     Write  down  a  series  of  powers  of  #  beginning  with 
in  which  each  power  is  derived  from  the  preceding  by  dividing  by  x. 

X  '      X      '       '      X  '      X        X  '        X          X* 


Thus  we  see  that  negative  indices  simply  carry  out  the  rule  that  to 
divide  by  x  is  equivalent  to  subtracting  1  from  the  index  of  x. 

Example  2.     Interpret  ^,  o$,  x%. 

(x*Y  must  equal  #-x2,  i.e.  x1,  i.e.  x. 


(^')3  must  equal  #3><  ,  i.e. 

X  #3=4te*. 
Similarly  a$**$aP. 


188  INDICES   OR   LOGARITHMS. 

§  2.     LOGARITHMIC  NOTATION. 

241.     The  equations 

xm  =  P  and  x  =  yP 

are  two  different  ways  of  stating  the  same  relation  between  x,  m, 
and  P.  In  the  first,  P  stands  by  itself  ;  in  the  second,  x  stands 
by  itself.  There  is  a  third  way  of  expressing  this  same  relation, 
in  which  m  stands  by  itself.  Thus 

If  xm  =  P,  m  is  called  the  logarithm  of  P  to  the  base  x\  and 
we  write  m  =  log^  P  (the  base  being  written  below). 

DBF.  A  logarithm  of  a  given  number  to  any  base  is  the 
index  of  that  power  of  the  base,  which  is  equal  to  the  given 
number. 

It  should  be  remembered,  then,  that  a  logarithm  is  simply  an 
index  made  to  stand  by  itself.  Hence  the  laws  of  logarithms  are 
simply  the  laws  of  indices  expressed  in  different  notation. 

The  equations 

xm  =  P  and  m  =  \ogxP 

have  the  same  meaning  :  and  either  one  of  them  may  be  substituted 
for  the  other. 

The  student  should  examine  the  truth  of  the  statement 


Example  1.     What  is  the  logarithm  of  8  to  the  base  2  ? 

This  means  to  what  power  must  2  be  raised  to  give  8.  Now  23  =  8  ; 
.-.  3  is  the  logarithm  of  8  to  the  base  2  ;  or  3=log28. 

Example  2.  Write  down  the  values  of  Iog3  81,  Iog10  10000,  Iog4  64. 
Since  34=81,  .-.  4=log3  81. 

Since  104  =  10000,  .  '.  4  =  Iog10  10000. 

Since  43  =  64,  .-.  3=log4  64. 

242.  In  using  the  relation  xm  —  P  or  m  =  logx  P,  we  shall 
assume  for  the  present  that  x  arid  P  (i.e.  the  base  and  power)  are 
both  positive,  and  that  x  is  not  equal  to  1. 
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243.  To  show  tJiat  there  is  only  one  positive  or  negative*  value 
of  the  logarithm  of  a  positive  power  to  a  positive  base  (not  equal 
to  1). 

If  possible  let  m  and  n  be  two  different  logarithms  of  P  to 
the  base  x  :  so  that 


Then,  dividing  by  xn,       xm~n  =  1. 

Now  m  and  n  being  positive  or  negative,  m  —  n  must  be  posi- 
tive, negative,  or  zero. 

But,  if  x  is  not  equal  to  1,  no  positive  or  negative  power  of  x 
can  be  equal  to  1.     For 

If  x>  1,  positive  powers  of  x  are  >  1  ;  negative  powers  are  <  1. 
If  x  <  1,  positive  powers  of  x  are  <  1  ;  negative  powers  are  >  1. 
.'.  m  —  n  must  be  zero.          .*.  m  =  n. 


:i.e.  the  two  logarithms  supposed  to  be  different  are  not  dif- 
ferent. 


COR.  In  the  same  manner  it  may  be  shown  that,  if  sol, 
the  logarithms  of  numbers  to  the  base  x  increase  as  the  numbers 
increase :  but,  if  x  <  1,  the  logarithms  of  numbers  to  the  base  x 
decrease  as  the  numbers  increase. 

244.  In  order  to  prove  any  formula  involving  logarithms, 
the  student  has  simply  to  translate  from  the  logarithmic  language 
with  which  he  is  unfamiliar  into  the  index  language  with  which 
he  is  more  familiar. 

Thus  he  has  only  to  remember  that  the  two  equations 

xm  =  P  and  m  =  \ogx  P 

are  precisely  equivalent  statements  in  the  two  different  languages 
of  indices  and  of  logarithms. 

*  Whether  there  are  logarithms  which  are  neither  positive  or  negative  is 
not  here  discussed. 
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245.     To  prove  log^  1=0  and  logxx  =  1. 

(1)  Let  logx  1  -  a;  this  means  xa=  1. 

But  x°=  1,          .*.  a  =  Q.  Q.E.D. 

(2)  Let  logs,  x  =  b  \  this  means  xb  =  x. 

~B\ltxl  =  X,  .'.    6  =  1.  Q.E.D. 

Example.     Show  that  logz  -  =  -  logs  a. 
Let  log*  a = m  ;  this  means  xm = a. 

But    v  a=#m,  .'.  -  =  ^-=x-m. 

a     xm 

.'.    loga;-  =  -m—  -loga;^.  Q.  E.  D. 


The  Logarithmic  Laws  involving  the  same  base. 

246.  Law  I.  logx  (mxn)  =  \ogx  m  +  logx  n. 
Law  II.  logx  (m  +  n)  =  logx  m  -  logx  n. 
Law  III.  logs  (mn)      =  (logx  m)  x  n. 
Law  IV.  logx  (tym)    =  (\ogx m)  -=-  n. 

These  laws  are  respectively  equivalent  to  those  of  Art.  238, 
but  expressed  in  the  language  of  logarithms. 

247.  To  prove  that 

logx  (m  x  n)  =  logx  m  +  logx  n.     Law  I. 
logjg  (m  -T-  n)  —  logx  m  -  \ogx  n.     Law  II. 

Let  logx  m  =  a ;  this  means  xa  =  m. 

Let  logs  n  —  °  ',  this  means  xb  =  n. 

Now        m  x  n  (i.e.  x"  x  xb)  =  xa+b  by  Index  Law  I. 

And        m  +  n  (i.e.  xa  -r-  a;b)  -  a;a-b  by  Index  Law  II. 

Expressing  these  equations  in  logarithmic  language 

logx  (m  x  n)  =  a  +  6,  i.e.  log^.  m  +  logx  n. 

log^,  (m  -4-  n)  =  a  -  b,  i.e.  logx  m  —  \ogx  n. 
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248.     To  prove  that 

mn)  =  (logx  m)  x  n.     Law  III. 


m)  •*•  w.     Law  IV. 
Let  logx  m  =  a  :  this  means  xa  =  m. 
Now         m71,  i.e.  (xa)n,  =  xaxn  by  Index  Law  III. 
And     ym,  i.e.  y(za),  =  x*+n  by  Index  Law  IV. 
Expressing  these  equations  in  Logarithmic  language, 

logx  (mn)    •=  a  x  w,  i.e.  (log^  m)  x  n. 

loga:  (y™)  -  a  +  n,  i.e.  (logx  m)  -r-  n. 

249.  The  four  laws  just  proved  show  that  in  each  case  the 
operation  to  be  performed  upon  the  indices  or  logarithms  is  arith- 
metically simpler  than  that  to  be  performed  on  the  powers. 

Thus  for  multiplication  of  powers  we  substitute  addition  of 
logarithms; 

for  division  of  powers,  subtraction  of  logarithms  ; 

for  power-raising  of  powers,  multiplication  of  logarithms  ; 

for  root-taking  of  powers,  division  of  logarithms. 

250.  In  this  simplification  of  arithmetical  operations  consists 
the  value  of  Logarithms.     Thus  tables  are  published  giving  the 
logarithms  of  numbers  to  the  base  10. 

Suppose  we  had  to  find  correctly  to  four  decimal  places  the 
product  3-4764x7-6819. 

From  the  tables  we  should  find  that 

Iog10  3-4764  =  -5411297  and  Iog10  7'6819  =  -8854686. 
Now  (by  Law  I.) 

Iog10  (3-4764  x  7-6819)  -  Iog10  3-4764  +  Iog10  7-6819  -  1-4265983 
by  simple  addition  of  the  logarithms. 

Again  referring  to  the  tables,  we  should  find  that  1-4265983 
is  the  logarithm  of  26-7053. 

Hence  26-7053  is  the  required  product. 
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Logarithms  to  different  bases. 

251.  To  show  that  log&  a  x  loga  6=1. 
Let  log&  a  =  x  \  this  means  bx  =  a. 
Let  loga b=y ;  this  means  ay ~ b. 

From  these  two  equations  eliminate  5,  by  raising  the  latter  to 
the  a;th  power.     Thus 

a*y  =  bx  =  a\          :.  xy  =  l, 
i.e.  log&  a  x  loga  6=1. 

252.  To  show  that  loga  b  x  log&  c  =  loga  c. 
Let  loga  b  =  x ;  this  means  ax  =  b. 

Let  logb  c  =  y ;  this  means  bv  =  c. 

From  these  two  equations  eliminate  6,  by  raising  the  former 
to  the  2/th  power.  Thus 

axy  _  jy  _  Cj  .'.    ajy  =  loga  C, 

i.e.  loga  6  x  Iog6  c  =  loga  c. 

253.  ^o  transform  from  one  to  another  system  of  logarithms. 

By  the  last  article.  logb  c  =  .        .  . 

loga» 

Hence,  if  we  have  given  a  system  of  logarithms  to  the  base  a, 
to  find  the  logarithm  of  any  number  c  to  a  new  base  b,  we  must 
divide  the  given  logarithm  of  c  in  that  system  by  the  logarithm 
of  the  new  base  in  that  system. 

Thus  the  logarithm  of  any  number  in  the  given  system  has  to 
be  divided  by  the  same  quantity  loga  6,  in  order  to  find  its  logarithm 
to  base  6. 

The  constant  multiplier  . =•  is  called   the    Modulus    of 

loga  & 

transformation  from  base  a  to  base  b. 
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§  3.     DECIMAL  NOTATION  AND  DECIMAL  LOGARITHMS. 

254.  In  the  decimal  notation  we  express  any  number  by 
means  of  the  ten  digits,  0,   1,  2,  3,  4,  5,  6,  7,  8,  9  which,  when 
standing  alone,  stand  for  zero,  one,  two,  three,  &c.,  respectively. 
The  'decimal  point'  is  placed  after  a  digit,  when  it  is  necessary 
to  indicate  that  it  has  its  natural  value.     When  digits  are  placed 
together,  their  value  depends  on  their  relative  position.     The 
'units'  place'  being  immediately  before  the  'decimal  point',  each 
removal  of  a  digit  to  the  left  raises  its  value  ten-fold ;  and  hence 
each  removal  to  the  right  lowers  its  value  ten-fold.     The  number 
of  removes  from  the  units'  place  indicates  the  power  of  ten  by 
which  the  digit  has  been  multiplied.     Digits  to  the  left  of  the 
units'  place  correspond  to  the  positive,  those  to  the  right  corre- 
spond to  the  negative  powers  of  ten.     The  units'  place — not  the 
decimal  point — thus  takes  the  central  position. 

Thus  98765-432  means 
9.104  +  8.103  +  7.102 +  6.10!  + 5.10° +  4.10-1  +  3.10-2  +  2.10-3. 

255.  In  denoting  any  number  in  this  way,  a  cypher,  which 
has  no  figures  on  one  side  of  it  except  cyphers,  is  called  Insignifi- 
cant.    The  other  figures  are  called  Significant. 

256.  Since  our  system  of  notation  has  ten  for  its  base,  it  is 
extremely  convenient  to  use  ten  for  the  base  of  our  logarithms. 
Thus,  writing  the  minus  sign  over  the  negative  logarithms, 

10°  =1,      /.  loglol  =  0, 


10'  =  10,  .Vlog1010  =1, 
102=100,  /.  Iog10100  =2, 
103=1000,  /.  Iog101000  =  3, 


lO-^O-l,  -Mog100-l  =1, 
10-"  =  0-01,  .Mog100-01  =2, 
10-8  =  0-001,  .'.  Iog100-001  =  3, 


and  so  on. 

Any  integral  power  of  10  is  expressed  by  a  unit  and  a  number 
of  zeros.  Its  logarithm  is  equal  to  the  number  of  removes  of  the 
unit  from  the  units  place.  [Or  if,  as  above,  we  fill  in  the  units' 
place  with  a  zero,  the  logarithm  of  any  integral  power  of  ten  is 
equal  to  the  number  of  zeros  by  which  that  power  is  expressed.] 
The  logarithm  is  positive  or  negative,  according  as  the  removal  of 
the  unit  is  backwards  or  forwards. 
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257.  The  logarithm  of  any  number,  which  is  not  an  integral 
power  of  10,  will  ^fractional;  and,  if  expressed  in  decimal  nota- 
tion, will  contain  an  integral  and  a  decimal  part. 

The  method  of  calculating  the  value  of  logarithms  will  be  ex- 
plained in  a  later  chapter. 

The  logarithms  to  the  base  10  of  all  rational  numbers,  except 
those  expressed  by  unity  and  zeros,  are  irrational. 

Thus  the  logarithm  of  3  to  the  base  10  is  "4771213  correctly  to  7 
places  of  decimals. 

This  means  that  10'4771213=3  approximately, 
i.e.  that  104771213=310WOOO°  approximately. 

The  student  is  not  recommended  to  test  the  truth  of  this  statement 
by  multiplying  3  by  itself  10000000  times. 

Negative  Logarithms. 

258.  Since  Iog10 1=0,  the  logarithms  of  all  numbers  less  than 
1  will  be  less  than  0,  i.e.  negative.     See  Art.  243,  Cor. 

A  negative  logarithm,  containing  an  integral  and  decimal 
part,  is  conveniently  expressed  in  a  form  in  which  the  integral 
part  alone  is  negative. 

Thus 

-  (3-12564)  =  -  3  -  -12564  =  -  4  +  1  -  -12564  =  -  4  +  -87436. 

This  is  written  4'87436  :  the  minus  sign  being  written  over 
the  integer  in  order  to  indicate  that  the  integer  alone  is  negative. 

259.  DBF.  1.     The  decimal  part,  expressed  positively,  of  a 
logarithm  is  called  its  Mantissa. 

DBF.  2.  The  integral  part,  found  after  expressing  the  man- 
tissa positively,  of  a  logarithm  is  called  its  Characteristic. 

Thus  the  logarithm  of  -00074879  is  -3*12564.  But  the  mantissa 
of  this  logarithm  is  not  -'12564,  nor  is  its  characteristic  —3.  We 
first  express  it  in  the  form  4*87436  in  which  the  mantissa  is  positive. 
Thus  the  required  mantissa  is  '87436  and  the  characteristic  is  -  4. 

260.  The  special  convenience  of  using  10  as  the  base  of 
Logarithms  will  be  shown  when  we  have  proved  two  rules  relat- 
ing respectively  to  the  Characteristic  and  Mantissa. 


DECIMAL   NOTATION  AND   DECIMAL   LOGAKITHMS.       195 

The  Rule  of  the  Characteristic. 

261.  The  characteristic  of  the  logarithm  to  the  base  10  of 
any  number  expressed  in  decimal  notation,  may  be  seen  by  in- 
spection from  the  position  of  the  first  significant  figure  with  rela- 
tion to  the  units'  place  in  the  given  number.     Thus  : 

The  cJiaracteristic  is  equal  to  the  number  of  removes  of  the  first 
significant  figure  from  the  units'  place: — being  positive  or  nega- 
tive according  as  the  removal  is  backwards  or  forwards. 

For,  let  s  be  the  first  significant  figure :  and  n  the  number  of 
its  removes  from  the  units'  place. 

Then  the  position  of  s  gives  it  the  value  s.10". 

Hence  the  given  number  is  >  10n  and  <  10n+1. 

.'.  its  logarithm  to  base  10  >  n  and  <  n  +  1. 

For,  by  Art.  243,  Cor.,  since  10  >  1,  the  logarithms  of 
numbers  to  the  base  10  increase  as  the  numbers  increase. 

But  the  mantissa  is  always  a  positive  quantity  <  1. 

Hence  the  characteristic  of  the  logarithm  is  n. 

Examples.  The  characteristic  of  the  logarithm  of  32572  is  +4  (the 
first  significant  figure  3  being  four  places  to  the  left  of  the  units'  place). 

For  32572  >  10000  and  <  100000 ;  i.e.  >  104  but  <  105. 

The  characteristic  of  the  logarithm  of  '00032572  is  -4  (the  figure 
3  being  four  places  to  the  right  of  the  units'  place). 

For  -00032572  >  "0001  and  <  '001  ;  i.e.  >  10~4  but  <  10  ~3. 

The  characteristic  of  the  logarithm  of  325'72  is  +2  (the  figure  3 
being  two  places  to  the  left  of  the  units'  place). 

For  325-72  >  100  but  <  1000,  i.e.  >  102  but  <  103. 

The  Rule  of  the  Mantissa. 

262.  The  mantissce  of  the  logarithms  of  two  numbers  are  the 
same,  if  the  numbers,  expressed  in  decimal  notation,  have  the  same 
series  of  significant  figures. 

For  such  numbers  differ  only  in  the  position  of  the  decimal 
point.  The  larger  is,  therefore,  obtained  from  the  smaller  by 
multiplying  it  by  some  positive  integral  power  of  10. 

13—2 
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Let  m  be  the  larger,  and  n  the  smaller  of  the  two  numbers. 

Then  m  =  10''  x  n,  where  r  is  some  integer. 

/.  Iog10  m  =  Iog10 10r  +  Iog10  n  (Law  I.)  =  r  +  Iog10  n. 

Now,  since  the  mantissse  of  all  logarithms  are  written  positive, 
the  addition  of  the  integer  r  will  only  affect  the  characteristic. 

Hence 

the  mantissa  of  Iog10  m  =  the  mantissa  of  Iog10  n, 

JZxamples.   The  logarithm  of  1075-06  is  3'0314327  (the  characteristic 
being  seen  by  the  rule  of  the  characteristic). 

Now  107506  =  1075-06  x  100, 

.-.  log  107506  =  log  1075-06  +  2  =  5-0314327; 

and  1-07506  =  1075-06-7- 1000, 

/.  log  1-07506  =  log  1075 -06 -3  = -0314327; 
and  -00107506  =  1075-06 -M  000000, 

.-.  log  -00107506  =  log  1075-06-6  =  3-0314327. 

The  student  should  observe  that  each  of  the  above  characteristics 
follows  the  characteristic  rule. 

263.     The  two  rules  above  proved  make  it  unnecessary  to 
publish  in  the  tables  either 

(1)  The  characteristic  of  the  logarithm  of  any  given  number, 
for  this  can  be  seen  by  inspection  of  the  given  number  :  or 

(2)  The  position  of  the  decimal  point  in  the  given  number, 
for  this  does  nofc  affect  the  mantissa  of  the  logarithm  which  is 
alone  tabulated. 

Hence  what  we  find  in  the  table  is  e.g. 

No  =  59543.  Log  -  7748307. 

This  means  that 

log  5-9543  -  -7748307  ;  log  595-43  =  2-7748307; 

log  -0059543  =  3-7748307,  &c.  &c. 

Hence  a  single  reference  in  the  table  gives  us  the  logarithms 
of  an  indefinite  number  of  numbers. 
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§  4.     THE  USE  OF  MATHEMATICAL  TABLES. 

264.     To  explain  the  mode  of  operating  upon  numbers  whose 
integral  part  is  negative  and  decimal  part  positive. 

An  example  in  each  of  the  operations  of  addition,  subtraction, 
multiplication,  and  division  will  suffice. 
To         7-432196 
Add      5-943205 
From  IT-375401 
Take      5-943205 


J7-432196  x5 
33-160980-5 
7-432196 

Addition.      Add    the    decimal   parts   in   the   ordinary   way. 
When  we  reach  the  integral  parts  which  are  negative,  we  have 
+  l-7-5  =  -ll. 

Subtraction.     Subtract  the  decimal  parts  in  the  ordinary  way. 
When  we  reach  the  integral  parts  which  are  negative,  we  have 
_H_(_5)-l=-7. 

Multiplication.  Multiply  the  decimal  part  in  the  ordinary 
way.  When  we  reach  the  integral  part  which  is  negative,  we 
have  (-  7  x  5)  +  2  =  -  35  +  2  =  -  33. 

Division.  Find  the  multiple  of  the  divisor  next  higher  (instead 
of  next  lower)  than  the  integral  part  of  the  dividend.  Thus 

-  33  -f-  5  =  (-  35  +  2)  -T-  5  =  -  7  +  (2  H-  5). 
Then  proceed  as  in  ordinary  division. 

265.  To  explain  the  method,  when  the  logarithms  of  certain 
numbers  are  given,  of  finding  the  logarithms  of  other  numbers  con- 
nected with  those  given. 

[When  the  base  is  not  indicated,  it  is  understood  here  that 
the  base  is  10.] 

The  logarithms  of  different  numbers  to  the  same  base  are  con- 
nected by  the  laws  given  in  Art.  246. 
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It  is  always  necessary  to  resolve  a  given  number  into  its 
factors  in  order  to  find  what  numbers  are  logarithmically  con- 
nected with  the  given  number. 

Thus: 

6  =  3x2;  150  =  3x2  x  5  x5  =  3.  2.52;  1260  =  22.  32.  5  .  7. 
The  student  should  at  once  accustom  himself  to  resolve  any  num- 
ber in  this  way  into  its  prime  factors. 

Suppose  then  that  we  have  given  log  2  =  -3010300  and  log  3 
=  '4771213,  we  can  then  find  the  logarithm  of  any  number  of  the 
form  2W  .  3n. 

For  example  :  — 

Log  6  =  log  (3x2)  =  log  3  +  log  2  (by  Law  I.) 
=  -3010300  +  -4771213  =  -7781513, 

log(27x4)  =  log(33x22)  =  log33  +  log22 
=  3  log  3  +  2  log  2  (by  Law  III.) 
=  1-4313639  +  -6020600  =  2-0334239, 
=  log2-1=  -log  2  (by  Law  III.) 
=  -  '3010300  =  -  1  +  -6989700  =  1-6989700, 

log  j^=  log  |=10g3*-log2«  (by  Law  II.) 

-  2  log  3  -  5  log  2  (by  Law  III.) 
=  -9542426  -  1-5051500=1-4490926, 
log  (^6x^l2)=log4/6+log4/12  =  ^log6  +  ilogl2  (by  Law  IV.) 


=  -1590404  +  -1003433  +  "0954242  +  '1204120 
=  •4752199. 

266.     The  factors  of  10  —  the  base  itself  of  our  logarithms  — 
are  2  and  5. 

Thus,  when  either  log  2  or  log  5  is  given,  we  may  find  the 
other  :  for 

log  5  =  log  (10  -r  2)  =  log  10  -  log  2  =  1  -  log  2. 
log  2  =  log  (10  -T-  5)  =  log  10  -  log  5  =  1  -  log  5. 
It  is  important  to  remember  this. 

Example.     Given  log  2  =  -3010300,  find  log  50. 
Iog50=log5+logl0=logl0- 

=  2  log  10  -  -3010300-1-6989700. 
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The  Principles  of  Approximate  Calculations. 

267.  When  a  number  is  given  to  (say)  7  decimal  places,  it 
is  generally  understood  that  the  value  given  is  nearer  to  the  true 
value  than  any  other  number  containing  the  same  number  of 
decimal  places. 

Thus,  when  we  say  log  3  =  '4771213,  what  is  meant  is  that 
Iog3  is  nearer  to  '4771213  than  to  -4771212  or  -4771214;  in 
other  words  it  lies  between  -47712125  and  -47712135. 

Hence,  the  error  involved  in  taking  a  number  calculated  to 
7  decimal  places  is  less  than  '00000005,  i.e.  less  than  J  of  10~7. 

When  we  calculate  a  number  by  adding  or  subtracting  such 
approximate  numbers  together,  we  add  together  the  possible 
errors. 

Hence  the  actual  error  in  the  resulting  sum  may  be  greater 
than  in  any  of  the  numbers  added  or  subtracted. 

For  example  log  3  is  really  a  very  little  greater  than  -47712125 ; 
hence  (on  examining  a  table  of  logarithms)  we  shall  find  that 
log  9,  i.e.  2  log  3,  is  (not  '9542426  but)  -9542425;  that  log  81, 
i.e.  4  log  3,  is  1*9084850;  that  log  729,  i.e.  6  log  3,  is  2-8627275; 
and  so  on.  Thus  the  error  involved  in  calculating  log  729  from 
log  3  is  increased  6  fold  and  is  about  3  x  10~7  instead  of  J  of 
10-7.  (See  Art.  34.) 

268.  It  is  sometimes  convenient  to  drop  the  last  figure  in  an 
approximately  calculated  number. 

In  such  a  case,  the  principle  explained  in  the  last  article 
shows  that  the  last  figure  retained  should  be  increased  by  unity, 
if  the  figure  dropped  is  greater  than  5,  or  if  the  figure  dropped  is 
equal  to  5  and  the  true  value  exceeds  the  given  value. 

Thus,  dropping  the  last  figure  of  4-321976,  we  have  4-32198  ;  for 
this  is  clearly  nearer  to  the  true  value  than  4'32197.  Again,  dropping 
the  last  figure  of  4*321975,  we  should  write  4*32198  or  4-32197  according 
as  the  approximation  4-321975  is  less  or  greater  than  the  true  value. 
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269.  The  student  is  advised  to  make  use  of  some  book  of 
Mathematical  Tables :  such  as  Chambers's. 

The  following  lists  of  corresponding  numbers  will  be  found  : 

(1)  The  mantissce  of  logarithms,  calculated  to  7  places  of  deci- 
?nals,  which  correspond  to  the  100,000  numbers  between  0  and 
100,000,  successively  increasing  by  unity. 

(2)  The  trigonometrical  ratios,  calculated  to  7  places  of  deci- 
mals, which  correspond  to  the  5400  angles  between  0°  and  90°, 
successively  increasing  by  1  minute. 

(3)  The  logarithms  (increased  by  10),  calculated  to  7  places 
of  decimals,  which  correspond  to  the  ratios  of  these  angles. 

270.  If  it  is  required  to  find  a  number  corresponding  to  any 
number  given  in  the  tables,  mere  reference  to  these  tables  is  suffi- 
cient.    But  if  it  is  required  to  find  a  number  corresponding  to 
some  number  intermediate  between  two  consecutive  numbers  in  the 
table,  we  must  'interpolate'  according  to  the  following  rule;  the 
foundation  and  limits  of  which  will  be  explained  in  a  later  chapter. 

Rule  of  Proportional  Differences. 

271.  The  small  differences  between  the  values  of  one  varying 
quantity  are  approximately  proportional  to  the  small  differences 
between  the  corresponding   values   of   another   quantity   which 
varies  with  the  first. 

Thus,  if  L  and  N  are  the  values  corresponding  to  successive 
values  I  and  n  given  in  the  table,  and  if  we  have  to  find  the  value 
M  corresponding  to  m,  which  lies  between  I  and  n,  we  have  the 
equation 

M-L  _m-l 

N-L~  n-l' 

Thus  the  difference  M-L,  which  has  to  be  added  to  the  given 
value  L  to  find  M, 

m-l     ,  , 
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Example  1.     From  the  tables  we  find  that 

log  35745  =  4-5532153  and  log  35746  =  4-5532275. 
The  difference  of  these  logarithms  is  '0000122. 
To  find,  then,  log  35745'73,  we  have  by  above  rule 

log  35745-73  -  log  35745  _  35745*73  -  35745 
log  35746  -log  35745  35746-35745    ' 

.'.  log  35  745-73  -log  35745  =~  of  '00001  22  =  '0000089, 

J.UO 

.  '.  log  35745-73  =  log  35745  +  '0000089  =  4'5532242. 

Example  2.     From  the  same  data  to  find  conversely  the  number 
whose  logarithm  is  4*5532242,  i.e.  the  value  of  lO4'55^ 

We  have 

4.5532242  -  4'5532153 


104.5532275  _  104.5532153  ~  4*5532275  -  4'5532153 


.-.  104'6532242  =  35745  '73. 

This  process  of  interpolation  is  aided  by  the  introduction  of 
Subsidiary  Tables. 

Thus,  at  the  side  of  the  main  table,  a  column  headed  Diff. 
will  be  found. 

The  difference  of  the  logarithms,  corresponding  to  a  difference 
of  1  in  the  numbers,  at  any  particular  part  of  the  table,  is  here 
tabulated. 

And  below  this  difference  is  tabulated  the  differences  cor- 
responding to  1,  2,  3,  4,  5,  6,  7,  8,  9  tenths  respectively. 

Dividing  these  latter  differences  by  10,  we  have  those  corre- 
sponding to  1,  2,  3,  4,  5,  6,  7,  8,  9  hundredths  respectively. 

Thus  for  the  above  example,  we  have  tabulated 
Diff.  for  1  =  122  ;  for  7  tenths  =  85,  for  3  hundredths  =  3'7 
.'.  Diff.  for  -73  =  89  nearly. 
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272.     Examples  in  interpolation  may  be  written  in  the  follow- 
ing form  :  — 

Given  log  35745  and  log  35746  find  log  35745*73. 
From  log  35746  =  4-5532275 
Take   log  35745  =  4-5532153 

.*.  when  ditf.  in  nos.  =  1,  then       122  =  diff.  in  logs, 
.*.  when  diff.  in  nos.  =  -73,  then  -73  of  122  =  diff.  in  logs. 
[Now  -73  of  122  =  -7  of  122  +  -03  of  122  =  85  +  4  =  89,] 
.'.  when  diff.  in  nos.  =  "73,  then         89  =  diff.  in  logs. 
Add  log  35745  =  4-5532153 

.'.  log  35745-73  =  4-5532242 

Conversely,  given  log  35745  and  log  35746,  find  the  number 
whose  logarithm  is  4*5532242. 

From  4-5532275  -log  35746 
Take  4-5532153  =  log  35745 

.'.  when  diff.  in  logs=  122,  then         1  =diff.  in  nos. 

From  4-5532242  =  log  (required  number) 
Take  4-5532153  =  log  35745 

89 
.'.  when  diff.  in  logs  =  89,  then  y^  =  diff.  in  nos. 

89       85  +  4       , 


.'.  when  diff.  in  logs  =  89,  then  -73  =  diff.  in  nos. 
.'.  4-5532242  =  log  35745-73. 

273.  In  the  same  way  we  may  interpolate  in  the  tables  of 
the  ratios  of  angles,  and  of  the  logarithms  of  the  ratios. 

274.  It  is  important  to  observe  that,  as  the  secondary  ratios 
cosine,  cotangent,  cosecant  vary  incongruently  with  the  angles, 
their  differences  and  the  differences  of  their  logarithms  will  have 
the  opposite  sign  to  the  corresponding  differences  of  the  angles. 

Example.     To  find  cos  30°  13'  2", 

cos  30°  13'  2"-  cos  30°  13'  _  cos  30°  13'  -cos  30°  13*  2" 

cos  30°  14'  -  cos  30°  13'    ~~    cos  30°  13'  -cos  30°"  14'"  ' 
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By  the  principle  of  Proportional  Differences,  this  fraction 
_  30°  13'  2"  -  30°  13'  _  jT  _  1 

30°  14' -30°  13'    "GO'""  30' 

Now  cos  30°  1 3'  =  -8641 284 

cos  30°  14'  =  -8639820 

.'.  diff.  in  cos  for  1'  =  -0001464 

.-.  diff.  in  cos  for  2" ='0000049 

.-.  cos  30°  13'  2"  =  -  864 1235. 

This  result  is  obtained  by  subtracting  the  difference,  corresponding 
to  2",  from  cos  30°  13'. 

Or  we  might  add  the  difference,  corresponding  to  58",  to  cos  30°  14'. 

275.  One  half  of  the  ratios  of  angles  between  0  and  90°,  viz. 
all  the  sines  and  cosines  and  all  the  tangents  up  to  45°,  are  less 
than  1.     The  logarithms  of  these  ratios  are,  therefore,  negative. 

In  order  to  avoid  tabulating  so  many  negative  quantities,  10 
is  added  to  the  logarithms  of  all  ratios  in  the  tables.  In  this  way 
all  the  tabulated  logarithms  are  reduced  to  positive  numbers. 
[The  number  4,  instead  of  10,  would  answer  the  same  purpose: 
for  the  smallest  tabulated  logarithm,  viz.  log  sin  1',  is  greater  than 

-*•] 

The  symbol  L  is  used  to  denote  a  logarithm  increased  by  10. 
Thus  L  sin  28°  37'  means  10  +  log  sin  28°  37' 

=  10 +  f-6802877=  9-6802877. 

§  5.    ADAPTATION  OF  FORMULAE  TO  LOGARITHMIC  CALCULATION. 

276.  Numbers  which  require  for  notation  several  significant 
figures  may  be  called  long  numbers. 

The  practical  use  of  logarithms  is  to  enable  us  to  avoid 
having  to  perform  any  operations,  involving  long  numbers,  except 
addition  and  subtraction. 

277.  For  logarithmic  purposes  an  expression  requires  to  be 
put  into  factor-form. 

We  here  use  the  word  factors  to  denote  the  parts  of  an 
expression  which,  being  either  multiplied  or  divided,  make  up 
the  expression.  Thus : 
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If  P  =  A*B;   log  P  =  log  A  +  log  B. 

If  Q  =  A  4-  B  ;   log  Q  -  log  A  -  log  B. 

Strictly,  of  course,  ^,  not  £,  is  the  factor  in  the  second  case. 

278.  A  formula  is  best  adapted  to  logarithmic  calculation, 
when  the  factors  of  the  required  value  involve  only  the  addition 
and  subtraction  of  long  numbers. 

The  following  articles  will  illustrate  this  statement. 

279.  To  solve  a  right-angled  triangle,  whose  sides  a  and  b 
(containing  the  right-angle)  are  given. 

I.  To  find  c,  we  have  c2  =  a2  +  62. 

We  might  find  «2  and  b2  by  multiplication,  which  would  be  a 
troublesome  process  if  a  and  b  were  long  numbers.  We  may 
use  the  logarithmic  table  to  avoid  this  process;  but  not  con- 
veniently. Thus  : 

Suppose  a  =  3456-4  ft.  and  b  =  4543-5  ft. 

then  log  a  =  3-5386240  and  log  b  =  3-6573905, 

.'.  2  log  a  =  7-07725  and  2  log  b  =  7-31478. 
Now       log  1-1947  =  -07725  and  log  2-0643  =  -31478, 
/.  a2  =11947000  and  62  =  20643000, 
/.  c2  =  32590000  and  log  c2  =  7-5130844, 
/.  log  c  =  3-7565423  and  c  =  5708-8. 

This  work  requires  6  references  to  the  table;  showing  that 
the  formula  c2  =  a2  +  62  is  not  well  adapted  for  logarithmic 
purposes. 

II.  To  find  A,  we  have  tan  A  =  j. 

o 

.'.  log  tan  A  =  log  a  -  log  b  =  1-8812335, 
/.  L  tan  A    =  10  +  log  tan  A  =  9-8812335. 
Now  9-8813144  =  £  tan  37°  16' 

9-8810522  =  L  tan  37°  15' 
/.  -0002622=       diff.  for  1' 
.'.  -0001813  =  diff.  for  T%  of  60"  i.e.  42" 
/.  ^  =  37°  15' 42"  and  ^  =  90°-^  =  52°  44'  18". 
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III.     Having  found  A,  we  may  find  c  as  follows  : 

We  have  -  =  cosec  A  =  cosec  37°  15'  42", 
a 

.'.  log  c  —  log  a  =  log  cosec  37°  15'  42". 

L  cosec  37°  15'  =  10-2180336 
L  cosec  37°  16'  =  10-2178676 


.'.  diff.  for  1'=      -0001660 
/.  diff.  for  42"  =  ^  of  TtfJJJro  =  -0001162, 
.'.  L  cosec  37°  15'  42"- 10-2179174, 

.'.  log  c  =  3-5386240  +  -2179174  =  3-7565414, 
.'.  c  =  5708-8  as  before. 

280.  To  find  the  side  a  of  a  right-angled  triangle,  when  the 
hypothenuse  c  and  third  side  b  are  given. 

Here  a*  =  c*-  b*  =  (c  +  b)  (c-b). 

In  this  case  the  required  value  is  expressed  by  factors  which 
involve  addition  and  subtraction  only.  Hence  it  is  better  adapted 
for  logarithmic  calculation. 

Thus  2  log  a  =  log  (c  +  b)  +  log  (c  -  b). 

Suppose  c  =  5708-8  and  b  =  4543 -5, 

/.  c  +  6-10252-3  and  c-b  =  1165-3, 
.-.  log  (c  +  b)  =  4-0108213  and  log  (c  -  b)  =  3-0664377, 
/.  2  log  a  =  7-0772590,  .'.  log  a -3-5386295, 
..-.  a  -3456-4. 

281.  To  solve  a  triangle  when  two  angles  and  a  side  are 
given.     [See  Arts.  163,  164.] 

Here  A  =  180°  —  E-C\  which  gives  A  by  mere  subtraction. 

_._     ,  7      a  sin  B 

Next  b  =  — — j-  ,   .'.  log  b  =  log  a  +  log  sin  B  -  log  sin  A. 

S1U  -^1 

This  is  well  adapted  to  logarithmic  calculation.  Similarly  c 
may  be  found. 
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282.     To   solve  a  triangle  when  the  three  sides  are  given. 
[See  Arts.  165,  166.1 

™    v  A      V  +  f-a? 

We  have  cos  A  =  -  -^  -  . 

2bc 

The  factor   62  -4-  c2  —  a2  has  here  to  be  calculated  by  multi- 
plications :  hence  this  formula  is  not  well  adapted  for  logarithmic 
calculations.     On  the  other  hand,  the  formula 
A          /((s-b)(s-c) 


s(s-a) 

log  tan  \A  =  J  log  (s  -  b)  +  J  log  (s  -  c)  -  \  log  (s  -  a)  -  J  log  s. 
This  is  well  adapted. 
Or  we  may  use 


A          I  ( 
m  2  -  VI 


s  -  c  A 


Sm      -  '  -  -    °r  C°S  2  = 

If  all  the  angles  are  to  be  found  the  tan  formula  is  the  most 
convenient,  because  only  the  four  logarithms  of  s,  s  —  a,  s  —  b,  s  -  c 
will  be  required  for  the  three  angles. 

Example.  Given  a  =  35  742  yards,  6  =  29813  yards,  c=  47265  yards, 
findJ. 

56410 
47265 
9145 
=  s  —  c 


35742 
29813 
47265 

56410 
35742 

56410 
29813 

20668 

=  s  —  a 

26597 

=  5-6 

1112820 

*=  56410 
.-.  From  the  tables  we  find 

log  s  =  4-7513561  log  (s  -  b)  =  4-4248327 

log  (s-  a)  =  4-3152985  log  (s  -  c)  =  3'961  1837 

"(adding)  =  9-0666546  (adding)  =  8*3860164 

8-3860164 
2)  -6806382 


.  •.  L  tan  \A  =  10  -  '3403191  =  9'6596809. 
Now  9-6597076  =Z  tan  24°  33' 

9-6593733  =  Z  tan  24°  32' 
•0003343=  diff.  for    lr 
.-.  -0003076=  diff.  for  ^  of  60",  i.e.  54"  -5, 
.-.  -^  =  24°  32'54"  -5,  /.  ^  =  49°  5'  49". 
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283.     To  solve  a  triangle  when  two  sides  and  the  included 
angle  are  given.     [See  Arts.  167,  168.J 

I.     To  find  a,  we  have         o?  =  b2  +  c2  -  2bc  cos  A. 
This   is  not  well  adapted   to   logarithmic  calculation.     We 
may,  however,  transform  it  as  follows  : 

a2  =  62  +  c2  -  2bc  (1  -  2  sin2  J  A), 


Now  there  must  be  some  angle,  0  say,  whose  tangent 


By  the  help  of  the  tables  this  angle  may  be  found.     Thus  since 

,     2J(bc)    .    A 

tan  6  =  -^  —  '-  sin  — 

o  —  c  2 

.'.  log  tan  0  =  log  2  +  J  log  6  +  J  log  c  -  log  (b  -  c)  +  log  sin  \A. 
Having'found  0,  we  have 

a?  =  (b-c)2(I+  tan2  0)  =  (b  -  c)2  sec2  6, 
.'.  a  =  (6  —  c)  sec  0, 
.'.  log  a  =  log  (6  —  c)  +  log  sec  0. 

II.     To  find  B  and  (7,  we  have 

B-C     b-c        A 
tan-^=6T"cCOt2' 

B  —  C  A 

.'.  log  tan   -—  —  =  log  (b-c)  —  log  (b  +  c)  +  log  cot  -^  . 

Having  found  B  and  C  we  may  find  a  from  either  of  the 
equations 

a  —  b  sin  A  cosec  £, 
or  a  =  (b  +  c)  sin  J  J.  sec  J  (5  -  C?), 
or  a  =  (b  —  c)  cos  J  A  cosec  J  (5  -  C). 

The  two  latter  of  these  (which  the  student  may  easily  prove) 
have  the  advantage  over  the  first  that  they  require  only  two  new 
logarithms.  Thus 

log  a  =  log  (b  +  c)  +  log  sin  J  A  +  log  sec  J  (B  -  C). 
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Example.     Given  b  =  723,  c=259,  .4  =  35°  18',  solve  the  triangle. 

,    2J(bc)    .    A 
Let        tan  B  =  -  -  J-  —  '  sin  -  . 
b-c          2 


=  -3010300  +  1  -4295691  +  1  -2066499 

-2-6665180  +  9-4817315 
=  9-7524625, 

.-.  0=29°  29'  23"  by  reference  to  the  tables. 
Now  a  =  (b  —  c)  sec  $, 
.'.  log  a  =  log  (b  —  c)  +  logsec  B 
=  2-6665180  +  -0602592 

=  2-7267772, 

.-.  a=  533-0614=  533-06  approximately. 

Next  L  tan  J  (B  -  C]  =  log  (b  -  c)  -  log  (b  +  c)  +  L  cot  J  4 

=  2-6665180  -  2-9921115  +  10'4973279 
=  10-1717344, 
.-.     %(B-C)  =  56°  2'  39", 
and  1(5  +  (7)  =  72°  21', 
.-.  5=  128°  23'  39"  and  (7=  16°  18'  21". 

Hence  log  a  =  log  (6  +  c)  +  log  sin  17°  39'  +  log  sec  56°  2'  39", 
=  2-9921  1  15  +  1-4817315  +  '2529351, 
=  2-7267781, 
.-.  a  =533*0625  =  533  '06  approximately  (as  above). 

284.     To  solve  a  triangle  when  two  sides  and  a  non-included 
angle  are  given.     [See  Arts.  169,  170.] 

.     '       c  sin  B 

Here  sin  C  =  —  =  —  -  , 

o 

.'.  L  sin  C  =  log  c  —  log  b  +  L  sin  B. 

This  formula  is  immediately  adapted  to  logarithmic  calculation 
and  need  not  be  further  discussed. 
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EXAMPLES  XI. 

1.     Prove   from    definition    (the   indices    being   positive   in- 
tegers) : 


2.  Interpret  a°,  a~5,  a%,  a~^;  and  write  down  the  logarithms 
of  each  expression  to  the  base  a. 

3.  Find  the  values  of  3-4,  27*,  128-*,  219°. 

4.  Express  the  identities  in  Ex.  1,  in  terms  of  powers  instead 
of  roots  of  a. 

5.  Express  as  powers  of  x  :— 


and  write  down  the  logarithms  of  each  expression  to  the  base  x. 
6.     Find  the  values  of 

Iog3  243,  Iog7  343,  log,  .64,  loglo  10000,  Iog3  81, 
logll  4/1117,  Iog3  ^27,  Iog2  y&,  log,  ^125, 
logis  TFT.  Iog4  "2,  Iog27  3,  log,  ^81,  Iog8  #2, 


Iog10  -00001,  log.2  cos  60°,  Iog2  cos  45°, 
Iog2  -5,  Iog5  -04,  Iog32  128. 

7.     Find  the  characteristics  of 

loglo  3245,  loglo  123,  loglo  3-45,  loglo  -1234, 
Iog10  -001234,  Iog10  57000,  Iog3  90,  Iog4  100, 
Iog5200,log650,  Ioglo(123xl09). 

Prove  the  following  statements  :  (8  —  23). 
•     8.     alosb  =  6loga.  9.     alosbc  =  alogb  .  al°8C. 

10.  a£M=(a^*)«. 

11.  Ioga6  x  log^c  x  logca  =  1. 

J.  T.  14 
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1  2.  loga  b  x  logc  d  =  loga  d  x  logc  b. 

1  3.  loga  b  x  log  b  c  x  logc  d  x  logd  e  =  loga  e. 

14.  logam*  x  logjX  x  logcr*  =  logbrx  x  logcmtf  x  Iog0w*. 

15.  If  logaw  =  Iog6m,  then  each  =  logabmn. 

16.  If   loga  x  =  logby  =  logc  z,  then   each  =  log   #*yv  to  the 


17.  log  x  to  base  «H  =  log  *]x  to  base  a. 

18.  2  log  cos  A  =  log  (1  +  sin  .4)  4-  log  (1  -  sin  A). 

19.  2  log  tan  A  =  log  (sec  A  -  1)  +  log  (sec  A  +  1). 

20.  log  sin  2  A  =  log  2  +  log  cos  A  +  log  sin  A. 

21  .  log  cos  2  A  =  log  (cos  A  +  sin  A)  +  log  (cos  ^  -  sin  A). 

22.  log  (1  +  sin  2  A)  =  2  log  (cos  A  +  sin  4). 

23.  log  tan  (A  +  45°)  =  log  (1  +  tan  A)  -  log  (I  -  tan  A). 

Logarithms  to  base  10. 

24.  Given  log  2  =  -3010300,  find  the  logarithms  of 

4,  8,  128,  */2,  1024,  J,  _L  ,  -25,  -03125,  200,  -002. 

25.  Given  log  2  -  -3010300,  find  the  logarithms  of 

5,  25,  50,  -2,  -008,  ^L»,  5000,  -0005. 

\/  l-j«5 

26.  Given  log  3  =  -4771213,  find  the  logarithms  of 

9,  i,  30,  243,  -03,  -1. 

27.  Given  log  2  and  log  3  (as  above)  find  the  logs  of 

6,  18,  15,  135,  144,  750,  -2,  -004. 

28.  Given  log  7  =  -8450980,  find  the  logs  of 

343,  343000,  -343,  -00343,  3-43. 

29.  Given  log  2,  log  3,  and  log  7  (as  above)  find  the  logs  of 

35,  210,  245,  28,  42,  63,  441,  504. 
State  in  each  case  the  possible  error  in  the  result  calculated. 


EXAMPLES   XL  211 

30.  Given   log  5  =  -6989700,  log   11-1-0413927,  find   the 
logarithms  of  2 -2,  -36,  4'54. 

31.  Given    log    18  =  1-2552725,    log    24  =  1-3802112,    find 
log  2  and  log  3. 

32.  Given  log  54  =  1-7323938,  log  45  =  1-6532125,  find  log  3 
and  log  5. 

33.  Given  log  48  =  1-6812412,  log  75  =  1-8750613  find  log  15, 
log  12,  and  log  -02. 

34.  Prove  that 

L  cosec  6  +  L  sin  0  =  L  cot  6  +  L  tan  0  =  L  cos  0  +  L  sec  6  =  20. 

35.  Find  the  cube  root  of  two  billion,  having  given 

log  2  =  -3010300  and  log  1-259921  =  -1003433. 

36.  Given 

logTr  -  -4971499,  log  1-3949  =  -1445431,  log  4-382208  =  -6416930, 
find  the  length  of  the  equator,  the  equatorial  radius  of  the 
earth  being  about  6974500  yards. 

37.  Show  that  the  characteristic  of  the  logarithm  to  base  10 
of   a  whole  number  is  one  less  than  the  number  of   digits  by 
which  that  number  is  denoted  in  the  decimal  system  of  notation. 

38.  Given  log  2,  find  the  number  of  digits  in  2135. 

39.  Find    the    5th  root  of   the  product  of    -00056789   and 
•012345  having  given  that 

log  56789  =4-7542642, 
log  12345  =4-0914911, 
log  931432  =  5-9691511. 

On  Interpolation. 

40.  Given  log  8-4713  =  -9279501  and  log  8-4714  = -9279552; 
find  log  8-471329,  log  8471343,  and  log  84713-76. 

41.  Given  log  187-13  =  2-2721434  and  log  187-14=2-2721  666 ; 
find  log  187136-7,  log  -01871359,  and  log  18-71334. 

14—2 
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42.  Given  -4271776  =  log  2-6741  and  -4271939  =  log  2-6742; 
find  the  numbers  whose   logarithms  are   3-4271802,    3-4271799, 
1-4271900. 

43.  Given  2-5770320  =  log  377-60  and  -5770435  =  log  3-7761 ; 
find  the  numbers  whose    logarithms  are  2-5770397,   3-5770409, 
•5770421. 

44.  Given  sin  38°  38'  -  -6243342  and  sin  38°  39'  =  -6245614; 
find  sin  38°  38'  38",  and  sin  38°  38'  57". 

45.  Given  cot  43°  23'-  1-0580867  and  cot  43°  24'=  1-0574704; 
find  cot  43°  23'  23"  and  cot  43°  23'  42". 

46.  Given  L   tan  32°  32'  =  9-8047447  and  L  tan    32°   33' 
=  9-8050233;  find  L  tan  32°  32'  32"  and  L  tan  32°  32'  46". 

47.  Given  L   cos  21°  21' -  9-9691241  and  L  cos  21°  22'  = 
9-9690746;  find  L  cos  21°  21'  21"  and  L  cos  21°  21'  35". 

Solution  of  Triangles. 

48.  Given  G  =  90°,  c  =  934,  a  =  257 ;  find  6. 
[log  1-191  =  -0759118,  log  6-77  =  -8305887, 
log  8-9794  =  -9532473,  log  8-9795  =  -9532522.] 

49.  Given  (7  =  90°,  a  =  532-7,  6  =  261-9;  find  A,  J5,  c. 
[log  5-327  =  -7264827,  log  2-619  =  -4181355, 

L  tan  63°  49' =  10-3083000,  L  tan  63°  50'  =  10-3086191, 
L  sec  63°  49'  =  10-3553204,  L  sec  63°  50'  =  10-3555774, 
log  5-93601  =  -7734944.] 

50.  Given  G  =  90°,  a  =  2795,  A  =  60° ;  find  b,  c,  B. 
[log  2-795  =  -4463818,  log  3  =  -4771213, 

log  1-6136  =  -2077959,  log  1-6137  =  -2078228.] 

51.  Given  £-70°  13',  (7  =  23°  19',  a  =143;  find  b. 

[L  sin  70°  13'  =  9-9735801,  L  cosec  86°  28'  =  10-0008263, 

log  1-43  =  -1553360, 

log  1-3481  =  -1297221,  log  1-3482  =  -1297543.] 
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52.  Given  £  =  59°  16',  C  =  45°,  6-2793;  find  a. 

[cot  59"  16'  = -5945,  log  1-5945  - -2026245, 

log  2-793  -  -4460709,  log  5  =  -6989700, 

log  3-1490  -  -4981727,  log  3-1491  -  -4981865.] 

53.  Given  a  =  52317,  6  =  24659,  e=  47932;  find  A. 

[log  6-2454  =  -7955603,  log  1-0137  -  -0059094, 

log  3-7795  =  -5774343,  log  1  -4522  =  •]  620264, 

L  tan  42°  57'  -  9-9688960,  L  tan  42°  58'  =  9-9691493.] 

54.  The  sides  of  a  triangle  are  as  9   :   11   :   13.     Find  the 
greatest  angle. 

[cos  80°  24'  =  -1667687,  cos  80°  25'  =  -1664819.] 

55.  The  sides  of  a  triangle  are  50,  36,  28.     Find  the  greatest 
angle. 

[log  19  =  1-2787536,  log  29  -  1-4623980, 

L  tan  51°  0' =  10-0916308,  Z  tan  51°  1'  =  10-0918891.] 

56.  The  sides  of  a  triangle  are  as  7   :  8  :  9 ;  find  all  the 
angles. 

[L  tan  24°  5'  =  9-6502809,  L  tan  24°  6' =  9 -6506 199, 
L  tan  29°  12' =  9-7473194,  L  tan  29°  13'=  9-7476160, 
log  2  =  -3010300.] 

57.  Given  6  =  7235,  c=  1592,  4  =  50°;  find  B  and  C. 
[log  5-643  =  -7515101,  log  8-827  =  -9458131, 

L  cot  25°  =  10-3313275,  L  tan  53°  53'  33"  =  10-1370245.] 

58.  Given  b  =  27,  c  =  13,  A  =  120°;  find  B,  (7,  and  a. 
[log  2  =  -301 0300,  log  3  =  -4771213, 

log  7  =  -8450980,  log  3-5341  =  -54828, 

L  tan  11°  25' =  9-3052183,  L  tan  11°  26' =  9-3058689, 

L  sec  11°  25' =  10-0086793,  L  sec  11°  26'  =  10-0087048.] 

59.  Given  6  =  9268,  c  =  6951,  21  =  16°  15'  38";  find  B  and  C. 
[log  7  -  -8450980,  L  cot  8°  V  49"  =  10-8450980.] 
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60.  Given  £=47°  13',  c  =  239-7,  b  =  198-5;  find  A  and  C. 
[log  2-397  =  '3796680,  log  1-985  =  -2977605, 

£sin  62°  24' -  9-9475335,  L  sin  62°  25' -9-9475995, 
L  sin  47°  13' -  9-8656531.] 

61.  Given  £  =  47°  13',  6  =  239-7,  c=  198-5;  find  6',  A,  a. 

[L  sin  37°  25'=  9-7836227,  /.sin 37°  26' -  9-7837878, 
£cos5°  21' =  9-9981040,  X  cos  5°  22'  =  9-9980921, 
log  3-2517  -  -5121105,  log  3-2518  =  -5121238. 
See  last  Example.] 

62.  Given  B=  123°  27',  b  =  349-87,  c  =  37-925  ;  find  C,  A,  a. 
[log  3-4987  =  -5439067,  log  3-7925  =  -5789256, 

L  cos  33°  27' -9-9213572,  log  3-275311  =  -5152526, 
Z)sm5°  11' =  8-9558940,  Zsin5°  12' -8-9572843, 
L  sin  51°  21' -9-8926375,  L  sin  51°  22'  =  9-8927385.] 

[Reference  to  tables  will  be  required  for  Ex.  63 — 67.] 

63.  A  tower  132  feet  high  throws  a  shadow  66  feet  long 
upon  the  horizontal  plane  upon  which  it  stands.     Find  the  Sun's 
altitude. 

64.  The  elevation  of  a  balloon,  at  a  height  3000  ft.  from  the 
ground,  is  43°  17';  find  its  distance  from  the  spectator. 

65.  The  angles  of  depression  of  the  two  banks  of  a  river, 
243  feet  wide,  (as  observed  from  a  point  in  a  vertical  plane  per- 
pendicular to  the  length  of  the  river,)  are  23°  17'  and  18°  15'; 
find  the  vertical  height  of  the  point  of  observation. 

66.  From  the  bank  of  a  river,  the  top  of  a  tower  on  the 
opposite  bank  is  at  an  elevation  54°;  35  feet  further  away  its 
elevation  is  49°;  find  the  breadth  of  the  river  (the  two  points 
of  observation  and  the  tower  being  in  a  line  perpendicular  to  the 
length  of  the  river). 

67.  The  angle  of  elevation  of  a  hill  from  a  point  due  north 
of  it  is  53°  18'  27",  and  from  another  point   due  west  of  the 
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former  and  distant  430-306  feet  from  it  the  elevation  is  49°  17'  18". 
Find  the  height  of  the  hill. 

68.  Given  two  sides  and  an  angle  (6,  c,  A)  of  a  triangle,  show 
that  the  third  side  a  =  (b  +  c)  cos  0,  where 

2  J(lc}        A 
sin  6  =    ^    '  cos  -  . 
o  +  c          2 

69.  Given  the  sides  of  a  triangle,  show  that  the  angles  may 
be  found  from  the  equations 

A  -  B  _  (a  +  b)  sin  0  .    C  _  c  sin  0 

"TT  n    = 


where  a  —  b  =  c  cos  6. 

70.  Given  the  sides  of  a  triangle,  show  that  the  angles  may- 
be found  from  the  equations 

log  cos  B  —  log  x  —  log  c,          log  cos  C  =  log  y  —  log  £>, 
where  x  and  y  are  found  from  the  equations 

x  +  y  =  a,     log  (x  -  y)  =  log  (c  +  b)  +  log  (c  -  b)  -  log  a. 

71.  Show,  by  examining  in  the  tables  the  logarithms  of  the 
numbers  1,  2,  3,  4,  5,  &c.,  and  the  logarithms  of  the  sines  of  the 
angles    1',   2',  3',  4',  5',  &c.,  that  the  sines  of  small  angles  are 
approximately  to  one  another  as  the  angles. 


CHAPTER  XII. 

RATIOS    OF    ANGLES    UNLIMITED    IN    SIGN    AND 
MAGNITUDE. 

§  1.     DIRECTED  MAGNITUDES. 

285.     LET  L  and  M  be  two  points  in  a  line :  and  let  LM 
stand  for  the  length  of  the  part  of  the  line  between  them. 
Let  T  be  any  other  point  in  the  same  line. 
Then  we  may  express  LM  in  terms  of  LT  and  TM. 

L  T        M 


M 


M 


Thus 

(1)  If  T  is  between  L  and  M,  LM=LT+TM   (1), 

(2)  If  T  is  outside  L  M,  beyond  M,  L  M  =  LT  -  MT  . .  .(2), 

(3)  If  T  is  outside  LM,  beyond  L,  LM=  TM-  TL     ...(3). 

If  we  do  not  know  where  T  is  situated  with  regard  to  L  and 
J/,  we  do  not  know  which  of  these  three  formulae  to  adopt.  But 
it  would  be  clearly  advantageous  to  be  able  to  use  the  same 
equation  for  all  three  cases.  We  observe,  then,  that 

MT  has  to  be  subtracted,  when  T  is  on  the  side  of  M,  opposite 
to  L  :  and  that 

TL  has  to  be  subtracted,  when  T  is  on  the  side  of  L,  opposite 
to  M :  and  that 

Otherwise  MT  and  TL  have  to  be  added. 
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Directed  Lengths. 

286.  Let  us,  then,  use  a  bracketed  symbol,  such  as  (LM),  to 
indicate — not  merely  the  distance  LM — but  also  the  direction  in 
which  that  distance  is  regarded  as  having  been  described. 

Such  a  symbol  as  (LM)  or  (ML)  may  be  said  to  represent  a 
directed  length.  Thus 

(LM)  represents  the  line  LM,  regarded  as  drawn  from  L 
to  M\ 

(ML)  represents  the  line  LM,  regarded  as  drawn  from  M 
to  L. 

287.  The  use  of  these  symbols  representing  directed  lengths 
is  explained  by  the  following  rules  of  interpretation. 

To  interpret  any  expression  in  which  directed  lengths  in  the 
same  line  are  connected  by  the  signs  +  or  — . 

Rule  I.  When  the  lengths  are  all  directed  the  same  way,  the 
signs  must  be  understood  in  their  Arithmetic  sense. 

Rule  II.  Any  directed  length  may  be  reversed,  if  the  sign 
preceding  it  is  changed. 

To  obtain  the  final  interpretation,  therefore,  we  must  reduce 
all  the  directed  lengths  to  lengths  directed  the  same  way,  by 
reversing  and  changing  the  preceding  signs  where  necessary. 

288.  From  the  rules  of  the  preceding  article,  it  will  be  seen 
that  we  may  write  always  in  Art.  285 

(LM)=(LT)  +  (TM) (4). 

For,  in  fig.  1,  (LT),  (TM),  and  (LM)  are  directed  the  same 
way,  and  hence  +  has  to  be  interpreted  as  arithmetic  addition. 

In  fig.  2,  (TM)  is  directed  in  the  opposite  way  to  (LT)  and 
(LM),  and  .'.  +(TM)  becomes  -  (MT). 

In  fig.  3,  (LT)  is  directed  in  the  opposite  way  to  (TM)  and 
(LM),  and  /.  +  (LT)  becomes  -  (TL). 
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289.  The   formula    (LM)  =  (LT)  +  (TM)    is  of  the   highest 
importance.     To  give  it  a  familiar  aspect,  we  may  regard  (LM) 
as  a  step  from  L  to  M.     Thus,  if  we  have  to  go  from  L  to  M,  we 
may  always  go  from  L  to  T  and  then  from  T  to  M. 

This  will  be  true,  even  if  T  is  not  in  the  line  LM.  But  in  this  case 
LTM  would  form  a  (rectilineal  or  curvilinear)  triangle,  and  we  should 
not  (in  general)  be  able  to  give  any  arithmetic  meaning  to  the  sign  + , 
for  neither  the  addition  nor  the  subtraction  of  the  lengths  of  two  sides 
of  a  triangle  would  give  us  (in  general)  the  length  of  the  third  side. 

If  L,  T,  M  are  in  the  same  line  (straight  or  curved)  we  may 
always  give  an  Arithmetic  Interpretation  to  the  equation 
(LM)  =(LT)  +  (TM),  by  reversing  and  changing  the  sign  of 
either  (LT)  or  (TM),  if  it  is  in  the  direction  opposite  to  (LM). 

290.  The  student  should  observe  that  with  the  same  rules  of 
interpretation,  the  equations 

(LM)  =  (LT)-(MT) (5) 

and  (LM)  =  (TM)  -  (TL) (6) 

are  always  true,  if  L,  T,  M  are  in  a  line. 
In  fact,  by  Rule  2, 

+  (TM)  =  -  (MT)  and  +  (LT)  =  -  (TL), 
so  that  (5)  and  (6)  follow  from  (4). 

291.  In  the  fundamental  equation 

+  (TM)  =  -(MT) 
write  M  for  T. 

Then  +  (MM)  =  -  (MM). 

Now  the  only  algebraical  quantity  which  is  such  that  its 
addition  is  equivalent  io  its  subtraction  is  zero. 

Hence  (MM)  =  0. 

This,  of  course,  only  expresses  the  fact  that  the  distance  from 
M  to  M  is  nothing. 
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Directed  Angles. 

292.  Similarly,  if  OL,  OM  make  any  angle  LOM,  and  if  0 T 
be  any  other  line  through  0  in  the  plane  LOM,  the  angle  LOM 
will  equal  either 

LOT+  TOM  or  LOT  -  MOT  or  TOM  -  TOL, 

according  as  OT  is   between    OL  and    OM,    or   beyond   OM,    or 
beyond  OL. 

,T 


Using  the  symbol  (LOM)  to  represent  the  angle  LOM, 
regarded  as  described  by  the  revolution  of  a  line  from  OL  to  OM, 
and  giving  the  same  rules  of  interpretation  for  directed  angles  as 
for  directed  lengths,  we  may  say  universally 

(LOM)  =  (LOT)  +  (TOM). 

As  before  this  equation  is  clearly  realised  by  regarding  the 
rotation  from  OL  to  OM  as  equivalent  to  a  rotation  from  OL  to 
OT  followed  by  a  rotation  from  OT  to  OM.  But  the  equation 
can  be  arithmetically  interpreted,  only  if  OT  is  in  the  same 
[surface  or]  plane  as  the  angle  LOM. 

Directed  Areas. 

293.  If  OLO',  O'MO  are  two  parts  which  together  make  up 
any  closed  line,  and  if  OTO'  be  any  other  line  joining  00',  then 
the  area  of  OLO' M  will  equal  either 

OLO'T+OTO'M  or  OLO'T-OMO'T  or  OTO 'M-  OTO 'L, 
according  as  OTO'  falls  entirely  within  the  figure   OLO'M,  or 
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outside  the   figure  beyond  OMO',  or   outside   the   figure    beyond 
OLO'. 


M  N 


Using  the  symbol  (OLO' MO)  to  represent  an  area  whose 
periphery  is  traced  out  by  moving  in  the  direction  O-L—O'—M—  0, 
and  giving  the  same  rules  of  interpretation  for  directed  areas  as 
for  directed  lengths  and  directed  angles,  we  may  write  universally 

(OLO' MO)  =  (OLO' TO)  +  (OTO'MO). 

In  tracing  out  the  peripheries  of  the  two  figures  whose  sum  is 
equal  to  the  original  figure,  the  tracing  point  moves  twice  over 
the  part  of  their  peripheries  which  is  common,  viz.  OTO' ; — first 
in  the  direction  (O'TO),  then  in  the  direction  (OTO').  These  two 
movements,  being  in  opposite  directions,  may  be  regarded  as 
cancelling  one  another,  and  the  resultant  movement  as  equivalent 
to  (OLMO). 


Algebraical  Representation  of  Directed  Magnitudes. 

294.  In  each  of  the  three  kinds  of  directed  magnitudes 
above  discussed, — viz.  length,  angle,  area, — two  opposed  direc- 
tions were  involved. 

Now  in  dealing  with  such  magnitudes,  we  have  to  reduce 
them  to  the  same  direction  before  combining  them  arithmetically. 

Hence  it  is  convenient  to  choose  one  of  the  two  directions  in 
question  as  that  to  which  all  the  directed  magnitudes  shall  be 
reduced. 


DIRECTED   MAGNITUDES.  221 

The  direction  so  chosen  is  called  the  Positive;  that  opposite 
to  it  is  called  the  Negative. 

Again,  the  addition  of  any  directed  magnitude  was  interpreted 
to  mean  the  same  as  the  subtraction  of  the  oppositely  directed 
magnitude. 

Hence,  the  algebraical  signs  of  affection  exactly  answer  the 
purpose  of  denoting  two  oppositely  directed  magnitudes. 

It  is  clearly  immaterial  which  direction  we  choose  to  represent 
by  positive  numbers  and  which  by  negative. 

295.  The  method  of  applying  signs  of  affection  to  denote 
directed  angles  is  the  same  as  that  for  directed  lines. 

In  Chap.  I.,  it  is  shown  that  a  trigonometrical  angle,  corre- 
sponding to  a  given  geometrical  angle,  may  be  of  any  magnitude. 

When  further  we  distinguish  the  Initial  from  the  Final  liner 
we  can  also  apply  either  sign  of  affection  to  represent  an  angle. 

In  Arts.  14 — 16,  the  general  value  of  the  magnitude  of  a 
trigonometrical  angle  is  given  in  terms  of  the  corresponding 
geometrical  angle.  We  may  apply  these  results  to  a  directed 
trigonometrical  angle.  For,  whichever  direction  the  revolution 
takes,  a  complete  revolution  brings  the  revolver  back  to  its  initial 
position,  and  a  half-complete  revolution  brings  it  to  the  initial 
position  reversed.  Hence  the  following  table  gives  the  value  of 
the  trigonometrical  directed  angle  corresponding  to  any  position 
of  the  final  line  :  — 


Final  line  in 
1st    Positive  Quadrant 
2nd 
3rd 
4th 


Directed  angle  = 

2n  .  180°  +  a  positive  acute  angle. 
(2w +1)180° - 
(2w+ 1)180°  + 

271.180°- 


where  n  is  0  or  any  positive  or  negative  integer. 
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Dependent 

296.  We  may  choose  arbitrarily  either  direction  of  revolu- 
tion as  positive. 

But  it  is  convenient  to  make  the  sign  for  an  area  depend  on 
that  for  a  revolution.  Thus 

Let  AS'  be  any  point  taken  inside  a  closed  area. 

Let  an  elastic  string  tied  to  S  revolve  round  $  through  four 
right-angles,  and  let  its  other  extremity  trace  out  the  periphery 
of  the  area,  so  that  the  string  just  traverses  the  whole  area. 

Then  we  take  the  area  as  positive,  when  its  periphery  is 
traced  out  in  the  direction  corresponding  to  the  positive  direction 
for  the  angle. 

It  should  be  noted  that  if  S  is  taken  outside  the  area,  the  string  will 
have  to  revolve  first  through  an  angle  in  one  direction  and  then  through 
an  equal  angle  in  the  opposite  direction,  in  order  that  its  extremity 
may  trace  out  the  periphery.  Hence  to  connect  the  sign  of  an  area 
with  the  sign  of  an  angle  we  must  take  S  inside  the  area. 

297.  When  any  line  is  taken  independently,  either  direction 
along  it  may  be  arbitrarily  chosen  as  positive. 

But  when  it  is  essential  to  regard  a  certain  line  as  perpen- 
dicular to  another  line  (whose  positive  direction  has  already  been 
assigned)  the  sign  of  the  former  depends  on  the  latter. 

Thus,  the  line,  which  makes  a  positive  right-angle  with  an 
independently  positive  line,  is  dependently  positive  :  and  hence, 
the  line,  which  makes  a  negative  right-angle  with  an  indepen- 
dently positive  line,  is  dependently  negative. 

Signs  in  Multiplication. 

298.  Suppose  ABCD  is  any  rectangle.     (See  tig.  p.  9.) 

Then,  by  an  extension  of  the  meaning  of  multiplication  (ex- 
plained in  Art.  21)  we  have 

area  ABCD  =  length  AB  x  length  BC. 
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By  a  still  further  extension  we  may  say 
directed  area  (A  BCD  A]  = 

(AB)  x  (BC)  or  (SO)  x  (CD)  or  (CD)  x  (£4)  or  (Z>4)  x  (45), 
directed  area  (CBADC)  = 

(CB}  x  (54)  or  (54)  x  (AD)  or  (40)  x  (DC7)  or  (DC)  x  (CB). 

In  each  of  these  products  the  directed  factors  (and  the  letters 
composing  those  factors)  are  written  in  the  order  indicated  by  the 
designation  of  the  directed  area. 

Let  us  choose  arbitrarily  the  sign  of  the  first  factor.  Then 
that  of  the  second,  since  it  is  essential  to  regard  it  as  perpendicu- 
lar to  the  first,  will  be  chosen  dependently  on  the  first. 

Suppose,  then,  that  (A  BCD  A)  is  considered  positive,  and 
(CBADC)  is  considered  negative. 

I.  Let  (AB)  be  arbitrarily  chosen  as  positive,  so  that  (CD) 
is  negative. 

Then  (SO)  makes  a  positive  right-angle  with  AB,  and  is,  there- 
fore, dependently  positive. 

But  (DA)  makes  a  negative  right-angle  with  AB,  and  is,  there- 
fore, dependently  negative. 

Thus,  the  rule  of  signs  in  multiplication  are  applicable  to  the 
four  equations 

(ABC DA)  =  (AB)  x  (BC)  =  (CD)  x  (DA), 
(CBADC)  =  (54)  x  (AD)  =  (DC)  x  (CS). 

II.  Let  (BC)  be  arbitrarily  chosen  as  positive  ;  so  that  (DA) 
is  negative. 

Then  (CD)  makes  a  positive  right-angle  with  (BC),  and  is, 
therefore,  dependently  positive. 

But  (AB)  makes  a  negative  right-angle  with  (BC)  and  is, 
therefore,  dependently  negative. 

Thus  the  rule  of  signs  in  multiplication  applies  to  the  remain- 
ing four  equations, 

(ABC DA)  =  (BC)  x  (CD)  =  (DA)  x  (45), 
(CBADC)  *  (CB)  x  (BA)  =  (A  D)  x  (DC). 
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299.  The  student  must  carefully  distinguish   between  the 
multiplication  of  a   directed  length  by  a  directed  length  and  the 
multiplication  of  a  directed  length  by  a  number,  positive  or  nega- 
tive. 

Length  x  Length    —  Area. 
But  Length  x  Number  =  Length. 

Thus,  (3  ft.)  x  (-  2  ft.)  may  be  interpreted  as  -  6  square  ft, 
But  (3  ft.)  x  (-  2)  must  be  interpreted  as  -  6  ft. 
Hence  multiplying  a  directed  length  by  a  negative  number  has 
the  effect  of  altering  the  length  and  reversing  its  direction. 

§  2.     APPLICATION  TO  TRIGONOMETRICAL  RATIOS. 

300.  Let  a  straight  line,  terminated  at  a  fixed  apex,  describe 
an  angle  by  revolving  in  a  plane  from  an  initial  to  a  final  position. 

Let  a  transverse  line,  perpendicular  to  either  the  initial  or  the 
final  line,  cut  both  these  lines  (either  being  produced  if  necessary). 
Then 

(1)  The  part  cut  off  from  the  transversal — directed  from  the 
initial  to  the  final  line — is  called  the  Perpendicular. 

(2)  The  parts  cut  off  from  the  initial  and  final  lines — directed 
from  the  apex  of  the  angle — are  called  Base  and  Hypothenuse 

(that  being  hypothenuse  which  is  opposite  the  right-angle.) 


Thus,  let  01  be  the  initial,  OF  the  final  line. 
Then  if  B  is  on  01,  and  BH  perpendicular  to  01; 
(OH)  is  hypothenuse;  (OB)  is  base;  and  (BH)  is  perpendicular. 
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But  if  B  is  on  OF,  and  BH  perpendicular  to  OF] 
(OH)  is  hypothenuse ;  (OB)  is  base;  and  (HB)  is  perpendicular. 
Having  then  denned  base,  hypothenuse,  and  perpendicular  as 
directed  lengths,  the  ratios  of  any  directed  angle  whatever  are 
defined  in  the  same  way  as  those  of  an  acute  angle  were  defined 
in  Art.  71 — 73,  except  that  directed  lengths  are  substituted  for  mere 


Conventions  as  to  Signs. 

301.  In  order  to  express  the  Trigonometrical  Ratios   alge- 
braically we  must  affix  signs  of  affection  to  the  four  directed 
magnitudes  in  question,  viz.  : 

(1)  The  angle.  (2)  The  initial  line.  (3)  The  final  line. 
(4)  The  transverse  line. 

Mathematicians  adopt  the  following  conventions  in  order  to 
express  algebraically  the  ratios  of  any  directed  angle  : — 

(1)  Lengths  along  either  bounding   line  of   the   angle  are 
regarded  as  positive. 

(2)  Lengths  perpendicular  to  either  bounding  line  have  the 
same  sign  as  the  right-angle  which  they  make  with  that  bounding 
line. 

Thus,  the  bounding  lines  being  assumed  to  be  positive,  the 
perpendiculars  to  them  receive  a  dependent  sign,  as  explained  in 
Art.  297. 

302.  The  mathematician  thus  leaves  two  directions  to   be 
arbitrarily  chosen,  viz. : — 

(1)  The  positive  direction  of  revolution. 

(2)  The  direction  of  the  initial  line. 

303.  It  is  very  desirable  to  fix  upon  some  constant  directions 
of  these  two,  for  the  purpose  of  mentally  retaining  the  signs  of 
the  different  ratios  of  different  angles. 

For  this  purpose  we  have  what  may  be  called  a  teacher-and 
student's  convention  ;  viz. : 

(1)  The  positive  direction  of  revolution  shall  be  opposite  to 
the  motion  of  the  hands  of  a  clock ;  i.e.  a  Right-Up-Left-Down- 
J.  T.  15 
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Right  motion ;  so  that  the  negative  direction  is  the  same  as  that 
of  the  motion  of  the  hands  of  a  clock ;  i.e.  a  Left-Up-Right-Down- 
Left  motion. 

(2)  The  initial  line  shall  be  supposed  to  be  drawn  right- 
wards. 

Since  a  line  drawn  upwards  makes  (in  accordance  with  this 
convention)  a  positive  right-angle  with  a  line  drawn  right-wards, 
we  have,  combining  the  Mathematician's  with  the  Teacher-and- 
Student's  convention,  the  following  three  positive  directions : 

(1)  For  initial  line,  Right-wards. 

(2)  For  revolution,  Right-upwards. 

(3)  For  perpendicular,  Upwards. 

304.  To  determine  the  signs  of  the  ratios  for  the  different 
quadrants  in  which  the  final  line  may  lie. 
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Let  01  be  the  initial  line,  OF  the  final  line. 

For  simplicity,  take  the   hypothenuse    (OH)  in   every   case 
along  OF.     So  that  (OH)  is  always  positive. 

Draw  HE  perpendicular  to  01  or  01  produced. 

Then  (OB)  is  the  base;  and  (BH)  is  the  perpendicular. 

Let  (OK)  make  a  positive  right-angle  with  (01),  so  that  lines 
in  the  direction  (OK)  are  positive. 

(1)  When  OF  is  in  the  1st  quadrant, 

(BH)  which  is  drawn  in  the  direction  (OK)  is  Positive. 
(OB)       „  ,,       in  the  direction  (01)  is  Positive. 

(2)  When  OF  is  in  the  2nd  quadrant, 

(BH)      „  „       in  the  direction  (OK)  is  Positive. 

(OB)       „  „       oppositely  to  (01)  is  Negative. 

(3)  When  OF  is  in  the  3rd  quadrant, 

(BH)      „  „       oppositely  to  (OK)  is  Negative. 

(OB)       „  „       oppositely  to  (01)  is  Negative. 

(4)  When  OF  is  in  the  4th  quadrant, 

(BH)      „  „       oppositely  to  (OK)  is  Negative. 

(OB)       „  „       in  the  direction  (01)  is  Positive. 

Thus  the  signs  corresponding  to  the  four  quadrants  are 
for  Perp.;  (1)+;  (2)  +  ;  (3)-;  (4)-. 
for  Base;    (1)+;  (2)-;  (3)-;  (4)+. 

Now  since  we  have  taken  the  hypothenuse  (OH)  to  be  positive 
in  every  case, 

(I)  Sine  and  Cosecant  have  the  sign  of  the  Perp. 

(II)  Secant  and  Cosine  have  the  sign  of  the  Base. 
Also  (III)  Tangent  and  Cotangent  have  the  sign  obtained  by 
division  of  Base  and  Perp. 

The  following  table  gives  all  the  results : 

15—2 
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Quadrants 

1st 

2nd 

3rd 

4th 

Sine  and  Cosecant 

+ 

+ 

- 

- 

Tangent  and  Cotangent 

+ 

- 

+ 

- 

Secant  and  Cosine 

+ 

- 

- 

+ 

Here  observe  that,  while  every  ratio  is  positive  in  the   1st 
quadrant, 

the  sine  (and  cosecant)  are  also  positive  in  the  2nd ; 
the  tangent  (and  cotangent)  ,,  „  in  the  3rd  ; 
the  secant  (and  cosine)  ,,  „  in  the  4th. 

305.  In  the  above  figures, 

(1)  The  initial  line  01  is  drawn  Rightwards: 

(2)  The  positive  direction   of  revolution  is  Right-upwards: 
so  that 

(3)  OK,  which  is  drawn  Upwards,  is  positive. 
Also  the  lines  (OB),  (B-H}  are  dotted  when  negative. 
Retaining  these  figures  in  the  mind,  it  is  easy  to  remember 

that 

(OB)  is  +  ve,  when  Rightwards  ;  —  ve,  when  Leftwards. 
(BH)is  +  ™,  when  Upwards;  -ve,  when  Downwards. 

306.  But   the  student  must  particularly  observe,  that  the 
signs  here  ascribed  to  the  base  and  perpendicular,  according  as 
the  former  is  rightwards  or  leftwards  and  the  latter  upwards  or 
downwards,  apply  only  to  the  angle  IOF  in  each  of  the  four 
figures. 

Thus,  in  each  figure,  when  we  regard  (OB)  as  the  base  of  the 
acute  angle  BOH,  it  is  positive:    so  that  (e.g.)   cos  (BOH)  is 
z  in  each  case. 
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Moreover,  retaining  the  same  positive  direction  of  revolution 
viz.  Right-Up-Left- Downwards, 

in  2nd  figure,  sin  (BOH)  is  negative. 
in  3rd  figure,  sin  (BOH)  is  positive. 

Comparison  of  the  ratios  of  related  angles. 

307.  In  denoting  the  ratios  of  angles,  we  may  use  either 
symbols  for  directed  lengths,  or  symbols  for  mere  Arithmetic  lengths 
— prefixing  explicitly  the  proper  signs. 

The  latter  method  was  used  in  Art.  136,  in  defining  the  ratios 
of  obtuse  angles.  The  student  ought  to  be  able  to  apply  either 
method  when  required. 

308.  In  each  of  the  figures  of  Art.  304,  let   L  BOH  repre- 
sent the  same  positive  acute  angle  A. 

Then  the  ratios  of  L  BOH  are  all  positive. 

Now,  in  the^zr^  figure,  L  IOF  represents  the  positive  angle  A, 
or  generally  the  angle  2n .  180°  +  A. 

In  the  second  figure,  L  IOF  represents  the  positive  angle 
180°  -  A,  or  generally  the  angle  (2n  +  1)  180°  -  A. 

In  the  third  figure,  L  IOF  represents  the  positive  angle 
180°  +  A,  or  generally  the  angle  (2n  +  1)  180°  +  A. 

In  the  fourth  figure,  L  IOF  represents  the  negative  angle  —A, 
or  generally  the  angle  2n.  180°  -  A. 

Thus,  iYQio.  first  figure, 

any  ratio  of  2n .  180°  +  A  =  that  same  ratio  of  A. 

From  second  figure, 

7?  J-f 

sin  (180° -4)=  T-T,  =  sin^l. 
OH 

cos  (180°  -  A)  =  ^f  -  -  cos  A. 
OrL 

7?  fT 

tan  (180°-  A)  =  —     -  -  tan  A. 
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From  third  figure, 

7?  J-f 
sin  (180°  +  A)  -  =  —  sin  A. 

Cl  7? 

cos  (180°  +  A)  =  =  —  cos  A. 

tan  (180°  +  A)  =  ^^  =  tan  A. 

From  fourth  figure, 

•     /      .X      ~BH 
sin  (—  A)  -  ———-  =  -  sm  A. 

Uii. 

coa(-A)=  -Qjj 
—  Kf-f 


Thus  any  ratio  has  the  same  numerical  value  for  all  the  angles 
found  by  adding  or  subtracting  A  from  0  or  180°  or  any  multiple 
of  180°. 

But  the  sign  of  the  ratio  has  to  be  found  by  considering  in 
what  quadrant  the  final  line  would  lie  for  the  angle  in  question. 

309.  The  above  results  may  be  expressed  as  follows  :  — 
If  A  is  an  acute  angle,  and  n  any  integer. 

I.  Any  ratio  of  2n  .  180°  +  A  =  that  same  ratio  of  A. 

II.  The  sine  or  cosecant  of  (2n+  1)  180°  —  A  is  the  same  as 
that  of  A;  but  its  other  ratios  are  the  negatives  of  those  of  A. 

III.  The  tangent  or  cotangent  of   (2n  +  1)  180°  +A   is  the 
same  as  that  of  A  ;  but  its  other  ratios  are  the  negatives  of  those 
of  A. 

IV.  The  secant  or  cosine  of  2n  .  180°  —  A  is  the  same  as  that 
of  A  ;  but  its  other  ratios  are  the  negatives  of  those  of  A. 

310.  The  above  results  hold  whatever  value  A  may  have. 
This  may  be  shown  in  the  following  way. 

The  revolution  2n.  180°  carries  the  revolver  from  01  back 
again  to  01. 
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The  revolution  (2n  +  1)  180°  carries  the  revolver  from  01  to 
01'  (i.e.  01  -reversed). 

The  following  table  shows  into  what  quadrant  the  revolver  is 
carried  by  a  revolution  equal  to  +  A  or  —  A  from  01  or  from  01' 
according  as  the  revolution  A  from  01  carries  the  revolver  into 
the  1st,  2nd,  3rd,  or  4th  Quadrant. 


Revolution 

Quadrants 

+  A  from  01 

1 

2 

3 

4 

-  A  from  01' 

2 

1 

4 

3 

+  A  from  OT 

3 

4 

1 

2 

-  A  from  01 

4 

3 

2 

1 

Now  the  sine  and  cosecant  have  the  same  sign  in  the  first  as 
in  the  second  quadrant;  and  also  in  the  third  as  in  the  fourth, 
Hence  the  above  table  shows  that 

angles  in  the  series  (2n  +  1)  180°  -  A 
have  the  same  sine  and  cosecant  as  A. 

Again  the  tangent  and  cotangent  have  the  same  sign  in  the 
first  as  in  the  third  quadrant,  and  also  in  the  second  as  in  the 
fourth.  Hence  the  above  table  shows  that 

angles  in  the  series  (2n+  1)  180°  +A 
have  the  same  tangent  and  cotangent  as  A. 

Lastly  the  secant  and  cosine  have  the  same  sign  in  the  first  as 
in  the  fourth  quadrant,  and  also  in  the  second  as  in  the  third, 
Hence  the  above  table  shows  that 

angles  in  the  series  2n .  180°  -  A 
have  the  sai  13  secant  and  cosine  as  A. 

311.  The  results  of  the  last  article  may  be  expressed  in 
other  forms,  differing  only  verbally  from  the  above. 
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A. 

I.  Angles  in    the  series  2n .  180°  +  ^  have  every  ratio  the 
same. 

II.  Angles  in  the  series 

2n  .  180°  +  A  and  (2n  -f  1)  180°  -  A, 
i.e.  in  the  series,  ra .  180°  +  (-  l)mA 

are  equi-sinal  and  equi-cosecantal. 

III.  Angles  in  the  series 

2n  .  180°  +  A  and  (2n  +  1)  180°  +  A, 
i.e.  in  the  series,  m .  180°  +  A 

are  equi-tangential  and  equi-cotangential. 

IV.  Angles  in  the  series 

2n  .  180°  +  A  and  '2n  .  180°  -  A, 
i.e.  in  the  series,  2m .  180°  ±  A 

are  equi-cosinal  and  equi-secantal. 

B. 

I.  Angles  whose  difference  is  a  multiple  of  360°  have  aU  their 
ratios  the  same. 

II.  Angles  whose  difference  is  an  even  or  whose  sum  is  an 
odd  multiple  of  180°  are  equi-sinal. 

III.  Angles  whose  difference  is  any  multiple  of  180°  are 
equi-tangential. 

IY.     Angles  whose  sum  or  difference  is  a  multiple  of  360°  are 
equi-cosinal. 

312.     The  converses  of  the  above  propositions  are  also  true: 

I.  Any  angle  which  has  two  non-reciprocal  ratios  the  same  as 
A  must  belong  to  the  series 

2mASO°  +  A. 

II.  Any  angle  which  has  the  same  sine  or  cosecant  as  A 
must  belong  to  the  series 

m.  I8Q°  +  -lmA. 
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III.     Any  angle  which  has  the  same  tangent  or  cotangent  as  A 
must  belong  to  the  series 


IV.  Any  angle  which  has  the  same  secant  or  cosine  as  A 
must  belong  to  the  series 

2m.  180°  ±A. 

For  only  one  positive  acute  angle  can  have  any  ratio  of  a 
given  value  (Art.  68). 

And  it  is  by  an  acute  angle  that  the  numerical  values  of  the 
ratios  of  any  angle  are  determined. 

313.  Hence  the  general  solutions  of  trigonometrical  equations 
are  as  follows,  where  A  is  any  one  solution. 

I.     Given  sin2  6  —  a,  or  cos2  0  —  a,  &c. 

then  0  =  ™.180°±J. 

II.     Given  sin  0  =  a, 

then  0  =  n.I8Q°  +(-l)nA. 

III.    Given  tan  Q  =  a, 

then  0  =  n.lSQ°  +  A. 

IV.  Given  cos  0  =  a, 

then  0  =  n.  360°  ±  A. 

Example.     Give  the  general  solution  of  the  equation 

sin  0  +  2  cos2  0  =  2. 
This  equation  may  be  written 

sin  6=  2  (1  -  cos2  6}  =  2  sin2  0, 

.'.  sin  0-2  sin2  0  =  0, 
.'.  sm0(l-2sin0)  =  0, 
/.  either  sin  0  =  0,     or  (1  -2  sin0)  =  0. 
Now  if  sin  0=0,  0=0  or  180°  or  360°,  &c. 

.-.  the  general  solution  of  sin  0  =  <»  is  6  =  n.  180°. 
But  if  1  -  2  sin  0=0,  then  sin  0  =  ^  ; 

.-.  0  =  60°  or  120°  or  420°,  &c.  ; 

i.e.  0  =  7i.l80°  +  (-l)n60°, 
.  '  .  the  general  solution  of  the  given  equation  is 
8  =  n.  180°  or  n  .  180°  +  (  -  l)n  60°. 
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314.  It  will  be  useful  to  show  that  the  fundamental  results 
(as  to  the  signs  of  the  ratios  corresponding  to  the  four  quadrants) 
given  in  Art.  304,  follow  however  the  right-angled  triangle  may 
be  formed. 


There  are  four  ways  of  forming  the  triangle  in  each  case. 
I.     Hypothenuse  positive  and  in  final  line  (perp. 

II.  Hypothenuse  negative  and  in  final  line  (perp. 

III.  Base  positive  and  in  final  line  (perp.  H^BZ). 

IV.  Base  negative  and  in  final  line  (perp.  H4B4). 
Let  OK  make  a  positive  right-angle  with  01, 
and  OGr  make  a  positive  right-angle  with  OF. 
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Then 

When  OF  is  injirst  quadrant, 

B^HI  like  OK  is  + ;  OBl  like  Of  is  +  j  OH±  like  OF  is  +  . 
BZH.,  unlike  OK  is  - ;  0#2  unlike  07  is  - ;  07T2  unlike  OF  is  - . 
3  like  06-'  is  +  ;  OBS  like  077  is  + ;  ##3  like  01  is  +  . 

4B4  unlike  0(7  is  -  ;  OB4  unlike  O/'1  is  - ;  ##4  unlike  01  is  -  . 

It  follows  that  the  ratios  of  the  angle  I  OF  are  all  positive 
however  the  right-angled  triangle  be  constructed. 

The  student  should  in  the  same  way  examine  the  case  for  the 
2nd,  3rd,  and  4th  quadrants. 

Limiting  values  of  the  ratios. 
315.     In  Art.  113,  we  have  shown  that 

for  angle    0° ;  perp.  =  0  and  base  =  hyp. 
for  angle  90° ;  perp.  =  hyp.  and  base  =  0. 


I'  M  O  I 

Consider  angle  180°. 

Let  the  angle  I  OF  be  nearly  180° ;  then  MP,  the  perpen- 
dicular, is  very  small ;  and  OM,  the  base,  is  in  magnitude  very 
nearly  equal  to  OP. 

But,  since  (OM)  is  directed  opposite  to  01,  the  initial  line, 
we  have,  (representing  OM  algebraically), 

(OM)  =  -  arithmetic  distance  between  0  and  M. 
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But  since  (OP)  is  directed  the  same  way  as  OF,  the  final  line, 
we  have,  (representing  OP  algebraically), 

(OP)  =  +  arithmetic  distance  between  0  and  P. 

Now  at  the  limit,  (MP)  vanishes,  and  (OM)  coincides  with 
(OP).  Thus 

sin  1 80°  =  0  and  cos  180°  =  -1. 

This  last  result  is  deserving  of  special  attention. 

In  representing  (OM)  by  an  algebraical  quantity  we  refer 
to  (01)  in  order  to  determine  its  sign :  but  in  representing  (OP) 
we  refer  to  (OF). 

In  the  limit  (OF)  becomes  opposite  to  (01) ;  and  hence  the 
signs  of  (OM)  and  (OP)  are  opposite;  although  they  exactly  coin- 
cide in  direction  as  well  as  magnitude. 

This  exemplifies  the  principle  that  lines  which  coincide  (so  to 
speak)  purely  incidentally  have  not  necessarily  the  same  sign. 

Consider  the  angle  270°. 

Here  (OM )  vanishes,  and  (MP)  ultimately  coincides  with 
(OP). 

But  (MP)  makes  a  negative  right-angle  with  the  initial  line 
(01),  and  is  therefore  represented  algebraically  by  a  negative 
number. 

On  the  other  hand,  (OP)   which  is  along  the  final  line  is 
represented  by  a  positive  number. 
Hence 

sin  270°  =  -  1  and  cos  270°  =  0. 

316.     The  principle  of  continuity  confirms  these  conclusions. 

For,  when  the  final  line  is  in  the  2nd  or  3rd  quadrant,  the 
cosine  is  negative.  Hence,  when  it  separates  these  quadrants, 
viz.  when  the  angle  is  (2n+  1)  180°,  its  cosine  must  be  negative. 

Again,  when  the  final  line  is  in  the  3rd  or  4th  quadrant,  the 
sine  is  negative.  Hence,  when  it  separates  these  quadrants,  viz. 
when  the  angle  is  (4n  -  1)  90°,  its  sine  must  be  negative. 
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317.  To  trace  the  changes  in  magnitude  and  sign  of  the  ratios 
of  an  angle  as  it  increases  from  0  to  360°. 

As  an  example,  take  the  tangent. 

From  0°  to  90°,  tangent  is  +ve,  and  increases  from  0  to  +  oo  . 

From  90°  to  180°,  tangent  is  — ve,  and  increases  from  -  oo  to  0. 

From  180°  to  270°,  tangent  is  +ve,  and  increases  from  0  to  +  oo  . 

From  270°  to  360°,  tangent  is  — ve,  and  increases  from  -  oo  to  0. 
It  should  be  observed  that  the  ratios  which  become  infinite 
at  the  limiting  values  0°,  90°,  180°,  270°  are  ambiguous  in  sign  : 
ie.  their  sign  depends  upon  whether  we  arrive  at  the  limit  by 
increasing  the  angle  up  to  its  limit  or  by  decreasing  the  angle 
down  to  its  limit. 

318.  To  examine  how  the  fundamental  formulae   connecting 
the  ratios  of  an  angle  are  affected  by  taking  the  angle  of  any 
magnitude  or  sign. 

The  formulae  of  Art.  79,  which  follow  immediately  from 
definition,  are  evidently  unaffected  by  extending  the  angle  to  any 
magnitude  or  sign. 

Also  the  formulae  of  Art.  80,  which  involve  the  squares  of  the 
ratios,  are  unaffected  by  the  signs  of  the  ratios. 

But,    in  applying  these   latter   to    express  a  ratio  in  term 
of  another  by  taking  the  square  root,  we  must  observe  that 
sin  A  =  ±  v/  (1  -  cos2^) ;  cox  A  =  ±  J  (1  +  cot2^) ; 
tan  A  =  ±  ^/  (sec2  A  -  1) ;  cot  A  =  ±  J  (cox2  A  -  1) ; 
sec  A  =  =*=  J  (1  +  tan2  A) ;  cos  A  -  ±  ,J  (1  -  sin2  A). 
The  upper  sign  must  be  taken 

in  the  1st  line,  for  angles  of  the  1st  or  2nd  quadrant; 
in  the  2nd  line,  for  angles  of  the  1st  or  3rd  quadrant ; 
in  the  3rd  line,  for  angles  of  the  1st  or  4th  quadrant. 

319.  This  result  shows  that,  knowing  one  ratio  of  an  angle 
and  nothing  more,  there    are   two   possible  equal  and   opposite 
values  for  any  other  ratio  (except  the  reciprocal  of  that  given). 

This  is  geometrically  obvious. 


238  EATIOS   OF   UNLIMITED   ANGLES. 

For  example ;  knowing  that  the  cotangent  of  an  angle  has 
some  particular  value,  which  is  (say)  negative,  the  angle  may  be 
in  the  2nd  or  4th  quadrant ;  and,  therefore,  either  sine,  cosine, 
secant,  or  cosecant  may  be  positive  or  negative. 

§  3.     INVERSE  SYMBOLS. 

320.  The  symbols  sin"1,  cos"1  &c.  are  used  in  the  following 
sense. 

If  0  be  any  angle,  whose  sine  has  some  given  value  a,  then 
for  0  we  may  write  sin"1  a. 

And  so  for  the  other  ratios. 

Thus  the  equations 

sin  0  =  a  and  0  =  sin"1  a 
are  precisely  equivalent  statements. 

The  latter  is  obtained  from  the  former  by  symbolically  'dividing' 
both  sides  by  the  function  *  sin ',  as  if  sin  were  an  algebraic  factor. 

In  working  out  problems  involving  these  (so  called)  inverse 
symbols,  it  is  only  necessary  to  equate  each  inverse  symbol  to 
some  new  letter,  and  translate  the  resulting  equation  into  the 
ordinary  form  by  means  of  the  equivalence  above  explained. 

This  method  is  similar  to  that  required  in  logarithms. 
Example.     To  show  that 

tan"1  a  +  tan"1  b  =  tan"1  - _  . 

1  -ab 

Let  tan"1  a  -  0,  this  means  a  —  tan  0. 
Let  tan"1  b  =  <£>,  this  means  b  =  tan  </>. 

tan  6  +  tan  <f> 


Now  tan  (0 


1  —  tan  0  tan  <£ 
a  +  b 


\  -ab' 


Translating  this  last  equation  back  into  the  inverse  notation, 

0  +  d>,  i.e.  tan"1  a  +  tan"1 6,  =  tan"1  - _  . 

1  +  ab 
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321.     The  following  points  must  be  carefully  observed  : — 

( 1 )  "Whereas  sin  0  is  a  numerical  quantity  =  a  (say) ;  sin"1  a 
is  an  angle. 

(2)  Whereas,  when  0  is  given,  sin  0  has  only  one  value  —  a 
(say) ;    when  a  is  given,   sin"1  a  has  an    indefinite   number   of 
values. 

In  fact  the  results  of  Art.  313,  expressed  in  inverse  notation, 
become  as  follows  : — 

General    value   of  sin"1  a  =  n.  180°  +  (-  l)w  [some  particular 
value  of  sin"1  a] 

General  value  of  tan"1  a  =  n.  180°  +  [some  particular  value  of 
tan"1  a] 

General  value  of  cos"1  a  =  n  .  360°  ±  [some  particular  value  of 
cos"1  a] 
where  n  has  any  integral  value  whatever. 


§  4.     ADAPTATION  OF  RESULTS  TO  A  TRIANGLE. 

322.  In  applying  the  theory  of  directed  magnitudes  to  the 
formulae  of  a  triangle,  it  must  be  noticed  that  we  have  three 
primary  lines  to  consider. 

Take  the  triangle  ABC. 


Consider  the  results  obtained  by  dropping  AL  perpendicular 
upon  BC.     We  have 


COS 
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/.  (BA)  cos  (CBA)  =  (BL)  and  (54)  sin  (OB  A)  =  (LA}. 
Also 


:.  (AC)  cos  (ACS)  =  (LC)  and  (AC)  sin  (4(7.5)  -  (LA). 
Comparing  these  results,  since  (.5(7)  =  (5Z)  +  (LC), 
(BA)  cos  ((754)  +  (AC)  cos  (4(75)  =  (5(7), 

(BA)  sin  ((754)  =  (4(7)  sin  (4(75). 
Also  the  triangle  (ABC  A)  =  J  (5(7)  (Z4). 

323.  Now  let  us  take  the  area  (45(74)  to  be  positive;  so  as 
to  correspond  to  the  positive  rotation  from  (5(7)  to  (54),  i.e.,  the 
angle  (CBA)',  and  to  that  from  (AC)  produced  to  (5(7)  produced, 
i.e.  the  angle  (4(75). 

Then  take  (5(7)  as  an  initial  line,  which  will,  therefore,  be 
primarily  positive. 

Hence  (Z4),  which  makes  a  positive  right-angle  with  (5(7),  is 
secondarily  positive. 

Of  the  angle  ((754),  (5(7)  is  the  initial,  (54)  is  the  final  line; 
these  are,  therefore,  positive. 

Of  the  angle  (4(75),  ((74)  is  the  initial  line  reversed,  ((75)  is 
the  final  line  reversed;  these  are,  therefore,  negative. 

(LC)  is  positive  or  negative  according  as  it  is  like  or  unlike 
(5(7);  i.e.  according  as  (7  is  acute  or  obtuse. 

(BL)  is  positive  or  negative  according  as  it  is  like  or  unlike 
(5(7)  ;  i.e.  according  as  5  is  acute  or  obtuse. 

The  signs  in  all  the  above  equations  are,  therefore,  accounted 
for. 

324.  We  have,  therefore,  three  separate  sets  of  conventions 
according  to  the  side  and  its  perpendicular  which  we  consider. 

In  each  case,  however,  we  maintain  the  direction  (ABC  A)  or 
(SCAB)  or  ((745(7)  as  positive  for  the  area. 
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Then,  in  the  three  cases,  we  take  (EC),  (CA),  (AB)  as  primarily 
positive. 

And  hence  (LA),  (MB),  (NO) — which  make  positive  right- 
angles  with  these — are  secondarily  positive. 

But  the  three  sets  of  conventions  must  not  otherwise  be  com- 
bined. 

For,  as  we  see  in  Art.  322,  when  we  drop  a  perpendicular  on 
(BC),  (BA)  and  (AC)  (which  follow  the  order  B,  G)  are  regarded 
as  positive :  whereas  they  are  each  negative,  when  taken  by  them- 
selves as  initial  lines. 

325.  The  convention,  at  which  we  have  arrived  with  respect 
to  perpendiculars  on  the  sides,  is  of  great  importance.  It  is  as 
follows : 

Perpendiculars  drawn  from  a  side  towards  the  opposite  angle 
are  positive. 

Example  1.  If  J  be  any  point,  and  if  x,  y,  z  represent  perpen- 
diculars from  J  to  the  sides — directed  from  the  sides  to  J — and  a,  b,  c 
represent  the  lines  (BC),  (CA),  (AB),  and  if  A  represent  the  area 
(ABC A) ;  then  in  every  case 

ax+by  +  cz=%  A. 

This  follows  from  Ex.  x.  110. 

Example  2.  Let  0  be  the  orthocentre  of  ABC',  and  AL  perpen- 
dicular upon  BC.  Apply  the  convention  of  signs  to  the  algebraical 
expressions  for  LO  and  OA. 

If  ABC  is  an  acute-angled  triangle  we  see  from  Art.  212,  that 
LO  =  ZR  cos  B  cos  C;  and  OA  =  ZR  cos  A. 

Now,  if  A  is  obtuse,  OA  must  be  drawn  towards  BC;  because  0  is 
within  the  space  between  BA  and  CA  produced.  But  in  this  case 
cos  A  is  negative.  Hence  we  have  always 

(OA)  directed =  2R  cos  A. 

Again,  if  B  is  obtuse,  (LO)  must  be  drawn  away  from  A,  because 
0  is  within  the  space  between  CB  and  AB  produced.  But  in  this  case 
cos  B  is  negative.  Hence  we  have  always 

(LO)  directed=ZR  cos  B  cos  C. 
Furthermore,  (LO)  +  (OA)  =  (LA). 

Now    2/2  cos  B  cos  C+2R  cos  A  =  2R  cos  B  cos  C-2R  cos  (B+ C) 
=  2/2  sin  .5  sin  C, 
=  b  sin  C, 
which  is  the  obvious  value  of  (LA). 

J.  T.  16 
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EXAMPLES  XII. 

1.  It  A,  JB,  C,  D,  E  are  points  taken  in  order  on  a  line,  find 
the  directed  length  which  is  equivalent  to  each  of  the  following 
combinations  of  directed  lengths  :  — 

(1)     (AB)  +  (BC)+(CD)  +  (DE).     (2)    (AC)  +  (CE)-(DE). 
(3)     (BE)  +  (ED)  -  (CD).     (4)     (DE)  +  (EA)  -  (DC). 


2.  Show  how  symbols  denoting  directed  lengths  may  be  used 
in  solving  the  following  problem  :  — 

Two  persons  A  and  B  walk  along  a  road  in  the  same  direc- 
tion :  —  A,  at  the  rate  of  a  miles  an  hour  ;  B,  at  the  rate  of  b 
miles  an  hour.  At  a  certain  moment  A  is  at  a  place  c  miles  from 
a  town  0  (towards  which  he  is  then  walking),  and  B  at  a  place  d 
miles  from  the  same  town  on  the  same  side  of  it.  Find  where 
and  when  A  and  B  are  to  be  found  together  :  distinguishing  the 
cases  according  as  a  >  or  <  b,  c>  or  <  d,  a/c  >  or  <  b/d. 

Prove  the  following  identities  :  —  (3  —  8). 

3.  (sin  150°  -  cos  150°)  (sin  120°  +  cos  120°)  =  cos  (-  60°). 

4.  (sin  225°  +  sin  240°)  (cos  210°  -  cos  225°)  =  sin2  150°. 

5.  sin  2  10°  +  sin  240°  =  .72  cos  165°. 

6.  cos  (-30°)  +  cos  120°  =  72  sin  165°. 

7.  cos  (-  36°)  =  cos  300°  +  cos  288°. 

8.  sec  STT  =  tan  855°  =  cosec  ±7ir  =  2  cos  840°. 

9.  Given  sec  A  =  7,   find  tan  A  and  cosec  A.     Explain   the 
reason  why  each  result  is  ambiguous. 

10.  Given  180°  >  A  >  90°,  and  sin  A  =  £  ;  find  cos  A. 

11.  Given  270°  <  A  <  360°,  and  tan2  A  =  J,  find  sin  A. 

12.  Give   the    complete   solutions   of   the    following    equa- 
tions :—  (13—  32). 

13.  sin^  =  i.     14.    $an4=i;     15. 
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16.  tan^=tan!9°.     17.    2  sin2  A  =  1.      18.    ^2.  sin  .4  =  1. 

19.  sin2  0  =  cos2  0.     20.    sin  0  =  cos  0.     21.    tan2  6  =  3. 

22.  2  cos  x  +  2  sec  x  =  5.     23.    3  tan2  6+8  cos2  0  =  7. 

24.  8  cos4  0  +  10  sin2  6  =  7.     25.    cosec  6  =  2  sin  6. 

26.  2  sin  A=  tan  ^.     27.    4  +  4  cos  A  =  3  sec  A. 

28.  cot0-tan0  =  cos0  +  sin0.     29.    sec3  0-  2  tan2  0=  2. 

30.  tan;;>0  =  cot  q6,     31.    vers  0  =  0.     32.     tan  0  =  ±  1. 

33.  Find  the  values  of  the  ratios  of  the  following  angles  :  — 

150°,      ,  250*,  765°,  -60°,  -       ,  945°,  108°,  -,  2 


TT  -  -  , 


OTT 


34.  Trace  the  changes  in  magnitude  and  sign  of  each  of  the 
ratios  of  an  angle  which  increases  from  0  to  360°. 

35.  Show  that  a  ratio  always  changes  its  sign,  as  it  passes 
through  the  value  0  or  oo  . 

36.  Show  that  for   any   value  of   A,  sin  (90°  —  A)  =  cos  A  ; 
cos  (90°  -A)  =  sin  A  •  sin  (90°  +  A)  =  cos  A  ;  cos  (90°  +  A)  =  -  sin  A. 

37.  Show  that 


sn 
and  that 
sin 


in  I  (47i  +  1)  |  -  A  \  =  cos  A  =  sin  \  (±n  +  1)  |  +  A  I  , 


n  +  3)  ^  -  ^1>  =  -  cos  A  =  sin  |  (4n  +  3)  ^  +  A  I  . 


38.     Trace  the  changes  in  sign  and  magnitude  as  A  increases 
from  0  to  360°  of 

sin  A  +  cos  A  ;  sin  A  —  cos  A  -}  tan  A  +  cot  A  ;  tan  ^1  -  cot  A  ; 

.  ,    cos  A  +  sin  ^ 

sin  A  .  cos  ^  :  tan  A  .  sec  A  :  cos  yl  .  cot  A  :  -  :  —  -  . 

'  cos  A  -  sin  A 

[The  values  of  these  expressions  at  the  beginning  and  end  of 
each  octant  should  be  given.] 

16—2 
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39.  Prove 

(i)     If  n  is  even,  sin  n  (|ir  -  0)  =  (-  1)  2~*  sin  nB ; 
(ii)    If  n  is  even,  cos  n  (  JTT  -  0)  =  (—  1')'  cos  w# ; 

M-l 

(iii)    If  n  is  odd,  sin  n  (|TT  -  0)  =  (-  1)  2  cos  nO ; 

OT-l 

(iv)    If  n  is  odd,  cos  n(J?r  —  0)  =  (—  1)  2  sin%0. 

40.  Show     that     £  (4w  +  l)*-*^  -  4)     and     n7r+(-l)'lJ 
represent  the  same  series  of  angles. 

41.  Show  that 

(i)     sin"1  a±  cos"1  ^/(l  —  a2)  =  nir, 

(ii)    sec-1  a  ±  tan-1  ^/(a2  -  1)  =  WTT, 

(iii)   cot"1  a  ±  cosec"1  ^/(a2  +  1)  =  WTT, 

if  one  or  other  of  the  signs  is  taken  in  each  case. 

42.  If  we  interpret  ^m  to  mean  the  positive  quantity  whose 
square  is  ra ;  and  sin"1  a  to  mean  the  numerically  smallest  angle, 
whose  sign  is  the  same  as  that  of  a,  and  whose  sine  =  a ;  and  so 
cos"1  a,  tan"1  a  &c.  :  show  that 

(i)  Ja* .  sin-1  a  =  a.  cos'1  ^(1  -  a2), 

(ii)  Jo? .  tan-1  a  -  a  .  sec"1  7(a2  +  1), 

(iii)  J<#  .  cos-1  a  =  Ja* .  sin-1  J(l  -  a2)  +  Jir  (a  -  Ja?\ 

(iv)  ^a2 .  sec-1  a  =  Ja\  tan-1  ^(a2  -  1)  +  JTT  (a  -  ^/a2), 

(v)  ^/a,2 .  sin"1  a  +  a .  cos"1  a  =  \TT  .  Jo?. 


CHAPTER  XIII 
RATIOS  OF  COMPOUND  ANGLES. 

§  1.     SUM  AND  DIFFERENCE  OF  TWO  ANGLES. 

326.     To  find  the  sine  and  cosine  of  A  +  90°  and  of  A-  90°, 
for  all  values  of  A,  in  terms  of  the  ratios  of  A. 

Let  01  be  an  initial,  and  OF  a  final  line. 

Let  OK  make  a  positive  right-angle  with  01,  so  that  angle 
10 K  is  a  positive  right-angle. 

Let  10  be  produced  to  /',  so  that  KOI'  is  a  positive  right- 
angle. 

Then  in  determining  the  ratios  of  10 F, 

01  is  the  direction  for  positive  bases, 
OK  is  the  direction  for  positive  perps. 

But  in  determining  the  ratios  of  KOF, 

OK  is  the  direction  for  positive  bases, 
01'  is  the  direction  for  positive  perps. 

Hence,  for  any  given  position  of  OF, 

base  for  IOF=  -  perp.  for  KOF, 
perp.  for  10 F=  +  base  for  KOF. 

:.  cos  IOF=  -  sin  KOF  (1), 

and    sin  IOF=  +  cos  KOF  (2). 
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I.  Then  let  KOF=  A,  then  10  F=  A  +  90°. 

.'.  (1)  becomes  cos  (A  +  90°)  =  —  sin  A (3), 

(2)  becomes  sin  (A  +  90°)  =  +  cos  A (4). 

II.  Let  IOF=  A,  then  KOF  =A-  90°. 

/.  (1)  becomes  sin  (A  -  90°)  =  -  cos  A (5), 

(2)  becomes  cos  (A  -  90°)  -  +  sin  A (6). 

327.  These  formulae  may  be   applied  to  find  the  ratios  of 
A  ±  180°,  A  ±  270°  &c.,  in  terms  of  ratios  of  A.     Thus 

sin  (A  +  180°)  i.e.  sin  {(A  +  90°)  +  90°}  -  cos  (A  +  90°)  by  (4) 

=  -  sin  A  by  (3), 
cos  (A  +  1 80°)  i.e.  cos  {(A  +  90°)  +  90°}  -  -  sin  (A  +  90°)  by  (3) 

=  —  cos  A  by  (4), 
and  so  on. 

328.  In  the  next  articles  we  give  the  usual  proofs  of  the 
formulae  for  the  sine  and  cosine  of  the  sum  and  difference  of  two 
angles,  confining  ourselves  to  positive  acute  angles. 

329.  To  find  the  sine,  cosine,  and  tangent  of  the  sum  of  two- 
angles,  in  terms  of  the  ratios  of  the  angles. 


SUM  AND  DIFFERENCE  OF  TWO   ANGLES. 
Let  XOY=  A,  and  YOZ  =  B,  then  XOZ  =  A  +  B. 
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In  OZ,  the  final  line  of  the  compound  angle  A  +  B,  take  any 
point  P. 

From  P,  draw  PM,  PQ  perpendiculars  upon  OX,  OY  —  the 
initial  and  final  lines  of  A  —  respectively. 

From  Q,  draw  QN,  QR  perpendiculars  upon  OX,  MP  respec- 
tively. 

Then        LQPR  =  W°-  LRQP  =  ±OQR  =  LXOQ  =  A. 

[Or  :  RP,  QP  being  perpendiculars  upon  OX,  0  Y  contain 
the  same  angle  as  OX,  OYJ\ 

___    MP     MR  +  RP     NQ     RP 

(1)     siii(A  +  B)  =  siuXOZ=^p  =    —^-   =  w  +  -Qp 

=  [introducing  required  hyps,  under  the  numerators] 
NQ     OQ     RP     QP 
OQ  '  OP  +  QP  '  OP 

=  sin  NOQ  .  cos  QOP  +  cos  QPR  .  sin  QOP 
=  sin  A  .  cos  B  +  cos  A  .  sin  B. 

OM     ON-MN     ON     RQ 
-      ~       ~OP~' 


(2)     cos 


cos 


QP  OPOP 

=  [introducing  required  hyps,  under  the  numerators] 


. 

OQ  'OP     QP'  OP 

=  cos  NOQ  .  cos  QOP  -  sin  QPR  .  sin  QOP 
=  cos  A  .  cos  B  —  sin  A  .  sin  B. 
Since  the  triangles  NOQ,  RPQ  are  similar, 
RP      QP  n 


(3) 


NQ     RP 

ON+  ON  tan  A+  tan  B 

ON     "RQ      "RP  ~  I  -  tan  A  .tan  B 
~ON~  RP  '  ~ON 
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330.      To  find  the  sine,  cosine,  and  tangent  of  the  difference  of 
two  angles  in  terms  of  the  ratios  of  the  angles. 


O  N  M 

Let  XOY  =  A,  and  ZO  Y  =  E.     Then  XOZ  =  A-B. 

In  OZ,  the  final  line  of  the  compound  angle  A  —  B,  take  any 
point  P. 

From  P  draw  PM,  PQ  perpendiculars  upon  OX,  OY — the 
initial  and  final  lines  of  A — respectively. 

From  Q  draw  QN,  QR  perpendiculars  upon  OX,  MP  respec- 
tively. 

Then      L  QPR  =  90°  -  L  RQP  =  L  RQY=  L  XOQ  =  A. 

[Or  :  RP,  QP  being  perpendiculars  upon  OX,  0  Y  contain  the 
same  angle  as  OX,  OY.~\ 

(A      z?\      •     vnr,    MP     MR- PR     NQ     PR 
(1)     sm^-^smJTO^^-^^^-- 

=  [introducing  required  hyps,  under  the  numerators] 

NQ      OQ  _PR     PQ 

OQ  '  OP     PQ  '  OP 
=  sin  NOQ  .  cos  POQ  -  cos  QPR .  sin  POQ 
=  sin  A  .  cos  B  —  cos  A  .  sin  B. 
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(2) 


OM     ON+NM 
^=        Qp 


ON 
OP 


QR 
OP 


=  [introducing  required  hyps,  under  the  numerators] 
ON     OQ     QR     PQ 
OQ  '  OP+PQ  '  OP 
=  cos  NOQ  .  cos  POQ  +  sin  QPR .  sin  POQ 
=  cos  A  .  cos  B  +  sin  A  .  sin  B. 
Since  the  triangles  NOQ,  RPQ  are  similar, 

PR  _PQ 
"  ON~  OQ 


(3)     tan  (A-£)  =  tan  XOZ  = 


NQ 
ON 


PR 
ON 


ON 
ON 


QR 
PR 


PR 
ON 


MP  _  NQ  -  PR 
~OM~  ON+QR 


tan  A  —  tan  B 
1  +  tan  A  tan  B  ' 


331.     We  may  combine  the  above  two  figures  into  one,  if  we 
dash  the  letters  Z,  P,  M,  R  in  the  second  figure.     Thus 


Let  XOY=A,  and  YOZ  =  Z'OY=B. 
Then  XOZ  =  A+B,  and  XOZ'  =  A-B. 
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In  OF  take   any  point  Q;    through  Q  draw  PQF  perpen- 
dicular to  OF,  cutting  OZ,  OZ'  in  Pt  P'. 

Draw  QNj  PM,  P  'M'  perpendiculars  on  OX  • 
and      RQR'  perpendicular  to  QN,  cutting  PM,  PM'  in  R,  R'. 
Then  OP  =  OP',  RQ  =  QR,  RP  =  P'R'. 

Also      L  QPR'  =  L  QPR  =  90°  -  L  RQP  =  L  OQR  =  A, 


sin  (A  +  B)  +  sin  (A-£)  =  sin  XOZ  +  sin  XOZ'  =  —    + 


2.NQ     2  .  NQ      OQ  _ 
'         ~ 


~~OP~  ~OT      ~0(T  '  OP 

MP 
sin  (A  +  B)  -  sin  (A-B)  =  sin  JTO^-  sin  XOZ'  =  ==± 

(NQ+RP)-(NQ-P'R'}     2.RP     2  .  RP     QP 
OP  HOP-   :-^p-  '  g?- 


cos  (^  -  J?)  +  cos  (4  +  jB)  =  cos  XO^'  +  cos  XOZ=         + 


__  (ON+  QR)  +  (ON-RQ)  _  2  .  ON  _  2  .  ON     OQ  _e> 
~OP~  ~OF~     ~O~  '  OP~ 

cos  (A-B)-  cos  (A  +  £)  =  cos  XOZ'  - 

(ON  +QR')-  (ON-RQ)     2  .  RQ     2.RQ     QP 
~OP~  ~OF~~   ~QP~'  OP  = 

332.     Taking  the  angle  XOZ  to  be  P,  and  XOZ'  to  be  Q  in 
the  above  figure,  from  Art.  116,  we  see  that 

XO  7=  J  (XOZ  +  JT02T)  =  J  (P  +  (?) 
and  70^  =  &  (2T0#-  ^0^x)  =  J  (P-  C). 

Hence  the  above  formulae  take  the  form 

sin  P  +  sin  <)  =  2  sin  J  (P  +  ^)  cos  J  (P-  ^), 
sin  P  -  sin  $  =  2  cos  J  (P+  §)  sin  \  (P  -  Q), 
cosQ  +  cosP  =  2co$l(P  +  Q)cos±(P  -Q), 
cos  Q  -  cos  P  =  2  sin  J  (P  +  Q)  sin  J  (P  -  Q). 
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Extension  of  formula  to  all  angles. 

333.  (1)  To  extend  the  A  +  B  formulce  to  all  positive  acute 
values  of  A  and  B. 

Let  A  and  B  be  positive  acute  angles ;  but  A  +  B  obtuse. 

Let^  =  90°-<7;  and  £  =  90°  -  Z>. 

Then  A  +  B  =  180°  -  (C  +  Z>),  /.  C  +  D  is  acute. 

Now  sin  (A  +  JS)  i.e.  sin  {180°  -  (C  +  D)} 

=  sin  (C  +  Z>),  by  Art.  308, 

=  sin  C  cos  D  +  cos  C  sin  D,  by  Art.  329, 

=  cos  (90°  -  C)  sin  (90°  -  D)  +  sin  (90°  -  C)  cos  (90°  -  D), 

by  Art.  76, 
i.e.  cos  A  sin  B  +  sin  A  cos  B.  Q.  E.  D, 

And  cos  (A  +  B}  i.e.  cos  {180°  -  (C  +  D)} 

=  -  cos  (C  +  D),  by  Art.  308, 
=  -  cos  0  cos  D  +  sin  C  sin  Z>,  by  Art.  329, 
=  -  sin  (90°  -  C)  sin  (90°  -D)  +  cos  (90°  -  C)  cos  (90°  -  D\ 

by  Art.  76. 

i.e.  -  sin  A  sin  B  +  cos  A  cos  B.  Q.  E.  D. 

334.  (2)  To  extend  the  A  +  B  formulce  to  all  positive  values 
of  A  and  B. 

Assume  that  for  some  particular  two  values  of  A  and  B, 

sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B  (1) 

cos  (.4  4-  2?)  =  cos  .4  cos  B  —  sin  A  sin  .5 (2). 

Let  £'  =  £  +  90°. 

Then 

sin  (4  +  B')  i.  e.  sin  {A  +  (B  +  90°)}  =  cos  (A  +  B),  by  Art.  326, 
=  cos  A  cos  B  —  sin  A  sin  .5,  by  assumption, 
=  cos  ^1  sin  (90°  +  B)  +  sin  ^  cos  (90°  +  B),  by  Art.  326, 
i.e.  cos  A  sin  B'  +  sin  .4  cos  B'. 
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And 

cos  (A  +  B')  i.e.  cos  {A  +  (£  +90°)}  =  -  sin  (A  +  £),  by  Art.  326, 
=  —  sin  A  cos  B  -  cos  A  sin  JB,  by  assumption, 
=  -  sin  A  sin  (90°  +  B)  +  cos  A  cos  (90°  +  £),  by  Art.  326, 
i.e.  -  sin  A  sin  B'  +  cos  A  cos  B'. 

Thus,  assuming  the  formulae  (1)  and  (2)  for  any  given  values 
of  A  and  J3,  we  have  proved  them  true  for  values  A  and  5  +  90°. 

But  they  have  been  proved  in  last  article  to  be  true  for  all 
positive  acute  angles. 

Hence  they  are  true  for  all  positive  angles  of  any  magnitude. 

335.  (3)    To  extend  the  A  +  B  formulae  to  all  values  of  A  and 
B  positive  or  negative. 

Assuming  the  formulae  true  for  some  particular  two  values  of 
A  and  B,  we  may  prove  precisely  as  in  the  last  article  that  they 
are  true  for  A  and  B  —  90°,  by  means  of  the  formulae  of  Art.  326, 

sin  (B  -  90°)  =  -  cos  B  and  cos  (B  -  90°)  =  +  sin  B. 

Hence,  by  induction,  the  formulae  hold  for  all  negative  (as 
well  as  positive)  values  of  A  and  B. 

336.  (4)     To   prove   the   A  -  B  formulae  from   the   A  +  B 
formulae. 

sin  (A  -  B)  i.e.  sin  {A  +  (-£)} 

—  sin  A  cos  (—  £)  +  cos  A  sin  (—  B) 

=  sin  A  cos  B  —  cos  A  sin  B  by  Art.  308, 

cos  (A  -  B)  i.e.  cos  {A  +  (-  B)} 

=  cos  A  cos  (-  B)  —  sin  A  sin  (—  B) 

=  cos  A  cos  B  +  sin  A  sin  B  by  Art.  308. 

Hence  the  A—  B  formulae  follow  from  the  A  4- B  formulae,  for 
any  values  of  A  and  B. 
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337.  Another  method  of  extending  the  proof  of  the  formulae 
of  Arts.  329,  "330  to  angles  of  any  sign  or  magnitude  is  to  sub- 
stitute directed  lengths  for  arithmetic  lengths  in  those  proofs. 

The  order  of  lettering  has  been  so  chosen  that  no  change  need 
be  introduced  in  the  general  proofs,  except  that  the  lengths  are 
to  be  regarded  as  directed  lengths. 

Now  as  far  as  the  original  angles  A,  B,  A  +  B,  A—B  are 
concerned,  all  the  equations  are  seen  by  inspection  to  be  true 
from  the  general  definitions  of  ratios,  because  of  the  fundamental 
formula  for  directed  lengths  (LM  )  +  (MN)  =  (LN). 

But   it   is   not   evident   by  inspection  that  in  all    cases  the 
following  equations  hold  in  sign  as  well  as  in  magnitude,  viz. 
(BF)  ,  (BQ) 

™ 


The  student  may,  by  drawing  appropriate  figures,  work  out 
for  himself  some  of  the  64  cases  which  arise,  according  to  the 
different  values  of  A,  B,  A  +  B,  A—B. 

But  a  more  general  proof  will  be  given  below. 

338.  In  comparing  the  A  -  B  with  the  A  +  B  proofs  the 
student  should  observe  that  since  (HP]  =  —  (PR)  and  so  on,  the 
proofs  are  exactly  equivalent,  except  that,  since  in  the  (A  +  B)  case, 
B  =  (  YOZ)  or  (QOP)  ;  but  in  the  A  -  B  case,  B  =  (ZOT)  or  (POQ\ 
we  have 

in  the  former,  sin  B  =  j      *  , 

in  the  latter,  sin  B  =  Lj9  . 

In  each  case,  of  course  sin  (QOP)  —  .  ,.    *  , 

and  si 

The  two  cases  are  reduced  to  one  case,  if  we  always  take 
(YOZ)  to  be  B,  and  apply  it  to  negative  (as  well  as  positive) 
values  of  B. 
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§  2.     PROJECTIONS  AND  ERECTIONS*. 

339.  DBF.  1.  The  projection  of  a  directed  length  on  an 
indefinite  line  is  the  directed  distance  between  the  two  perpen- 
diculars to  the  indefinite  line  drawn  through  the  extremities  of 
the  directed  length. 

DBF.  2.  The  erection  of  a  directed  length  on  an  indefinite 
line  is  the  directed  distance  between  the  two  parallels  to  the 
indefinite  line  drawn  through  the  extremities  of  the  directed 
length. 


M 


X'  X 

Thus,  if  OH  is  any  directed  length,  and  X'X  an  indefinite 
line,  and  if  OM,  HBN  be  perpendiculars  upon  X'X,  and  if  HQ, 
OBP  be  parallels  to  X'X  (see  figure)  then 

(MN)  or  (OB)  is  the  projection  of  (OH)  upon  X'X;  and 
(PQ)  or  (BH)  is  the  erection  of  (OH)  upon  X'X. 

The  projection  is  thus  parallel  to  the  indefinite  line ;  and  the 
erection  is  perpendicular  to  it. 

It  is  clear  that  the  erection  upon  one  line  is  the  projection 
upon  any  perpendicular  to  it ;  and  vice  versa. 

*  The  definitions  of  these  terms  are  given  here  on  the  supposition  that  all 
the  lines,  to  which  reference  is  made,  are  in  one  plane. 
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340.  Prop.  I.  If  A,  B,  C  be  any  three  points  and  X'X  any 
line,  the  projection  (or  erection)  of  (AC)  upon  X'X  is  equal  to 
the  sum  of  the  projections  (or  erections)  of  (AB)  and  (BC)  upon 
X'X. 


For,  let  AL,  BM,  CN  be  perpendiculars  upon  X'X. 
Then,  however  L,  M,  N  may  fall,  we  have 


i.e.  projection  of  (AC)  =  projection  of  (AB)  +  projection  of  (BC). 

Since  the  erection  is  merely  the  projection  on  a  perpendicular, 
the  same  proposition  holds  of  erections. 

341.  Prop.  II.  The  sum  of  the  projections  or  erections  of 
the  sides  of  any  closed  figure,  directed  from  point  to  point  round 
the  figure,  is  zero. 

For,  let  ABCDEFbe  such  a  closed  figure. 
Then,  by  Prop.  I., 

proj.  of  (AB)  +  proj.  of  (BC)  =  prqj.  of  (AC) 
and  proj.  of  (AC)  +  proj.  of  (CD)  =  proj.  of  (AD) 

and  proj.  of  (AD)  +  proj.  of  (DE)  =  proj.  of  (AE) 

and  so  on. 
Finally 

proj.  of  (AF)  +  proj.  of  (FA)  =  zero. 

.'.     proj.  of  (AS)  +  proj.  of  (BC)  +  ...  +  proj.  of  (FA)  =  zero. 
The  same  clearly  holds  of  erections. 
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342.  The  projection  and  erection  of  any  directed  length  upon 
any  indefinite  line  are  obtained  by  multiplying  the  directed  length 
by  the  cosine  and  sine  respectively  of  the  angle  which  the  positive 
direction  along  the  directed  length  makes  with  the  positive  direction 
along  the  indefinite  line. 

For  consider  a  line  to  revolve  round  0  from  its  (positive) 
initial  direction  parallel  to  X'X  or  XX'  to  its  (positive)  final 
direction  along  OH  or  HO  (produced),  and  so  describe  an  angle  6. 
[See  fig.  Art.  339.] 

Then  (OJ3),  (OH)  —  directed  from  0  —  are  respectively  base 
and  hypothenuse. 

And  (£H)  —  directed  from  the  initial  line  —  is  the  perpen- 
dicular. 

Thus 


.'.  (OS)  =  (OH)  cos  6  and  (BE)  =  (OH)  sin  0. 

343.     To  find  the  cosine  and  sine  of  the  sum  of  two  angles  by 
projections  and  erections. 
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Let  (XOY)  be  any  angle   A;    (YOZ)  any   angle   B  ;    then 


In   (OY)   take  any  point  Q  :    through  Q   draw    QX'  in   the 
direction  OX,  and  QE  making  a  positive  right-angle  with  OY. 
Then  L  X'QE  is  always  90°  +  X'QY  i.e.  90°  +  A. 

Let  QE,  OZ  —  either  being  produced,  if  necessary  —  cut  in  P. 
Then,  by  Art.  340, 

proj.  of  (OP)  =  proj.  of  (OQ)  +  proj.  of  (QP), 
and  erec.  of  (QP)  =  erec.  of  (OQ)  +  erec.  of  (QF). 

Taking  these  projections  and  erections  upon  OX, 

(OP)  cos  (XOZ)  =  (OQ)  cos  (X07)  +  (QP)  cos  (X'QE), 
and       (OP)  sin  (XOZ)  =  (OQ)  sin  (XOY)  +  (QP)  sin  (X'£^). 

But  (OQ),  (QP)  are,  respectively,  the  projection  and  erection 
of  (OP)  upon  (OY). 

.'.  (OQ)  =  (OP)  cos  (FOZ)  and  (QP)  -  (OP)  sin  (  YOZ). 
Substituting  and  dividing  by  (OP)  we  have 

cos  (A  +  B)  —  cos  B  .  cos  A  +  sin  B  .  cos  (90°  +  A), 
sin  (J.  +  i?)  =  cos  B  .  sin  A  +  sin  j5  .  sin  (90°  +  A). 

But,  by  Art.  326, 

cos  (90°  +  A)  =  -  sin  A  and  sin  (90°  +  A)  =  +  cos  A, 

cos  (A  +  B)  =  cos  A  cos  -6  -  sin  A  sin  .5, 
and  sin  (A  +  B)  =  sin  A  cos  j5  +  cos  A  sin  -6. 

The  above  proof  is  perfectly  general. 
Hence,  writing  —  B  for  B, 

since  cos  (—  B)  =  +  cos  B  and  sin  (—  B)  =  —  sin  B, 

cos  (  J.  -  B)  =  cos  .4  cos  B  +  sin  .4  sin  B, 
and          .      sin  (J.  —  B)  =  sin  .4  cos  B  —  cos  -4  sin  B. 

344.     The   student  should  observe  that  the   important  tri- 
angular formulae 

c  sin  B  =  b  sin  C, 
c  cos  B  +  b  cos  C  =  a, 

are  obtained  simply  by  erecting  and  projecting  upon  BC. 
J.  T.  17 
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S  3.     EXTENSION  TO  THREE  OR  MORE  ANGLES. 

5 

345.     To  find  the  sine,  cosine,  and  tangent  of  the  sum  of  three 


(i)     sin  (A  +  B  +  C)  i.e.  sin  {(A  +  B)  +  C} 

=  sin  (A  +  B)  cos  G  +  cos  (A  +  B)  sin  C 
=  sin  A  cos  B  cos  C  +  cos  A  sin  B  cos  C  +  cos  A  cos  5  sin  C 

-  sin  ^4  sin  B  sin  (7. 

(ii)     cos  (A  +  B  +  C)  i.e.  cos  {(4  +  B)  +  C} 

—  cos  (A  +  -5)  cos  (7  —  sin  (A  +  B)  sin  C 
=  cos  J.  cos  B  cos  (7 

-  sin  A  sin  .Z?  cos  C  —  sin  J.  cos  B  sin  (7  —  cos  A  sin  .5  sin  C'. 

(iii)     tan  (A+B  +  C)  i.e.  tan  {(A  +  B)  +  0} 
tan  ( J.  +  B)  +  tan  (7 


tan  A  +  tan  B 

+  tan  C 


1  -  tan  A  tan  B 

(tan  A  +  tan  B)  tan  C 

1  -  tan  -4  tan  B 

tan  J.  +  tan  B  +  tan  (7  —  tan  A  tan  .Z?  tan  C 
~  1  —  tan  -4  tan  J5  —  tan  A  tan  (7  —  tan  B  tan  (7 ' 

346.  These  formulae   should   be   carefully  noted   and   their 
symmetry  examined.     In  the  same  way  we  may  prove  formulae 
involving  three  angles  one  or  more  of  which  is  subtracted. 

347.  The  following  results  should  be  noticed  : — 

(cos  A  +  sin  A )  (cos  B  +  sin  B) 
=  cos  A  cos  B  +  sin  A  cos  B  +  cos  A  sin  B  +  sin  A  sin  B. 

Here  first  term  -  last  term  =  cos  (A  +  B), 

and  the  middle  terms        =  sin  (A  +  B). 

Again  (1  +  tan  A)  (I  +  tan  B) 

=  1  +  tan  A  +  tan  B  +  tan  A  tan  B. 
Here         first  term  -  last  term  =  den.  of  tan  (A  +  B), 
and  the  middle  terms        =  num.  of  tan  (A  +  B). 
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348.  Again 

(cos  A  +  sin  A)  (cos  B  +  sin  B)  (cos  C  +  sin  C) 
=  (cos  A  cos  B  cos  C} 

+  (sin  A  cos  B  cos  C  +  sin  ,5  cos  C  cos  .4  +  sin  C  cos  .4  cos  B} 
+  (cos  J.  sin  B  sin  (7  +  cos  B  sin  C  sin  J.  +  cos  C  sin  ^4  sin  B) 

+  (sin  J.  sin  B  sin  C). 

Here,  arranging  the  terms  in  groups  according  to  the  number 
of  sines  in  each  term,  we  have 

first  group      —  third  group    =  cos  (A  +  B  +  C), 
second  group  -  fourth  group  =  sin  (A  +  B  +  C). 

349.  The   result   suggested   by  the   last   two   articles  may 
be  shown  to  be  true  for  any  number  of  angles. 

350.  Arrange  the  product 

(cos  A  +  sin  A)  (cos  B  +  sin  B)  (cos  C  +  sin  C). . . 
to  any  number  of  factors,  in  groups  of  terms,  according  to  the 
ascending  number  of  sines  in  each  term. 

Then  the  expansions  of 

cos(A+£  +  C  +  ...)  and  of  sin  (A  +B  +  C+  ...) 
will  consist  respectively  of  the  above  groups,  taken  alternately 
but  with  alternate  sign. 

In  other  words,  if  the  product  of  n  factors 
(cosA  +  siYLA)(co$B  +  sinB)...=S0  +  Sl  +  ...  +Sr+  ...  +  Sn  (4), 
wherein  each  term  of  the  group  Sr  contains  r  sines,  then 

cos(^+.5+  ...)  =  S0-S2  +  S4- (2), 

sm(A  +  B+...)=S1-S3  +  S5- (3). 

For  assume  this  to  be  true  for  n  angles. 

Introduce  an  (n  +  4)lh  angle,  X  say.     Then,  by  multiplication 

^  (1), 

(cos  A  +  sin  A)  (cos  B  +  sin  B)... (cos  X+  sin  X) 
=  (SQ  +  Si  +  —  +  Sn)  cos  X  +  (S0  +  #!  +  ...  +Sn)smX 
=  SQ  cos  X  +  (#!  cos  X  +  S0  sin  X)  +  (Sa  cos  X  +  Sl  sin  X) 

+  (S3  cos  X  +  S2  sin  X)+ (4'), 

17—2 
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where  the  terms  are  grouped  according  to  the  number  of  their 
sines. 

But 

cos  (A  +  B  + . . .  +  X)  —  cos  (A  +  J3+ . . .)  cos  A"—  sin  (A  +  B  +  . . .)  sin  A" 
=  (S0 -  £a  +  #4-  ...)  cos  X^(S1-S9  +  S8-...)  sin  X 
=  S0  cos  X  -  (S2  cos  X  +  S}  sin  X)  +  (S4  cos  X  +  Ss  sin  X)  -  . . .  (2'), 
by  (2)  and  (3). 

And 
sin  (A  +  £+  ...  +  X)  =sin(A  +  £  +  ...)cos  X+cos(J.  +  £  +  ...)  sin  X 

=  (S1-SS  +  S5-  ...)  cosX  +  (S0  -  S2  +  S4-  ...)  sin  A' 

=  (Sl  cos  X  +  ^Osin  X)  -  (S9  cos  X  +  S2  sin  X)  +  (3'), 

by  (2)  and  (3). 

Comparing  (I'),  (2'),  (3')  we  see  that  the  proposition  holds 
for  (n  +  1)  angles,  if  it  is  assumed  for  n.  Now  it  has  been  seen 
to  be  true  for  2  or  for  3  angles,  .'.  it  is  true  for  any  number  of 


351.  In  the  same  way  the  student  may  show  that  if  the 
product  (1  +  tan  A)  (1  +  tan  B)  (1  +  tan  (7). .  .to  any  number  of 
factors  is  arranged  in  ascending  groups  of  terms  according  to  the 
number  of  tangents  in  each  term,  then  the  den.  and  num.  of 
tan  (A  +  B  +  C  +  . . . )  will  consist  respectively  of  the  above  groups, 
taken  alternately  but  with  alternate  sign.  In  other  words 

If  (1  +  tan  A)  (1  +  tan  B)...  =  1  +  T,  +  T2+  ...  +  Tr  +  ...  +  Tn, 
then  tan  ( 


Similarly, 

if      (cot  ^  +  1)  (cot  5+1). ..=^  +  ^  +  ^2+  ...+^+...  +  1, 
where  Kr  denotes  the  group  of  terms  containing  n  —  r  cotangents, 

then 
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1.  ^3  +  tan  40°  +  tan  80°  =  J3  .  tan  40° .  tan  80°. 

2.  tan  20°  +  tan  40°  +  ^3  tan  20°  tan  40°  =  ^3. 

3.  cos  A  cos  (B  +  C)  -  cos  B  cos  (A  +  C)  =  sin  (A  -  B)  sin  C. 

4.  sin  A  cos  (B  +  C)  -  sin  B  cos  (A  +  C)  =  sin  (A  -  B)  cos  (7. 

5.  If  A  +  B  4-  C  is  an  odd  multiple  of  IT 

sin2  B  4-  sin2  C  -  sin2  A  +  2  cos  A  sin  B  sin  C. 

tan  (n  +  1)  <£  -  tan  n<f> 

\)9 '==-  t}£tn  Q). 

1  +  tan  (n  +  1 )  <j> .  tan  n<£ 

7.  COS  (a  +  ft)  +  sin  (a  -  ft)  =  2  sin  (^TT  +  a)  COS  (Jir  +  0). 

8.  sin  a  4-  sin  /3  +  sin  y  -  sin  (a  4-  /?  -*-  y) 

=  4  sin  |  (/3  +  y)  sin  J  (y  +  a)  sin  i  (a  +  /?). 

9.  cos  a  +  cos  ft  4  cos  y  +  cos  (a  +  fi  +  y) 

=  4  cos  J  (/?  4-  y)  cos  J  (y  +  a)  cos  J  (a  +  ft). 

10.  sina  +  sin/3-siny-sin(a  +  /3-y) 

=  4  sin  1  (a  -  y)  sin  $  (ft  -  y)  sin  J  (a  +  ^). 

11.  COS  a  +  COS /?  +  COS  y  +  COS  (a  4- ^8 -y) 

=  4  COS  J  (^8  -  y)  COS  i  (a  -  y)  COS  J  (a  +  0). 

12.  sin  (/3  -  y)  4-  sin  (y  -  a)  4-  sin  (a  -  ft) 

=  -  4  sin  £  (0  -  y)  sin  J  (y  -  a)  sin  J  (a  -  /3) . 

13.  sin  (/J  4-  y  -  a)  4-  sin  (y  4-  a  -  /?)  +  sin  (a  4-  /?  -  y) 

—  sin  (a  4-  /3  4-  y)  =  4  sin  a  sin  ft  sin  y. 

14.  COS  (ft  +  y—a)  +  COS  (y  4-  a  —  ft)  4  COS  (a  4-  ft  —  y) 

4-  COS  (a  4-  /?  4-  y)  =  4  COS  a  COS  ft  COS  y. 

1 5.  cos2  x  +  cos2 ;?/  +  cos2  z  +  cos2  (x  +  y  +  z) 

=  2  { 1  4  cos  (y  4  e)  cos  (z  4-  35)  cos  (aj  +  y)}. 

1 6.  sin2  x  4-  sin2  ?/  4-  sin2  z  +  sin2  (35  +  y  4-  z) 

=  2  {1  -  cos  (?/  4-  z)  cos  (»  +  x)  cos  (aj-4- ;?/)}. 


262  EXAMPLES   XIII. 

1 7.  cos  a  sin  (j3  —  y)  +  cos  /3  sin  (y  —  a)  +  cos  y  sin  (a  -  /5)  =  0. 

18.  sin  a  sin  (/?  —  y)  +  sin  /?  sin  (y  -  a)  +  sin  y  sin  (a  -  fi)  =  0. 

1 9.  sin  (a  +  ft  +  y  +  8) 

=  cos  a  cos  J3  cos  y  cos  8  (tan  a  +  tan  /?  +  tan  y  +  tan  8) 

—  sin  a  sin  /3  sin  y  sin  8  (cot  a  +  cot  /?  +  cot  y  4-  cot  8). 

20.  cos  (S-A)  cos  (S  -  5)  cos  (S  -  C)  cos  (5  -  D) 
+  sin  (£  -  4)  sin  (£  -  B)  sin  (£  -  C)  sin  (S-  D) 

=  cos  A  cos  J5  cos  (7  cos  D  +  sin  -4  sin  B  sin  C'  sin  D 
if  2S  = 


21.     If    a   right-angle   is   divided    into    three   parts   whose 
tangents  are  lp,  m/o,  np', 

then  p~2  =  mm  +  nl+  Im. 

2  cot  A  cosec2  B 

24.     cot  (A  -  B]  +  cot  (A  +  B)  = =-=5 .   . 

7      cot2  B  -  cot2  A 

2  cot  B  cosec2  A 
cot2  B- cot2  A 


25.     cot  (A-B)-  cot  (4  +  5)  = 


~f>  /  *  2  sec  .4  sec  B 

26.  sec(4+j&).fsec(4-.B)= — — ^-5 n 2^- 

7     sec2  ^1  +  sec2  B  -  sec2  A  sec2  ^ 

_._  .  .  2  cox  ^[  cox  B 

27.  sec  (^ +£)- sec  M -.#):= — — — -  — ^^  . 

cox2  A  cox2  ^?  -  cox2  A  -Jcox2  ^ 

If  A,  B,  C  are  the  angles  of  a  triangle,  prove  28 — 33  : 

28.  sin  A  sin  B  sin  C 

=  sin  A  cos  B  cos  (7  +  sin  B  cos  (7  cos  -4  +  sin  C  cos  -4  cos  B. 

29.  .  1  +  cos  A  cos  .Z?  cos  C 

=  cos  .4  sin  B  sin  (7  +  cos  B  sin  (7  sin  A  +  cos  (7  sin  A  sin  .S. 

30.  tan  A  tan  ,5  tan  (7  =  tan  A  +  tan  B  +  tan  (7. 

31.  cot  B  cot  (7  +  cot  C  cot  ^.  +  cot^  cot  B=l. 
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32.  cos  ^A  cos  \B  cos  J(7  =  sin  J  A  sin  \E  cos  \G 

+  sin  J  .5  sin  J(7  cos  ^  A  +  sin  J(7  sin  J4  cos  ^B. 

33.  tan  J5  tan  J£  +  tan  JC  tan  J4  +  tan  J  J.  tan  J5  =  1  . 

34.  If  A,  B,  C,  D  are  the  angles  of  a  quadrilateral, 

tan^  -!-tan^  +  tanC  +  tanZ> 

(i)     —  7—3  -  r^i  —     -r-p;  -  ~r^  =  tan  A  tan  -6  tan  6  tan  D. 
v  '      cot  A  +  cot  .#  +  cot  C7  +  cot  D 

(ii)    sin  .4  sin  B  cos  (7  cos  D  +  ... 

=  cos  -4  cos  B  cos  (7  cos  ^>  +  sin  A  sin  5  sin  C  sin  .Z)  —  1. 

35.  If  0,  <£,  i/f  are  the  angles  which  any  straight  line,  in  the 
plane  of  the  triangle  ABC,  makes  with  BC,  CA,  AB  respectively, 
then 

(i)     a2  sin  (<£  +  ^  -  0)  +  62  sin  (i//-  +  9  -  <£)  +  c2  sin  (0  +  <f>-if/) 
+  2bc  sin  6  +  2ca  sin  <£  +  2ab  sin  i/^  =  0. 

(ii)     a2  cos  (<£  +  j/r  -  61)  +  62  cos  (^  +  (9  -  <£)  +  c2  cos  ((9  +  <£  -  ^) 
+  26c  cos  0  +  2ca  cos  ^>  +  2a6  cos  ^  =  0. 

36.  If    sin  0  sin  a  sin  (<£  +  a  -  /?)  =  sin  <£  sin  (a  +  /?)  sin  (a  +  0), 
then  sin  <£  sin  a  sin  (B  +  a  +  /3)  =  sin  0  sin  (a  —  ft)  sin  (a  +  <£). 

37.  If    cos  0  cos  a  cos  (<£  +  a  -  /?)  =  cos  <£  sin  (a  +  ft)  sin  (a  +  0), 
then  cos  <£  cos  a  cos  (6  +  a  +  /?)  =  cos  0  sin  (a  —  ft)  sin  (a  +  <£). 

38.  In  a  triangle  right-angled  at  (7, 

tan-1  .  -  +  tan'1  -  =  (n  +  ^)TT. 
b  +  c  a  +  c 

39.  If  sin"1  ra  +  sin"1  n  =  JTT, 
then                         m^/  (1  -  w2)  +  nj(l  -  m2)  =  1. 

/>  /o 

40.  tan-  J  x  +  tan"1     =  tan"1 


-  -  -  . 
1  -xy 

41  .     tan"1  x  -  tan"1  ?/  -  tan"1  f^-  . 

l+xy 

49       If  cos  (a  +  ft+6)   _     cos  (y+a  +  0) 

sin  (a  +  jS)  cos2  y  ~  sin  (y  +  a)  cos2  ft 
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and  if  ft  and  y  are  unequal,  then  each  member 
cos  (ft  +  y  +  0) 
sin  (ft  +  y)  cos2  a  ' 

and        cot"0  =  sin  (ft  +  y)  sin  (y  +  a)  sin  (a  +  ft) 

COS  (ft  +  y)  COS  (y  -f  a)  COS  (a  +  ft)  +  sin2  (a  +  ft  +  y)  ' 

43.  If  cos  (a  +  ft  +  y)  —  sin  (a  +  ft  +  y) 

=  2  cos  a  cos  ft  cos  y  +  2  sin  a  sin  ft  sin  y, 
then  either  a  or  ft  or  y  is  of  the  form  (n  —  ^)TT. 

44.  If  tan  (a  +  0) 

then  0  =  \nir  +  a  or  J  (2n  +  1 )  TT  —  a. 


CHAPTER  XIV. 

MULTIPLE  ANGLES. 

352.     To  find  the  ratios  of  2A. 

We  have 

sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B  .........  (1), 

cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B  .........  (2), 

tan  A  +  tan  B 
tan  4-^  =  —       ~^-—n  .....................  (3). 

— 


1  —  tan  A 
In  each  of  these  formulae,  put  B  =  A  ;  thus 

sin  (A  +  A)  =  sin  A  cos  A  +  cos  A  sin  A, 
i.e.  sin  2A  =-.  2  sin  ^1  cos  A    ..................  (4). 

cos  (A  +  A)  =  cos  A  cos  A  —  sin  A  sin  A, 
i.e.  cos  2A  =  cos2  J  -  sinM    ..................  (5). 

.  .       tan  A  +  tan  A 
tan  (A  +  A)  =  =  —  -  —  -  -  -  , 
1  -  tan  A  tan  A 


ie.  tw2A=.  .....................  (6). 

1  -  tair  A 

353.     Now  we  may  observe  that 

(cos  A  +  sin  A)'2  —  cos2  A  +  2  sin  A  cos  A  +  sin2  A, 
(1  +  tan  ^l)2        =  1  +  2  tan  A  +  tan2  A. 

Comparing  these   expansions   with    the   above   formulae  (4), 
(5),  (6),  we  see  that 

first  term  -  last  term  of  (cos  A  +  sin  Af  =  cos  2A, 
middle  term  of  (cos  A  +  sin  Af  =  sin  2  A, 

and       first  term  —  last  term  of  (1  +  tan  Af  —  den.  of  tan  2  A, 
middle  term  of  (1  +  tan  A)2  =  num.  of  tan  2  A. 
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354.     To  find  the  ratios  of  3  A. 

In  (1),  (2),  (3)  of  Art.  352,  put  B=  2  A;  thus 

sin  (A  +  2 A)  =  sin  A  cos  2 A  +  cos  A  sin  2.4, 
i.e.  by  (4)  and  (5) 

sin  3 A  =  sin  A  (cos2  A  —  sin2  A)  +  cos  .4  .  2  sin  .4  cos  .4 

=  3  sin  A  cos2  A  —  sin3 .4 (7). 

cos  (A  +  2 A)  =  cos  A  cos  2.4  -  sin  A  sin  2.4, 
i.e.  by  (4)  and  (5) 

cos  3 A  =  cos  A  (cos2  A  -  sin2 .4)  —  sin  A  .  2  sin  A  cos  .4 

=  cos3  A  -  3  cos  A  sin2  4 (8). 

tan  .4  +  tan  2^4 

tan  (A  +  2A)  =  =—  — ^-  , 

1  -  tan  .4  tan  2J. 

2  tan  A 

tan  J.  +  - —    — 5— r 

U       /fl\  Q   ,<  1   ~  t£t11    -» 

i.e.  by  (6)  tan  3A  = — — • , 

tan  A  .  2  tan  A 


1  -  tan2  A 
3  tan  A-  tan3  A 


(9). 


355.  As  before,  we  here  observe  from  (7),  (8),  (9),  that 
1st  term  -  3rd  term  of  (cos  A  +  sin  A)3  =  cos  3 A, 

2nd  term  -  4th  term  of  (cos  A  +  sin  A)s  =  sin  3 A. 
And 

1st  term  —  3rd  term  of  (1  +  tan  A)s  =  den.  of  tan  3 A, 
2nd  term  —  4th  term  of  (1  +  tan  A)s  =  num.  of  tan  3A. 

356.  In  the  same  way  the  student  should  show 
that  cos  4.4  =  cos4  A  -  6  cos2  A  sin2  A  +  sin4  A, 
and  sin  4 A  =  4  cos3  A  sin  A  —  4  cos  J.  sin3  A, 

4  tan  .4  —  4  tan3 .4 

and  tan  4.4=  ---  — —    — r~7  • 

1-6  tan2  A  +  tan4  A 

He  should  then  compare  these  expressions  with  the  expansions 
of  (cos  A  +  sin  A)*  and  (1  +  tan  'A)4. 


MULTIPLE  ANGLES.  26T 

357.  The   above   cases   suggest   to   us   that  we   may  write 
down  the  general  values  of  cos  nA,  sin  nA,  and  tan  nA  by  means 
of  the  known  expansion  of  any  integral  power  of  a  binomial. 

The  general  case  follows  at  once  from  the  formulae  proved  in 
the  last  chapter  for  the  ratios  of  the  sum  of  any  number  of 
angles :  but  it  will  be  useful  to  give  an  independent  proof. 

358.  DBF.     An  algebraical  expression  consisting  of  terms, 
in  each  of  which  the  sum  of  the  indices  of  certain  symbols  is  the 
same,  is  said  to  be  homogeneous  in  respect  to  those  symbols; 
and  this  constant  sum  is  called  the  dimension  of  the  expression. 

Thus,  a3  +  5abc  +  xa?c  is  a  homogeneous  expression  of  three 
dimensions  in  a,  b,  c. 

359.  To  express  cos  nA  and  sin  nA  in  a  homogeneous  series 
of  n  dimensions  in  cos  A  and  sin  A. 

We  will  prove  that 

The  terms  of  cos  nA  and  sin  nA  are  taken  alternately,  but 
with  alternate  change  of  sign,  from  the  expansion  of 

(cos  .4  +8^1^)™. 
In  other  words, 

If  (co&A  +  &mA)n  =  S0  +  Sl  +  S2+.  ..+Sr+  (I), 

where  Sr  is  the  term  involving  sinr^,  then 

cosnA  =S0-S2  +  S4-    (II) 

and  sin  nA  =  Sl  —  Ss  +  S5  — (HI)' 

Assume  this  to  be  true  for  some  particular  value  n. 
Then,  multiplying  I  by  cos  A  +  sin  A, 

(cos  A  +  sin  A)n+l  =  (S0  +  Sl  +  S.2  + )  (cos^l  +  sin^) 

=  £0  cos  A  +  (#!  cos  A  +  S0  sin  A)  +  (S.2  cos  A+S1  sin  A)  + . . .(I'), 
in  which  the  terms  are  grouped  in  powers  of  sin  A. 

But  cos  (n  +  1)  A  —  cos  nA  cos  A  -  sin  nA  sin  A 
=  (S0  -S2  +  S4-  ...)  cos  A-  (Sl  -Ss  +  S5-  ...)  sin  A 
=  S0  cosA-(S.2  cos  A  +  #!  sin  A)  +  (S4  cos  A  +  £3  sin  A) -...(!!'). 
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And  sin  (n  +  1  )  A  =  sin  nA  cos  A  +  cos  nA  sin  A 
=  ($1  ~  #3  +  #e-  •••)  cos  A  +  (S0  -  S2  +  84  -  ...)  sin  4 
=  (SicosA  +  S0&mA)-(SBcosA+S2smA)  +  ............  (III'). 

Comparing  I',  II',  and  III'  we  see  that  if  the  proposition  is 
true  for  some  particular  value  n  it  is  true  for  the  value  n  +  1. 


it  is  true  for  2  and  for  3  ;  hence  it  is  true  for  4,  for 
5  &c.  and  therefore  for  any  positive  integral  value  of  n. 

Employing  the  known  form  of  the  binomial  expansion,  we 
have,  /or  any  positive  integral  value  qfn, 

cos  nA  =  cosw  A  -  n  \  ~    '  cosw~2  A  sin2  A 

1  .  '— 

n(n-l)(n-'2)(n-3) 
+  —  -  /  o    o    A  --  ~  cosn~*A  sm4  A  -  .  . 
1  .  2  .  o  .  4 

sin  nA  =  n  cos71"1  A  sin  A  --  -  —  =  —  ^-5  —  -~-  cos71"3  A  sin3  A  +  ... 

In  the  above  important  formulae,  it  should  be  noted  that 
the  indices  of  sin  A  are  even  in  the  expansion  of  cos  nA  and  odd 
in  the  expansion  of  sin  nA. 


360.  In  the  same  way  the  student  should  prove  that 

n  tan  A  -  \n  (n  -  1)  (n  -  2)  tan3  A  +  .  .  . 
l-Jn(n-l)tanM  +  ... 

Or  this  formulge  follows  at  once  from  the  expressions  for 
sin  nA  and  cos  nA,  if  we  divide  each  by  cos71  A. 

361.  In  Art.  359  we  expressed  the  cosine  and  sine  of  any 
multiple  of  A  in  terms  of  the  different  powers  of  the  cosine  and 
sine  of  A.     In  the  next  two  articles,  we  will    do  the  converse 
problem:  i.e.  we  will  express  any  power  of  the  cosine  or  sine  of  A 
in  terms  .of  the  cosines  or  sines  of  the  different  multiples  of  A. 
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362.  To  express  cosn  A  in  a  series  of  terms  involving  cosines 
of  multiples  "of  A. 

Let  the  symbol  3  denote  the  *  sum  of  all  the  terms  obtained 
by  taking  every  alternative  that  follows  it.'  Then,  we  have, 

2  cos  A  =  cos  A  +  cos  (—  A)  =  3  cos  (±  A). 
2  cos  A  .  2  cos  B  =  2  cos  .4  cos  J5  +  2  cos  (—  .4)  cos  B 
=  cos  (4  +  5)  +  cos  (4  -  B)  +  cos  (-  4  +  B)  +  cos  (-A-B) 
=  2  cos  (±  4  ±  £). 
Similarly 

2  cos  4 .  2  cos  .8 .  2  cos  (7  -  2  cos  (±  ^  ±  B) .  2  cos  (7 

=  S  cos  (±  4  =t  .g  ±  C). 
And  universally 
2cos^l .  2  cos  .£.  2  cos  (7.. .2  cos  Z=  2  cos  (±4  ±  B±. ..±  X). 

In  this  formula,  put  A=B  =  C  =  ...  =  X;  and  let  there  be  n 
of  these  angles. 

Then,  on  the  right  side,  any  term  which  arises  from  taking^ 
n  —  r  positive  signs  and  r  negative  signs  will  be  cos  (n  -  2r)  A. 

But  the  number  of  such  terms  is  equal  to  the  number  of 
combinations  of  n  things,  r  together.  Hence 

(2cos  A)n  =  cosnA  +  n  cos  (n  —  2)  A  H — ^ — — -  cos(?&-4)  A  + 

+  n  cos  (—  n  +  2)  A  +  cos  (—  nA) (1). 

In  this  expansion  it  should  be  observed  that  the  coefficients 
are  the  same  as  those  of  the  binomial  series  (1  +  x)n,  and  that 
there  are  thus  n  +  1  terms. 

The  multiples  of  A  descend  by  2  from  n  to  -  n. 

But  since  cos  (—  nA)  =  cos  nA,  and  cos  (—  n  +  2)  A  —  cos  (n  —  2)A 
and  so  on,  we  may  express  this  series  without  using  negative 
multiples  of  A.  Thus  (2  cos  A)n 

=  '2  cos nA+n.2  cos  (n -2)A  +  !L^LzD  .  2  cos  (n -  4)  A  +  ...(2), 

in  which  every  term  involving  a  positive  multiple  of  A  is  doubled 
but,  if  the  term  cos  (X4,  i.e.  1,  occurs  it  is  not  doubled. 
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363.  In  (1)  writing  for  A,  \ir-A,  since  (Ex.  xn.,  39) 

n 

cos  n  (|TT  —  A)  =  (—  I)2  cos  nA,  if  n  is  even  ; 
=  (—  1)  2    sin  7^4,  ifnis  odd. 
:.  if  n  is  even,  (-  I)"2  (2  sin  A)n 

=  cos  nA  —  n  cos  (n  —  2)  A  H — ^ — ~  cos  (n  —  4)  A  -  

1  .  2t 

If  ™  is  odd,  (-I)"2"1  (2  sin^ 

n(n  —  1)    . 
=  sin  nA  —  n  sin  (n  —  2)  A  H ^ — - —  sin  (n  —  4)  A  — 

Here  the  coefficients  are  those  of  the  expansion  (1  —  x)n. 

As  before,  negative  multiples  of  A  may  be  eliminated  if  we 
note  that  cos  nA  =  +  cos  (-  nA)  &c  ;  and  sin  nA  =  -  sin  (—  nA). 

364.  In  Art.  359,  the  cosine  and  sine  of  any  multiple  of  an 
angle  have  been  expressed  in  homogeneous  series  involving  both 
the  sine  and  cosine  of  the  angle. 

We  will  now,  as  far  as  possible,  express  them  in  terms  of  the 
sine  or  of  the  cosine  alone. 

This  can  be  done  by  writing 

1  —  cos2  A  for  sin2  A,  and  1  —  sin2  A  for  cos2  A. 

365.  Thus 

cos  2  A  =  cos2  A  —  sin2  A 

=  cos2 .4  -  (1  -cos2^)  -  2  cos2^  -  1 
or  —  (1  -  sin2  A)  —  sin2  A  =  l  -  2  sin2  A . 

366.  Again 

cos  3 A  =  cos3  A  — 3  cos  A  sin2  A  =  cos3  A  —  3  cos  A  (I  —  cos2  A) 

=  4  cos3  A  -3  cos  A. 
siii  3  A  =  3  sin  A  cos2  A  -  sin3  A=%  sin  A  (I—  sin2 .4)  —  sin3  A 

=  3  sin  A  -  4  sin3  ^. 

These  two  formulae  are  important. 
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367.  Now  we  see  generally  that,  since  cos  nA  contains  terms 
in  which  the-  index  of  sin  A  is  always  even,  cosnA  can  always  be 
expressed  in  powers  of  cos  A  alone  ;  and,  since  sin  nA  contains 
terms  in  which  the  index  of  sin  A  is  always  odd,  that  sin  nA/$in  A 
can  also  always  be  expressed  in  powers  of  cos  A  alone. 

Similarly, 

if  n  is  even,  both  cos  nA  and  sin  nA/cos  A  ; 
if  n  is  odd,  both  sin  nA  and  cos  nA/cos  A 
can  be  expressed  in  powers  of  sin  A  alone. 

368.  In  order  to  find  the  required  expressions  we  may  make 
use  of  the  important  formulae 

sin  (n+  1)  A  +  sin  (n—  1)  A  -  2  sinnA  .  cos  A  ......  (1) 

cos  (n  —  1)  A  +  cos  (n  +  1)  A  —  2  cosnA  .  cos  A   ......  (2) 

sin  (n+  1)  A  —sin  (n—  1)  A  —  2  cos  nA  .  sin  A  ......  (3) 

cos  (n  —  1)  A  —  cos  (n  +  1)  A  =  2sinnA  .sin  A   ......  (4). 

The  first  two  formulae  yield  expressions  in  terms  of  cos  A  ;  the 
last  two  in  terms  of  sin  A. 

369.  For  this  purpose  we  will  adopt  the  method  of  recurring 
series. 

370.  To  express  sin  n6  -r  sin  6  in  terms  of  2  cos  9. 

Let  S  =  the  sum  of  the  infinite  series  whose  general  term  is 
3fsinr0.     Thus 


.'.     S.  2xcos6  =  2x2sin  $cos#  +  ...  +  2xn+lsm  nO  cos  6+  ...... 

and  S.a*  =  a*sui6+...  +  xn+l  sin  (n  -  1)  0  +  ...... 

Taking  the  1st  -  2nd  +  3rd  of  these  equations, 


for  the  higher  powers  of  x  vanish  by  (1)  of  Art.  368. 

S  =  x  sin  6  (1  -  2x  cos  0  +  or2)-1. 
Now,  by  division  (or  by  the  binomial  theorem), 


=  1  +  x  (2  cos  6  —  x)  +  ...... 

~*  (2  cos  0  -  x)n~2  +  xn~l  (2  cos  6  -  x)n~l  +  ...... 
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Hence,  equating  the  coefficients  of  xn  in  the  two  expressions 
for  S,  we  have  sin  nO  -r-  sin  0 

=  (2  cos  B)n~l  -(n-2)(2  cos  0)n~s  +  (TO-3)(*-4)  ^  ^  ^n_5 
as  long  as  the  index  of  2  cos  0  is  not  negative. 

371.     To  express  2  cos  nO  in  terms  of  2  cos  0. 

Let 

tf  =  1  +  2acos  0  +  2or  cos  2(9  +  ...  +  2^+1cos  (w  +  1)  0  +  ... 

/.  S  .  2x  cos  0  .=  2x  cos  0  +  40T2  cos2  0  +  ...+  4a,i7l+1cosrc0cos0  +  ... 

arid          S.a?=  x?+...  +  2xn+lcos  (n-  1)  0  +  ... 

£  (1  -  2a  cos  0  +  xz)  =  1  -  x2 
for  the  higher  powers  of  x  vanish  by  (2),  of  Art.  368, 

A§  =  (1  -  a;2)  (1  -  2x  cos  6  +  a2)-1. 
.'.  coefficient  of  xn  in  S 
=  (coeff.  of  xn  -  coeff.  of  xn~2)  in  (1  -  2x  cos  0  +  x2)-1. 

Now  as  in  last  article,     (1  —  2x  cos  0  +  a?2)"1 
=  1  +  a  (2  cosO-x)  +  ...  +af~2  (2  cos  0-x)n~2 


Here  the  coefficient  of  asn 
=  (2  cos  0)"-  (w-  1)  (2  cos  0f~2  +  ... 

---...(n^2r+l) 


Writing  n  —  2  instead  of  w,  and  r  —  1  instead  of  r,  we  have 
the  coefficient  of  xn~2 

=  (2  cos  0)w-2  -  (n  -  3)  (2  cos  0)"-4  +  .  .  . 
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Thus  2cosn<9 

-  (2  cos  0)*-n  (2  cos  0)re~2  +... 


f 

as  long  as  the  index  of  2  cos  0  is  not  negative. 

372.  In  the  last  two  articles,  we  have  expressed  the  series  in 
descending   powers   of   2  cos  0.     We  may  now  express  them   in 
ascending  powers. 

373.  Thus,  by  Art  370, 

sin  nd  -T-  sin  6  —  coeff.  of  xn~l  in  (1  -  2x  cos  6  +  x*)~l  i.e.  in 
1  +  x  (2  cos  (9  -  x)  +  . .,  +  xm  (2  cos  0  -  x)m  +  xm+1  (2  cos  0  -  x)m+l+ . . . 

A.     If  now  n  is  odd,  we  may  take  m  =  J(w-l);    and  the 
coeff.  of  xn~l  will  be 


ec,  ay 


g 

).i(»  +  l)i(n-lU(n-3)  (2  cos  ^      "I 


,.  if 


_  ...  up  to  cosn-,  ft 


If  11 

B.     1£  now  TO  is  even,  we  may  take  m  =  \n,  and  the  coeff.  of 
ill  be 


?^-2  sin 
/.  if  n  is  even,  (-  1)  2   - 


|3  [5 

up  to  cos™"1 0. 

J.  T.  18 
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374.     By  Art.  371,  we  have 
2  cos  nO  =  coeff.  of  xn  -  coeff.  of  xn~*  in  (1  -  2x  cos  0  +  x*)~\  i.e.  in 


C.     If  now  n  is  odd,  we  may  take  m  —  \  (n  +  1), 
and  the  coeff.  of  xn  will  be 


and  the  coeff.  of  xn~2  will  be 


I? 

n-l 

/.  (-  1)  2  cos  ra0  (if  n  is  odd) 


=  71  COS 


- 

2  c 

D.     If  w  is  even,  we  may  take  m  =  Jra, 
and  the  coeff.  of  xn  will  be 


and  the  coeff.  of  xn~2  will  be 


.'.  (-  I)2  cos  ?^^  (if  n  is  even) 


)3+      1 
J 


-  -- 

1  -  To  cos2  ^  +  —  ^-.-  —  -;  cos4  0  --  *  -  rP  -  -  cos6  6  -  .... 
|2  |4  |6 
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375.  In  the  results  of  the  last  articles  put  O  =  ^TT  —  <£,  so 
that  sin  0  —cos  </>  and  cos  6  =  sin  <£.  Then  convert  sin  nO  and 
cos  nO  according  as  n  is  odd  or  even  by  Ex.  xn.  39.  Thus 

By  Art.  370, 
(raodd)  (-  ir  =  (2  Bin*)-'-  (n  -  2)  (2  sin*)—  +  ..., 


(n  even)  (-  ~$  sin  *)-'  -  (n  -  2)  (2  sin  *)—  +  ... 

By  Art.  371, 
(n  odd)  (-  1)~2~  .  2  sin  n$  =  (2  sin  *)n  -  n  (2  sin  *)n~2  +  .  .  . 


n 

even)  (-  I)1  2  cos  w*  =  (2  sin  *)re  -  w  (2  sin  *)»-2  +  .  .  . 
+  (-l)rn.(fLl!^k"»"2^1)(2Bm 

By  Art.  373, 

sn<£  n2-!2   .  „         (n*  -  I2)  (n2  -  32)    . 

"~~  -;4 


sin 

(n  even) 
7 


cos 


By  Art.  374, 
?i  odd)  sin  n<$> 


I? 

(n  even)  cos  n<j> 


18—2 
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376.  The  results  of  the  last  article  might  be  obtained  more 
directly  from  the  two  series 

S  =  x  cos  <£  +  x2  sin  2^  —  x5  cos  3<£  -  x4  sin  4<£  +  . . ., 
which  gives  S  (1  —  2x  sin  <£  +  x2)  =  x  cos  </>, 

and  S  -  1  +  2x  sin  <£  —  2x2  cos  2<£  —  2x3  sin  3<£  +  . . ., 

which  gives  S(l-2x  sin  <£  +  x2)  =  1  -  as2. 

377.  In  the  above  articles,  we  have  incidentally  proved  the 
important  expansions : — 

1  sin  20       ,    sin  3d  .    sin  nQ 

-     1      +     X   .    —. +    X2    .     —  -f    +     .  .  .     +    X^1    .    — 77-    +     .  .  . 


1  —  2x  cos  0  +  x2  sin  0  sin  0  sin  0 

-  =1  +  2ajcos^  +  2x2cos2^+  ...  +  2xR  cos  w0  +  .. 
1  -  2x  cos  6  +  x2 

In  the  first  of  these  expansions,  put 

yjc      ,         -        6 

a;  =  -  —  and  cos  ^  =  —77  —  .  : 


then  a  —  2by  +  cy2  =  a  (1  — 

Thus,  if  b2  <  ac,  we  have 

a  yjc    sin  20  /i/Jc\n~l    sinnO 


.        .. 

a  -  26?/  +  c?/2  ^/a  '  sin  6  \  Ja         '  sin  6 

where  0  =  cos~1  {b  -4-  tj(ac)}. 


+  ... 
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EXAMPLES  XIV. 

Prove 

sec2  A  2  cot  4 

1.     sec  2  A  =  ^  --  5-j-.  2.     tan  24  =  -         —  =  . 

2  -  sec2  A  cot2  .4-1 

3.     cosec  2  4  =  J  sec  .4  cosec  .4.     4.     cot  24  =  J  (cot  4  —  tan  A  ). 

3  -  tan2  A  cot3  4  -  3  cot  A 

5.     tan  34=  —  —..      6.     cot  34  =  —  =—  —  . 

cot  4  -  3  tan  4  3  cot2  A  -I 

1.     cos2  A  +  sin2  4  cos  2B  =  cos2  .5  +  sin2  B  cos  2  A 

8.  sin2  A  -  cos2  4  cos  25  =  sin2  £  -  cos2  B  cos  24. 

9.  sino;  (2  cosoj—  1)  =  2sin  Jcccos  J.  3a?. 

10.  sin  ce  (2  cos  cc  +  1)  =  2  cos  Ja;  sin  J  .  3#. 

co.(a,-y-coB(te-y)  = 

sin  2x  + 


sin  (x  +  3y)  +  sin  (3x  +  y) 

12.  -^-;  =  2cos(a;+2/). 
sin  2x  +  sin  2y 

13.  cos  3A  =  (2  cos  24-1)  cos  A. 

14.  sin  3A  =  (2  cos  24  +  1)  sin  A. 

15.  sin  3  A  cosec  -4  —  cos  3  A  sec  4  =  2. 

sin  A  sin  24  +  sin  24  sin  54 
sin  4  cos  24  +  sin  24  cos  54  ' 

17.     cos  4  +  cos  34  +  cos  74  +  cos  94  =  4  cos  4  cos  34  cos  54. 

•10       9         /)  1  tan#        sin  40 

~2^s~~0~2sin30=sln~3^ 

19.  cos  50  =  cos5  0-10  cos3  0  sin2  0  +  5  cos  0  sin4  0. 

20.  sin  50-5  cos4  0  sin  0  -  1  0  cos2  0  sin3  0  +  sin5  0. 

21.  cos  50  =16  cos5  0  -  20  cos3  0  +  5  cos  0. 

22.  sin  50=  16  sin5  0-20  sin3  0  +  5  sin  0. 

23.  sin  60  -  sin  0  -  32  cos5  0-32  cos3  0  +  6  cos  0. 
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24.  cos  66  -  32  cos6  0-48  cos4  0+18  cos2  0-1. 

25.  Find  cos  44  and  sin  44  in  terms  of  cos  A  and  sin  A  by 
means  of  the  formulae  which  give  cos  24  and  sin  24  in  terms  of 
cos  A  and  sin  A.     Thence  find  cos  44  and  sin  44  -r-  sin  A  in  terms 
of  cos  A. 

26.  Show  that  the  numerator  and  denominator  of  cot  nA  are, 
respectively,  KQ  -  Kz  +  K±  -  .  .  .  and   K^  -  K3  +  A"5  -  ,  .  .,    where   Kr 
=  term  involving  cotra~r4  in  the  expansion  of  (cot  A  +  l)n. 

27.  4  cos  A  cos  24  cos  34  =  1  +  cos  24  +  cos  44  +  cos  64. 

28.  4  cos  (n  +  1)  4  cos  w4  cos  (n  —  1)  4  -  cos  3n  A 

+  cos  (n  -  2)  4  +  cos  w4  +  cos  (n  +  2)  4. 

29.  2  sin  4  .  2  sin  5  .  2  sin  (7.  .  .  to  n  factors 


or  =  (-l)S(-l)rcos(*4±£±<7*...), 

according  as  n  is  odd  or  even,  where  r  =  the  number  of  negatives 
in  the  compound  angle  which  enters  into  any  term  considered. 

30.  From  the  last  example  deduce  the  results  of  Art.  363. 

31.  1  +  cos  90  =  (1  +  cos  0)  (16  cos4  0-8  cos3  0-12  cos2  0 

+  4cos0  +  I)2. 

32.  (sin  4  -  cos  4)4  +  (sin  4  +  cos  4)4  =  3  —  cos  44  . 

33.  sin  34  =  4  sin  4  sin  (60°  +  4)  sin  (60°  -  4). 

34.  3  cosec  34  =  cosec  4  +  cosec  (4  +  120°)  +  cosec  (4  +  240°). 

35.  If  sin.Z?  be  the  Geometric  mean  of  sin  4  and  cos  4, 

cos  25  =2  cos2  (4  +45°). 

36.  If  sin  B  be  the  Arithmetic  mean  of  sin  4  and  cos  4, 

cos  2B  =  cos2  (4  +  45°). 

sin  4  -  cos  4 

37.  -s  —  -.  -  tan  (4  -  45  ). 
sin  A  +  cos  A 

sin  50  -cos  50  (  Q  _?\    1  -  2  sin  20  -  4  sin2  20 

'     sin50  +  cos50~  an  \       4/  '  1  +  2  sin  20  -  4  sin2  20  ' 
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39.     If   cos  (a  +  0)  +  m  cos  0  =  n,  then  w2  is  not  greater  than 
+  2m  cos  a  "+  m*. 


40.  If  v/ 

and  *y2  .  sin  A  =  sin  B  -  sin3  £, 

then  ±  sin  (£  -  J)  =  cos  2£  =  J. 

,  i 

41.  tan  A  .  (tan  2  Ay  .  (tan  2*4)  P  .  .  .  to  n  +  I  factors 


42.     If  sin  (0  -  7)  cos  (0  -  2a)  sec  a  +  sin  (y  -  a)  cos  (0  -  2y3)  sec  /S 
+  sin  (a  -  /?)  cos  (0  -  2y)  sec  y  =  sin  (J3  -  y)  sin  (y  -  a)  sin  (a  -  /?), 
then  cos  6  =  cos  a  cos  /?  cos  y. 

.  sin  ra      sin  (r+l)a     sin  (r  -f  2)  a 

4:6.         It    -  j  -    =   —  -  =   -  j 


ra 
cos  ra  cos  (r  +  1)  a  _    cos  (r  +  2)  a 


44.  If  4  cos  (x  -  y)  cos  (y  —  z)  cos  (z  -  x)  =  1, 
then  1  +  12  cos  2  (x  -  y)  cos  2(y-z)  cos  2  (a  -  a) 

=  4  cos  3'(a:  -  y)  cos  3  (y  -  *)  cos  3  (z  -  x). 

45.  If  sin  (0  +  a)  =  sin  (<£  +  a)  =  sin  ft 
ara£  a  sin  (0  +  <£)  +  b  sin  (0  -  <£)  =  c, 
then  e-t'l/ter  a  sin  (2a  ±  2/3)  =  —  c, 

or  a  sin  2a  ±  6  sin  2/2  =  c. 

46.  If  ^  +  £  +  (7=180°,  then 

cos  yl  sin  3  A  +  cos  B  sin  3.5  +  cos  C  sin  3(7 
=  (sin  2A  +  sin  2£  +  sin  2(7)  (f  +  cos  2A  +  cos  25  +  cos  2(7). 

47.  If  <£  =  J(a  +  0  +  y-30),  then 


+  sin3  (0  -  y)  cos  2  (y  -  </>)  sin  (a  -  /?)  = 
J  (sin  2a  +  sin  2£  +  sin  2y  -  3  sin  20)  sin  (ft  -  y)  sin  (y  -  a)  sin  (a  -  /?). 
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Solve  the  following  equations  : — 
48.     5  tan2  #- sec2  #=11.  49. 


5  tan2  x  +  sec2  x  =  7. 


53.     sin  \A  =  cos  J  .  5A. 
55.     sec  40 -sec  20 -2. 


59.     sin  0  +  sin  50  =  sin  70. 
61.     cos  20  +  cos  40  =  cos  0. 


50.  sin  50  -  sin  30  =  ,J2  .  cos  40. 

51.  cos  50  +  cos  30  =  ^/2  .  cos  40. 

52.  4  sin  0  cos  20  =  1. 
54.  tan  A  +  sec  2 A  =  1. 

56.  sin  20  +  sin  40  =  ^2 .  cos  0. 

5?.  cos  20  -  cos  40  =  ^/2 .  sin  0. 

58.  sin  0  +  sin  20  +  sin  30  =  0. 

60.  cos  20  +  cos  40  +  cos  0  =  0. 

62.  sin  4ic  =  tan  x. 

63.  1 6  sin5  0  =  sin  50  -  5  sin  30. 

64.  sec2  30  +  cosec2  30  -  4. 

65.  cox2 1  0  -  sec2 10-  2^/3  cox2  0. 

66.  2  (sin  a  —  cos  a)  +  2m3  (tan  a  +  cot  a)  +  cox  a  -  sec  a  =  0. 

67.  8  cos4  0  +  8  sin4  0  =  6  +  sin  0  +  sin  90. 

68.  tan'1  x  +  tan-1  (1  -  x)  =  2  tan'1  J(x  -  x2}. 

69.  sin"1  as  +  sin"1(l  —  x)  =  cos~lx. 


70.     x  =  3  tan-] 


tan 


tan 


CHAPTER  XV. 
SUBMULTIPLE  ANGLES. 

378.  In  the  last  chapter  we  found  the  ratios  of  nA  in  terms 
of  those  of  A  :  or,   which  is  the  same  thing,  the  ratios  of  A  in 

terms  of  those  of  —  . 
n 

In  this  chapter  we  shall  try  to  find  the  ratios  of  —  in  terms 

of   those  of  A  :    or,   which  is   the  same  thing,  the  ratios  of  A 
in  terms  of  those  of  nA. 

To  Jlnd  the  number  of  solutions. 

379.  To  prove  that,  in  determining  the  ratios  of  ^A,  when 
nothing  is  knoivn  of  A  but  the  value  of  its  sine  [or  cosecant], 
there  will  be  two  reciprocal  values  of  the  tangent  and  co -tangent 
and  two  pairs  of  equal  and  opposite  values  of  the  other  ratios. 

Let  AQ  be  one  of   the  values  of   A  for   which   the   sine   or 
cosecant  has  the  given  value. 

Then  [Art.  312,  n.]  the  general  value  of  A  is  n.  ISO0  +  (  -  l)n  A0 
.'.  the  general  value  of  \A  is  n .  90°  +  (  -  l)n .  1>A0. 

Give  to  n  in  succession  the  values  0,  1,  2,  3  &c. 
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I' 


Then  the  final  positions  of  the  line  describing  J-4  will  be 
OF»  OF.2J  OF3,  OF4,  where  (see  figure)  each  of  the  angles 
IOF»  F,OK,  I'OF3,  F.OK'  is  equal  to  ±AV 

But  the  sine  and  cosine  of  IOFL  are  equal  and  opposite  to  the 
sine  and  cosine  of  10  F3  respectively. 

And  the  sine,  and  cosine  of  10 F2  are  equal  and  opposite  to  the 
sine  and  cosine  of  IOF±  respectively. 

And         tan  IOF1  =  cot  IOF2  =  tan  IOF3  =  cot  IOF4. 
And         tan  707^  -  cot  10 F^  =  tan  70^4  =  cot  IOF3. 

Hence  the  tangents  of  IOF±  and  IOF2  are  reciprocal;  and 
so  on. 

Example  1.  If  +  5,  +  s'  are  the  four  values  of  sm|^4  correspond- 
ing to  any  given  value  of  sin  A,  show  that  +  s'  =  +  ^/(l  —  «2). 

Example  2.  If  sin^l  =  ±  1,  show  that  the  four  values  of  sin  ^A 
and  cos  ^  A  reduce  to  two,  and  the  two  values  of  tan  ^  A  reduce  to  one. 

Example  3.  If  sin  A  =  0,  show  that  the  four  values  of  sin  |  A  and 
cos  ^  ^  reduce  to  three. 
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380.  To  prove  that,  in  determining  the  ratios  of  ^A,  when 
nothing  is  known  of  A  but  the  value  of  its  cosine  [or  secant], 
there  will  be  a  pair  of  equal  and  opposite  values  of  each  of  the 
ratios. 

K 


As  before  [Art.  312,  iv.]  the  general  value  of  A  is  2n  .  180°  ±  J0, 
.'.  the  general  value  of  \A  is  n .  180°  ±  JJ0. 

Then  the  final  positions  of  the  line  describing  \A  will  be 
OFlt  OF2,  OF3,  OFfr  where  (see  figure)  each  of  the  angles 
IOFlt  FzOr,  I'OFS,  F4OI  is  equal  to  $A0. 

Now     sin  10  F!  =  sin  IOF2  =  -  sin  10 F3  =  -  sin  IOF4, 

tan  lOFj.  =  -  tan  IOF2  =  tan  IOF3  =  -  tan  10 F^ 
sec  10 FI  =  -  sec  10 Fz  =  -  sec  IOF3  =  sec  IOF+ 

Thus  there  is  a  pair  of  equal  and  opposite  values  of  each 
of  the  ratios  of  \A. 

Example  1.  If  cos  .4  =  0,  show  that  there  is  still  a  pair  of  equal 
and  opposite  values  of  each  of  the  ratios  of  £  A. 

Example  2.  If  cos  A  =  + 1 ,  sin  -|  A  has  only  one  value.  If  cos  A  =  -  1 , 
cos^.-l  has  onJy  one  value. 
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381.  To  prove  that,  in  determining  the  ratios  of  ^A,  when 
nothing  is  known  of  A  but  the  value  of  its  tangent  [or  cotangent], 
there  will  be  two  reciprocal  but  opposite  values  of  the  tangent  and 
cotangent,  and  two  pairs  of  equal  and  opposite  values  of  the 
other  ratios. 


Here  [Art.  312,  in.]  the  general  value  of  A  isn.  180°  +  -40, 
.'.  the  general  value  of  \A  is  n  .  90°  +  \AV 

Then  the  final  positions  of   the  line  describing  \A  will  be 
OFlt    OF2,    OF3,    OF4,    where   (see   figure)    each   of   the   angles 
^  £OF2,  I'OFS,K'OF4  is  equal  to  JJ0. 
Now     tan  WF^  =  -  cot  10  F2  =  tan  IOF3  =  -  cot  IOF4, 
cot  IOF,  =  -  tan  IOF2  =  cot  IOF3  -  -  tan  IOF4, 
sin  70^  =  -  sin  IOF3  :  sin  707;  -  -  sin  IOF4, 
cos  IOF1  =  -  cos  707*3  :  cos  707^  =  -  cos  707T4. 


Example  1.     If  +s,  +s'  are  the  four  values  of  sin-|  A,  correspond- 
ing to  any  given  value  of  tan  A,  show  that  s2  +  s'2  =  1. 

Example  2.     If  tan  .4  =  0,  show  that  sin  T>  A  and  cos  jr  A  have  each 
three  values.     How  many  values  have  the  other  ratios  of  f  A  ? 
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382.     See  below. 
120° 


240oy  \  300° 

Here  :  Given  sin  A  ;     A  =  n  .  180°  +  (-  1)*  A* 


120 


240 


Here  :  Given  cos  A  •    A=n.  360°  ±  A 
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120° 


180° 


240° 


300° 


Here  :  Given  tan  A  •     A  =  n  .  180°  +  Aw 
:.  ±A  =  n .  60°  +  ±A0. 

In  determining  the  ratios  of  ±A,  when  we  know  nothing  but 
the  value  of  one  of  the  ratios  of  A,  there  will  be  three  values  of 
the  corresponding  ratio  of  ^A  (and  of  its  reciprocal),  but  three 
pairs  of  equal  and  opposite  values  of  the  other  ratios  of\A. 

The  accompanying  figures  will  show  this. 

383.     In  Arts.  384,  385,  386  we  shall  find  the  number  of 

A 

values  of  the  ratios  of  —  when  a  ratio  of  A  is  given. 
n 

We  shall  write  TT  for  180°. 

It  should  be  noted  that  for  some  special  values  of  the  given 

A 

ratio  of  A ,  the  number  of  values  of  any  ratio  of  —  is  less  than  that 

n 

given. 

Hence  the  results  must  be  understood  to  apply  to  any  general 
value  of  the  given  ratio. 

This  was  noted  in  the  examples  given  above. 
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384.     Given  sin  A,  to  find  the  number  of  values  of  each  of  the 

*A      ' 
ratios  of  — . 


Here,  the  general  value  of  A  is  XTT  +  (-  1)   .a. 

.'.  the  general  value  of  —  is  ---  h  (—  1)   .  -  . 
n       n      v      '     n 

The  two  values  of  any  ratio  of  A/n,  obtained  by  giving  to  X 
different  values  /x  and  //,  will  be  equal  if  the  two  values  of  A/n 
differ  by  an  even  multiple  of  TT. 


n  n 

is  an  even  multiple  of  IT. 

i.e.  if  *  p.  —  pf  -  an  even  multiple  of  n. 

Hence  the  values  of  any  ratio  of  A/n,  obtained  by  giving  to 
X  in  succession  the  2n  values  0,  1,  2...('2n—  1),  will  be  repeated, 
if  any  other  integral  value  is  given  to  X. 

Hence  no  ratio  of  A/n  can  have  more  than  the  2n  values  so 
obtained. 

Now  consider  each  of  the  ratios  sin  A/n,  cos  A/n,  and  tan  A/n 
separately. 

(1)     Consider  sin  A/n. 

Two  values  of  sin  A/n  will  be  equal,  if  the  sum  of  the  two 
values  of  A/n  is  an  odd  multiple  of  TT. 

.»  W.7T        i       n  .  fj.      CL         IJiTT        ,       ~i\u!      °- 

La  if  —  +  (-1)  .-  +  —  +  (-  1)    .- 

n  n       n  n 

is  an  odd  multiple  of  TT. 

i.e.  if  p.  +  fji  is  odd,  and  an  odd  multiple  of  n. 

This  cannot  be  unless  n  is  odd. 

If  n  is  odd,  the  values  of  sin  A/n,  obtained  by  giving  to  X  in 
succession  the  n  even  values,  0,  2...n—  1;  n  +  l,...2w  —  2  will  be 
repeated  by  giving  the  n  odd  values  n}  n-  2,...l  ;  2n—  I,...n  +  2. 

*  For,  since  ^  ~  y!  is  even,  /*  and  tf  must  be  either  both  even  or  both  odd. 
Hence  the  terms  involving  a  cancel. 
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Thus,  given  sin  A, 

if  n  is  even,  there  are  2n  values  of  sin  A/n  ; 
if  n  is  odd,  there  are  n  values  of  sin  A/n. 

(2)  Consider  cos  A/n.  • 

Two  values  of  cos  A/n  will  be  equal,  if  the  sum  of  the  two 
values  of  A/n  is  an  even  multiple  of  V. 

i.e.  if  p.  +  fj!  is  odd,  but  an  even  multiple  of  n. 
This  is  a  contradiction. 
Thus,  given  sin  .4, 

there  are  always  2n  values  of  cos  AJn. 

(3)  Consider  tan  A/n. 

Two  values  of  tan  A/n  will  be  equal  if  the  difference  oft/ie  two 
values  of  A/n  is  an  odd  multiple  of  IT. 

i.e.  if  /x  ~  fjf  is  even,  and  an  odd  multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  %  is  even,  the  values  of  tan  Ajnt  obtained  by  giving  to  X  in 
succession  the  n  values,  0,  1,  2...n  —  1,  will  be  repeated  by  giving 
the  n  values,  n,  n  +  1,  n  +  2,  .  .  .  2n  —  1. 

Thus,  given  sin  A, 

if  n  is  odd,  there  are  2n  values  of  tan  A/n  ; 
if  n  is  even,  there  are  n  values  of  tan  A/n. 

385.     Given  cos  A,  to  find  the  number  of  values  of  each  of  the 

ratios  of  —  . 

J   n 

Here,  the  general  value  of  A  is  2A7r  ±  a, 

.  -A.    2A.7T      a 

.'.  the  general  value  ot  —  is  --  ±  -  . 

71  71  71 

The  two  values  of  any  ratio  of  A/n,  obtained  by  giving  to  A. 
different  values  p  and  //,  will  be  equal  if  the  two  values  of  A/n 
differ  by  an  even  multiple  of  TT. 


2//7T       a 

-•- 

n/ 

is  an  even  multiple  of  TT. 


/2w,7r      a\       /2//7T       a\ 
.e.  if  [-£-*¥)•-  f2—  •  *-l 

\  n        n/      \   n        n/ 
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i.e.  if,  taking  the  same  sign  before  a/n,  /x  ~  /x'  is  a  multiple 
of  n. 

Hence  the  values  of  any  ratio  of  A/n,  obtained  by  giving  to  A 
in  succession  the  n  values  0,  1,  2...n—  1  and  either  sign  before 
a/n,  will  be  repeated,  if  any  other  integral  value  is  given  to  A 
with  the  same  sign  before  a/n. 

Hence  no  ratio  of  A/n  can  have  more  than  the  '2n  values  so 
obtained. 

.(1 )     Consider  sin  A  /n. 

Two  values  of  sin  A  /n  will  be  equal 

2u,7r      a      2//7T      a  . 

if  —  ±  -  +  —  —  ±  -  is  an  odd  multiple  of  TT. 

n        n        n        n 

i.e.   if,  taking   opposite  signs   before  a/n,    2  (p,  +  //)    is   an   odd 
multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  even,  the  values  of  sin  A/n,  obtained  by  giving  to  A 
in  succession  the  n  values  0,  l,...Jw;  ^n  +  l,...n  —  1  with  +  sign 
before  a/n,  will  be  repeated  by  giving  the  n  values  ^n,  ^n—  1,... 
0;  n-l,...^n+l  with  —  sign  before  a/n. 

Thus,  given  cos  .4, 

if  n  is  odd,  there  are  2w  values  of  sin  A/n, 
if  n  is  even,  there  are  n  values  of  sin  A/n. 

(2)     Consider  cos  A/n. 

Two  values  of  cos  A/n  will  be  equal,  if  the  sum  of  the  two 
values  of  A  /n  is  an  even  multiple  of  TT. 

i.e.  if,  taking  opposite  signs  before  a/n,  /u,  +  pf  is  a  multiple 
of  n. 

Thus  the  values  of  cos  A/n,  obtained  by  giving  to  A  the  n 
values. 0,  1,  2,...w-  1  with  +  sign  before  a/n,  will  be  repeated  by 
giving  the  n  values  0,  n  —  1,  n-  2,...l  with  —  sign  before  a/n. 

Thus,  given  cos  .4, 

there  are  always  n  values  of  cos  A/n. 
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(3)     Consider  tan  A/n. 

Two  values  of  tan  A/n  will  be  equal,  if  the  difference  of  the 
two  values  of  A/n  is  an  odd  multiple  of  TT. 

i.e.  if,  taking  the  same  signs  before  a/n,  2  (//,  ~  //)  is  an  odd 
multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  even,  the  values  of  tan  A/n,  obtained  by  giving  to  X 
the  \n  values  0,  1,  2...Jw—  1  with  either  sign  before  a/n  will  be 
repeated  by  giving  the  \n  values  Jw,  \n  +  1,  \n  +  2,...n  —  1  with 
the  same  sign  before  a/n. 

Thus,  given  cos  A9 

if  n  is  odd,  there  are  2n  values  of  tan  A/n, 
if  n  is  even,  there  are  n  values  of  tan  A/n. 

386.     Given  tan  A,  to  find  the  number  of  values  of  each  of 

the  ratios  of  — . 
n 

Here,  the  general  value  of  A  is  XTT  +  a , 

.'.  the  general  value  of  —  is  —  +  -  . 
n        n      n 

.'.  the  two  values  of  any  ratio  of  A/n  will  be  equal, 

if  ( —  +  -  )  ~  (  —  +  -  )  is  an  even  multiple  of  TT. 

\  n      n)      \n       nj 

i.e.  if  fji  ~  \L  is  an  even  multiple  of  n. 

Hence,  given  tan  A,  there  cannot  be  more  than  the  2ra  values 
of  any  ratio  of  A/n,  obtained  by  giving  to  X  the  2n  values 
0,  1,2.  ..271-1. 

(1)     Consider  sin  A/n  and  cos  A/n. 

Two  values  of  sin  A/n  or  cos  A/n  will  be  equal 

.  „  UTT      a      u!ir      a  .  , . .  ,       » 

if h  —  + h  -  is  a  multiple  or  IT. 

n      n       n       n 

This  cannot  be. 
Hence,  given  tan  A, 

there  are  always  2n  values  of  sin  A/n  and  of  cos  A/n. 
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(2)     Consider  tan  A/n. 
Two  values  of  tan  A/n  will  be  equal 
if  /A  ~  p!  is  an  odd  multiple  of  n. 

Hence,  the  values  of  tan  A/n  obtained  by  giving  to  X  the 
n  values  0,  1,  2...n-l  will  be  repeated  by  giving  the  values 
n,  n  + 1,  n  +  2, . . .  2n  —  1. 

Hence,  given  tan  A, 

there  are  always  n  values  of  tan  A/n. 

To  find  the  values  of  the  solutions. 

387.  To  trace  the  changes  in  sign  of  cos  B  +  sin  B  and 
cos  B  —  sin  B. 

We  have 

cos  B  +  sin  B  =  ^2  (sin  45°  cos  B  +  cos  45°  sin  J?)=J2.  sin  (45°  +  B), 
cos  B  -  sin  j5  =  ^/2  (cos  45°  cos  .B  -  sin  45°  sin  £)=tj'2 .  cos  (45°  +  jg). 

Thus 
cos  B  +  sin  B  is  +ve,  if  45°  +  B  is  in  1st  or  2nd  quadrant, 

„         „        -ve,         „         „         3rd  or  4th         „ 
cos  B  -  sin  B  is  +ve,         „         „         1st  or  4th          „ 
„        -ve,         „         „        2nd  or  3rd 


19—2 
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Now  B  is  45°  less  than  45°  +  B. 

Hence,  if  we  turn  the  initial  line  from  which  B  is  measured 
backwards  through  45°, 

we  shall  get  four  shifted  quadrants. 

-  Taking  as  usual  the  initial  line   of  B   rightwards,    and    the 
positive  revolution  right-upwards,  we  have 

If  B  is  in  the  Right  quadrant,  45°  +  £  is  in  the  1st  quadrant, 

.'.  cos  £+  sin  B  is  +ve ;  and  cos  B  -  sin  B  is  +ve. 
If  B  is  in  the  Up  quadrant,  45°  +  B  is  in  the  2nd  quadrant, 

.'.  cos  B  +  sin  B  is  +ve ;  and  cos  B  —  sin  B  is  — ve. 
If  B  is  in  the  Left  quadrant,  45°  +  B  is  in  the  3rd  quadrant, 

.'.  cos  B  +  sin  B  is  -ve ;  and  cos  B  -  sin  B  is  — Ve. 
If  B  is  in  the  Down  quadrant,  45°  +  B  is  in  the  4th  quadrant, 

.*.  cos  B  4-  sin  B  is  — ve ;  and  cos  B  —  sin  B  is  +ve. 

388.  It  is  also  desirable  to  notice  that 

If  B  is  in  the  Right  or  Left  quadrant,  2£  is  in  the  1st  or  4th 
quadrant. 

If  B  is  in  the  Up  or  Down  quadrant,  2£  is  in  the  2nd  or  3rd 
quadrant.  - 

389.  Given  the  sine  of  an  angle  to  find  the  ratios  of  the  half- 
angle. 

We  have 

cos2  \A  +  sin2  \A  =  1  and  2  cos  \A  sin  \A  =  sin  A. 

First  add  and  then  subtract  these  equations ;  thus 
(cos  \A  +  sin  ^A)z  =  1  +  sin  A  and  (cos  \A  —  sin  \A )2  =  1  —  sin  A, 

.'.  cos  %A  +  sin  ^A  =  ±  J(l  +  sin  A) 
and  cos  \A  -  sin  \A  =  ±  ^/(l  -  sin  A). 

By  Art.  387,  the  upper  or  lower  sign  in  these  radicals  must 
be  chosen  according  as  \A  is  in  the  Eight,  Up,  Left,  or  Down 
quadrant. 
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Then,  by  addition  we  get  2  cos  ^A  ;  by  subtraction,  2  sin  \A. 
Thus: 

(1)  If  J  J.  is  in  the  Right  quadrant,  the  signs  are  +  +  ; 

.'.  2  cos  \A  =  +  7(1  +  smA)  +  7(1  -  sin  A\ 
2  sin  14  =  +  7(1  +  sin  A)  -  7(1  -  sin  A). 

(2)  If  \A  is  in  the  Up  quadrant,  the  signs  are-l  —  ; 

.'.  2  cos  \A  =  +  7(1  +  sin  4)  -7(1  -sin  4), 
2  sin  \A  =  +  7(1  +  sin  A)  +  7(1  -  sin  A). 

(3)  If  |-4  is  in  the  Left  quadrant,  the  signs  are  —  -  ; 

:.  2  cos  %A  =  -  7(1  +  sin  A)  -  J(l  -  sin  A), 
2  sin  %A=-  ^(l  +  sin  A)  +  ^/(l  -  sin  A). 

(4)  If  ^A  is  in  the  Down  quadrant,  the  signs  are  —  +  ; 

.'.  2  cos  \A  =  -  J(l  +  sin  A)  +  v/(l  -sin  A\ 
2  sin  J4  =  -  ^(l  +  sin  ^4)  -  J(I  -  sin  4). 


Now,  dividing  2  sin  J  4  by   2cosJJ,    and    rationalising   the 
denominators,  we  have 

(5)     If  \A  is  in  the  Right  or  Left  quadrant, 

A   _  , 

n 


2       7(1  +  sin  ^1)  +  ^(l  -  sin.4)  ~ 
(6)     If  ^A  is  in  the  Up  or  Down  quadrant, 

A  =  ^ 

a 


2       7(1  4-  sin  4)  -  7(1  -  sin  .4)  ~  sin  J. 

390.  The  student  should  observe  that  the  results  of  the  last 
article  include  those  of  Art.  379,  which  were  arrived  at  by  more 
general  considerations. 

391.  The  student  should  particularly  note  that 

A      sin  \A  2  sin2  \A  1  —  cos  A 


_  —  _       -_  __  _  __ 

2       cos  \A      2  sin  ^A  cos  \A         sin  A 

for  «#  values  of  A  whatever. 


294  SUBMULTIPLE  ANGLES. 

But  that  cosA  =  +  ^/(l  -sin2^),  only  if  A  is  in  the  1st  or  4th 
quadrant,  i.e.  if  \A  is  in  the  Right  or  Left  quadrant.  See 
Art.  388. 

And  cos  A  —  —  ^/(l  —  sin2  A\  if  A  is  in  the  2nd  or  3rd  quadrant, 
i.e.  if  \A  is  in  the  Up  or  Down  quadrant.  See  Art.  388. 

These  conclusions  confirm  the  value  of  tan  \A  as  given  in 
Art.  389. 

392.  Given  the  cosine  of  an  angle,  to  find  the  ratios  of  the 
half-angle. 

We  have 

cos2  %A  +  sin2  J4  -  1  and  cos2  ±A  -  sin2  ±A  =  cos  A. 
First  add  and  then  subtract  these  equations  ;  thus 
2  cos2  \A  =  1  +  cos  A  and  2  sin2  \A  =  1  -  cos  A, 
A  /l+cosA  .    A  /l-cosA\ 


Dividing  we  have 


tan  —  = 


-—  A1 

2       V  Vi 


1  —  cos  A 


+  cos  A) 

The  signs  of  these  radicals  must  be  taken  according  to  the 
quadrant  in  which  \A  lies. 

These  results  include  those  of  Art.  380. 

393.     Given  the  tangent  of  an  angle,  to  find  the  tangent  of 
the  half-angle. 

We  have 

2  tan  \A 

*       =  tan  A , 

1  —  tan  jfA 

tan  A  tan2  \A  +  2  tan  \A  =  tan  A, 
ta,n*A  +  I 


tan  A        tan2  A         tan2  A 

+  te 
tan  A 
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The  upper  or  lower  sign  must  be  taken  according  as  tan  JJ 
and  tan  A  have  or  have  not  the  same  sign. 

i.e.  according  as  A  is  or  is  not  in  the  1st  or  4th  quadrant  : 
i.e.  according  as  ^A  is  or  is  not  in  the  Right  or  Left  quadrant. 

394.  As  in  Art.  391,  the  student  should  particularly  note 
that 

A     1  —  cos  A     sec  A  -  1 

4-o-p   _  —    _  ___      —  _ 

5         sin^l  tan^l 

for  all  values  of  A  whatever. 

But  that  sec  A  =  +  ^/(l  +  tan2  .4),  only  if  A  is  in  the  1st  or  4th 
quadrant  :  while  sec  A  =  -  ^/(l  +  tan2  A),  if  A  is  in  the  2nd  or  3rd 
quadrant. 

These  conclusions  confirm  the  value  of  tan  \A  given  in  the 
last  article. 

The  cubic  equation. 

395.  The  ratios  of  ^A  can  be  obtained  algebraically  from 
those  of  A  only  by  the  solution  of  a  cubic  equation. 

We  must,  therefore,  give  some  account  of  the  cubic  equation 
and  its  connexion  with  Trigonometrical  formulae. 

The  general  form  of  the  cubic  equation  is 


Tt 

If  here  we  write  for  X,  x—^--.,   the   coefficient  of   cc2  will 

oA 

vanish. 

We  may  thus  reduce  any  cubic  equation  to  the  form 
a?  +  px  +  q  =  0. 

It  is  convenient  to  express  this  in  the  following  homogeneous 
form  : 


where,  a  and  b  being  real  (i.e.  positive  or  negative),  the  upper  or 
lower  sign  is  taken,  according  as  the  coefficient  of  x  is  arith- 
metically positive  or  negative. 
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396.     To  find  the  real  value  of  x  which  satisfies  the  equation 


where  b  is  numerically  greater  than  a. 

Put  x  =  y  +  a2/y  (a  homogeneous  expression), 

ys  +  3a2y  +  3a*/y  +  a6/^  -  3a2y  -  3a4/y  = 
.'.  (multiplying  by  y3) 


Since  b2  >  a2,  y*  is  real  ;   .'.  y  has  one  and  only  one  real  value 
[Art.  230]  corresponding  to  each  of  the  values  of  yB. 

a« 

"N  OW  —   = 

y*     b* 


Substituting  for  y  to  find  x,  we  have 

x  =  */{b3  +  V(66  -  a6)}  +  ^/{63  -  V(66  -  a6)}. 

397.     Similarly  to  solve 


put  x  =  y  —  a2/y,  and  we  have 

J(b«  +  a6)}. 


398.  By   the   last   two   articles,    we   have   found   one   real 
solution  of  the  equation 

x3  —px  +  q  =  0 

in  the  case  when  (f  )   is  algebraically  less  than  (  f  )  . 
vv  \^/ 

Example  1.     Solve  a?  -  18#  =  35. 
Example  2.     Solve  4^  =  5#  -  6. 
Example  3.     Solve  a?  =  36x  +  91. 

399.  To  find  three  values  ofxto  satisfy  the  equation 

x*-3 
where  b  is  numerically  =  or  <  a. 
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Put  x  =  2a  cos  0, 

8a?  cos3  0  -  Qa3  cos  0  =  263, 


i.e.  cos  36  =  b3  j  'a?. 

Now  since  b3  is  numerically  not  greater  than  a3,  there  are 
real  values  of  30  which  satisfy  this  equation. 

Let  the  series  of  values  be  3a,  360°  -  3a,  360°  +  3a,  &c. 

Then  x  =  2a  cos  0 

=  2a  cos  a  or  2a  cos  (120°  -  a)  or  2a  cos  (120°  +  a)  &c. 
giving  three  and  three  only  real  values  of  x. 

Example.     Solve  2y3  =  3y  -  1. 

400.     By  the  last  article  we  have  shown  how  three  real  roots 

/p\3 
of  the  equation  y?  —  px  +  q  =  Q  can  be  found  when  (^)   is  alge- 


braically  not  less  than  (  | 

\*J  s 

Thus  we  should  find,  by  means  of  Trigonometrical  tables  if 
necessary,  the  angle  whose  cosine  =  —  |  -r-      /(«)  • 

Then,  also  with  the  help  of  Trigonometrical  tables  if  necessary, 
we  should  find  the  cosine  of  ^  of  this  angle. 


Thus,  instead  of  finding  the  ratios  of  J  A  from  those  of  A  by 
solving  a  cubic  equation,  we  do  the  reverse  ;  i.e.  we  solve  a  cubic 
equation  by  finding  (with  the  help  of  tables  if  necessary)  the 
ratios  of  \  A  from  those  of  A.  .  . 

401.     A  geometrical  mode  of  solving  the  equation 

a?3  —  px  +  q  =  0 
thus  requires  us  to  trisect  the  angle  whose  cosine  is-x/(275'2^4^3). 

An  angle  cannot  be  trisected  by  ruler  and  compass.  But  the 
following  explanation  indicates  how  a  simple  instrument  may  be 
used  for  the  trisection  of  an  angle. 
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Let  IOF  be  the  given  angle. 

Let  a  rod  OR  revolve  round  0,  so  that  R  describes  a  circle 
which  cuts  10  produced  in  T. 

Let  MV — rigidly  attached  to  OR — bisect  OR  at  right-angles 
at  M ;  and  suppose  it  to  be  slit  along  its  central  axis. 

Also  let  RI' — pivoted  at  R  to  OR — be  slit  along  its  central 
axis,  and  always  pass  through  a  pin  fixed  at  /'. 

Thus  a  pin  P,  through  each  of  the  slits,  will  mark  the  point 
of  intersection  of  M  V  and  RI'. 

Then,  if  OR  rotates  until  P  is  on  OF,  OR  shall  trisect  the 
angle  IOF. 

For  •-/  OR=OI',  :.  LORI' =  LOI'R,  and  exterior  angle 
10 R  —  twice  interior  angle  ORI'  =  twice  angle  ROP  (because 
A  's  MOP,  MRP  are  equal  in  all  respects). 

.'.  L  ROP  =  -I  L  IOF.  Q.E.D. 

Ratios  of  Particular  Angles. 

402.  We  may  find  the  ratios  of  angles  which  have  a  simple 
relation  to  a  right-angle  by  means  of  the  general  formulae  of  this 
and   the   preceding   chapter,    without    the    special    geometrical 
constructions  of  Chapter  IV.     Thus 

403.  To  find  sin  45°. 

Since  45°  is  its  own  complement, 

sin2  45°  -  cos2  45°,  i.e.  1  -  sin2  45° ; 

.'.   2  sin2  45°  =  1,  /.  sin  45°  =  -^  . 

N/"1 

404.  TofindsinSO0. 

The  complement  of  30°  is  60°,  i.e.  2.30°; 

/.  cos  30°  =  sin  60°,  i.e.  2  sin  30°  cos  30°. 
But  cos  30°  is  not  0 ;    .'.,  dividing  by  cos  30°, 

2  sin  30°  =  1,    /.  sin  30°  =  \, 
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405.     To  find  tan  22|°. 


tan  45 
406.     To  find  tan  15°. 


tan  15°  =  _  3().         _ 

tan  30 


407.     To  find  sin  18°. 

The  complement  of  36°  (i.e.  2.18°)  is  54°  (i.e.  3.18°) ; 

.'.  sin  36°  =  cos  54°, 

/.  2  sin  18°  cos  18°  =  cos3 18°  -  3  cos  18°  sin2  18°. 
But  cos  18°  is  not  0  :   .'.,  dividing  by  cos  18°, 
/.  2  sin  18°  =  cos2 18°  -  3  sin2 18° 

=  l-4sin218°; 
/.  sin2 18°  +  1  sin  18°  +  -^  =  ^ 

v/5-1 

. .  sm  18  °  =  -2— 

4 

(the  positive  sign  of  the  radical   being  taken  to  make  sin  18° 
positive). 

EXAMPLES  XV. 

1.  Draw  and  explain  a  figure  giving  all  values  of  0  which 
satisfy  the  equations  : 

a.  sin  20  =  sin  60°.  b.  cos  20  =  sin  60°. 

c.  tan  20=  tan  75°.  d.  cot  20  =  tan  75°. 

e.  sec  30  =  2.  /.  0086030  =  ^5  +  1. 

g.  sin  30  =  sin  135°.  h.  tan  30  =  -^. 

k.  cos  30=1.  I.  sin  30  =  0. 

2.  Find  the  ratios  of  9°,  4J°,  6°,  7J°,  3°. 

3.  Express  cos  A/2n  in  terms  of  cos  A. 
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4.  Trace  the  changes  in  sign  and  magnitude  of  sin  J A  +  cos  \A 
and  of  sin  \A  -  cos  \A,  as  A  varies  from  0  to  360°. 

5.  Show  that  cos  \A  —  sin  \A  =  (—  l)m  .^(1  —  sin  A)  where  m 
is  the  integral  part  of  (A  +  270°)  -r-  360°. 

6.  Given  cot  A  =  k,   show  that   cot  \A    or   tan  \A    may   be 
obtained  from  the  equation 

cot  \A  -  tan  \A  =  2k  ±  2^/(l  +  A;2). 

Show  how  the  sign  of  the  radical  must  be  determined :  and 
also  the  sign  of  the  radical  in  the  expression  obtained  by  solving 
for  cot  \A. 

7.  If  sin  4 A  =  s,  show  that  the  four  values  of  tan  A  are  given 


8.  Find  when  sin  B  is  arithmetically  and  when  it  is  alge- 
braically greater  or  less  than  cos  B.    Hence  deduce  the  variations 
in  sign  of  cos  B  —  sin  B,  and  cos  B  +  sin  B. 

9.  Show  that  the  three  roots  of  the  equation 

x  (x  —  3)2  =  4  sin2  a 

are  positive,  and  that  the  difference  between  the  greatest  and  least 
of  them  is  >  3  and  <  2  v/3. 

10.  Given  0,  construct  <£  geometrically  from  the  equation 

Sln  ^  \/(l  ~  *  Sln2  2)  =  Sin  2 ' 

11.  Show  that  a  root  of  the  equation 


is  6sin(i  of  90°)-1. 

12.  Show  that  coti0>  1  +  cot  0  for  all  values  of  6  from  0 
to  TT. 

TO  T£        j.  ^  tal1  0  +  m  -*•    1  ,T1 

13.  It   tan  -= -,  show  that  m   cannot   lie  be- 

2      tan  6  +  m  +  I ' 

tween  +  1  and  —  1. 
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14.     Show  that 

_      cos  \A  sin  \A 

=  + 


and  show  how  the  signs  of  the  radicals  must  be  determined. 
15.     Show  that,  for  any  value  of  a, 

(i)     cos  a  +  cos  (120°  -  a)  +  cos  (120°  +.  a)  =  0, 
(ii)     cos  a  cos  (120°  -  a)  +  cos  a  cos  (120°  +  a) 

+  cos  (120°  -  a)  cos  (120°  +  a)  =  -  |, 
(iii)    4  cos  a  cos  (  1  20°  —  a)  cos  (1  20°  +  a)  =  cos  3a. 
What  relations  between  the  ^roots  and   the  coefficients   of   a 
cubic  equation  follow  from  the  above  1  ; 

Prove 

A_ 

n      ~ 


A_         //2sin 

2  ~  *  V  U  sin 


<7T         ,       ir         .       TT  .    TT    .       TT   .       ?r 

17.  sin  —  +  sin  —  —  sin  -=-  —  4  sin  -  sin  —  -  sin  -=-  . 

2?r  4?r  6?r  TT        3?r        5?r 

18.  cos  —  -  +  cos  -=-  +  cos  —  =  -  1  —  4  cos  =  cos  —  -  cos  -=-  . 

19.  If  A  +  B  +  C  be  an  odd  multiple  of  TT, 

cot  JC  (1  -  tan  \A  tan  \B)  =  tan  \A  +  tan  %B. 

20.  If  tan  J  (5  +  C  -  A)  tan  J  (6Y  +  ^-.5)tan  J  (^  +  £-  C)  =  l, 
then  sin  2^1  +  sin  2j5  +  sin  2(7  =  4  cos  A  cos  5  cos  C. 

21.  If  tan2  <£  =  sin  0  sin  0'  sec2  J  (0  +  0'), 
then  tan2  1<£  =  tan  \Q  tan  10'. 

22.  If  cot  ia  +  cot  \$  =  2  cot  0, 

then  {1  -  2  sec  0  cos  (a  -  0)  +  sec2  0}  {1  -  2  sec  0  cos  (ft  -  0)  +  sec2  0} 

=  tan4  0. 

23.  If 

cos2  1  (a  -  /3)  -  sin2  |Q8  +  y)  =  cos2  1  (q-ff  >  -  sin2  1-  (a  +  y) 

cos2  i  a  -  sin2  ^  y  cos2  1  y8  -  sin2  iy 

then  sin  a  +  sin  (3  +  sin  y  =  0, 
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provided  the  sum  or  difference  of  no  two  of  the  angles  a,  ft  y  is 
any  multiple  of  IT. 

24.  tan-1  a  -  tan"1  z, 

=  tan-1  ~—-. ,+  tan-1  r  +  &c.  +  tan"1  -^  Z  . 

1  +  ab  1  +  be  1  +2/2 

25.  tan-1  J  +  tan-1 J  =  JTT. 

26.  tan-1  £  +  tan-1 1  +  tan"1  f  +  tan-1  £  =  J  TT. 

27.  If  4cos0  +  3sin0  =  l,  find  0; 

given  sin  53°  7'  51"  -  -8,  sin  11°  31'  10"  =  -2. 

28.  If  a  cos  0  +  b  sin  0  =  c,  show  that 

0  =  tan"1  -  +  cos"1  -JT-Z — p;  • 

9Q      if        1  cos0  sin  0  .  0 

2  sin  20  "  cos  (30°  +  0)  ~  sin  (30°  +  0) ' 

30.  If    cos  (0  +  a)  =  sin  </>  sin  ft    and    cos  (<£  +  /3)  =  sin  0  sin  a, 
find  0  and  <£. 

Show  that  if  <£1}  <£2  be  two  values  of  <£  (whose  tangents  are 
unequal),  then 

2  cot  (<£x  +  <£2)  =  tan  /?  —  sec2  a  cot  ft. 

31.  If  15  (1  -  cos  20  cos  2<£)  =  17  sin  20  sin  2<jf> 

and  sin  (0  —  <£)  +  J  ^/{sin  (0  +  <£)  sin  (0  —  <£)}  =  (tan  0-1)  cos  0  cos  <£, 
then  tan  0=5  and  tan  <f>=3. 

32.  If  cos  0  +  cos  <£  +  cos  \f/=l 
and  sin  0  +  sin  <£  +  sin  if/  =  0 
and  .  0  +  </>  +  ^  =  TT, 
find  0,  <f>,  i/f. 

33.  If  2/2  +  £  -  22/s  cos  a  =  d2  sin2  a 
and  s2  +  cc2  —  2s;a;  cos  fi  =  d2  sin2  /3 
and  a;2  +  2/2  —  2a?2/  cos  y  =  d2  sin2  y, 
find  a?,  y,  z. 


CHAPTER  XVI. 
TRIGONOMETRICAL  FACTORS. 

§  1.     ALGEBRAICAL  THEOREMS. 

408.  DBF.  I.     A  (rational)  integral   function   of  any 
quantity  is  a  finite  sum  of  a  finite  number  of  terms,  involving 
only  positive  integral  powers  of  that  quantity. 

Thus  0^-T-^6+Vv5a3)-r2+          —is  a  (rational)  integral  function 
~  -f-oct  y 

of  x. 

But  — \r*Jx  +  c3f*+bx~z  is  not  a  rational  integral  function  of  x  :  for 
oc 

the  terms  contain  negative  or  fractional  indices  of  x. 

Nor  is :  for  the  value  of  this  fraction  found  by  division 

px  +  q 

would  contain  an  infinite  number  of  terms  (except  for  special  values  of 
a,  b,  c,  p,  q). 

409.  DBF.  II.     If  Q  and  P  +  Q  can  each  be  expressed  as  a 
(rational)  integral  function  of  x,  then  Q  is  called  an  x- factor  of 
P,  and  P  is  called  an  x- multiple  of  Q. 

Thus 

x  -  a  is  an  x-f  actor  of  #2  —  a2, 

V  (xz  -  a2)  -r  (x  -  a]  =  x + a  (an  integral  function  of  x}  ; 
Again  ax  —  o?  is  an  x-f  actor  of  a?  —  a2, 

V  (#2-a2)-r(a#-a2)=-  +  l  (an  integral  function  of  x). 

CL 

But- (a; -a)"1  is  not  an  x-f  actor  of  x+a  ;  because  although 

(x + a)  -f-  (x  —  a)  ~ l  =•  x*  -  a?  (an  integral  function  of  x\ 
yet  (x  —  a)  ~ l  is  not  itself  an  integral  function  of  x. 
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410.  The  ordinary  terms  factor  and  multiple  may  be  sub- 
stituted for  x-factor  and  x-multiple  respectively,  if  it  is  always 
remembered  that  an  algebraic  expression   can   be   regarded   as 
integral   or   not,    only  in  reference  to  some   specified  symbol  of 
quantity  which  it  contains. 

The  expression  rational  integral  function  is  usually  abbreviated 
into  integral  function  ;  and  the  term  polynomial  is  another  equivalent. 

411.  The  symbol  /(#),    read  function   x,  denotes  any  ex- 
pression involving  x-}  where  it  is  understood  that/(a),/(6),./(3), 
&c.  represent   the   values  obtained  by  writing  a,  b,  3,  &c.   re- 
spectively, instead  of  x,  in  the  expression  denoted  byf(x). 

Other  symbols,  such  as  f±  (x),  <f>  (x),  &c.,  denote  other  ex- 
pressions involving  x,  in  which  the  substitution  of  a  for  x  is 
denoted  by/i  (a),  <£  (a),  &c. 

412.  Theorem   I.     If  f(x)    be   any  integral  function  of  x 
arranged  in  descending  powers  of  x  and  divided  by  x  —  a,  the 
remainder  which  is  independent  of  x  will  bef(a). 

For  the  process  of  division  consists  in  choosing  such  terms  in 
the  quotient  as  .shall  make  each  successive  remainder  of  lower 
degree  than  the  last.  Hence  in  this  way  we  may  always  obtain 
a  remainder  which  does  not  contain  x-}  and  which  will,  therefore, 
be  unaltered  by  any  change  in  the  value  of  x. 

Let  then  <f>  (x)  be  the  quotient  and  R  the  remainder  obtained 
by  dividing  f(x)  by  x-a. 

Thus  f(x)  =  4>(x).(x-a)  +  £ (1). 

In  (1)  put  x  =  a,  then  It,  which  does  not  contain  a?,  will  be 
unaffected. 

:.f(a)=<j>(a).(a-a)+It. .,....(2). 

Now  since  <j>  (a)  must  be  finite,  <£  (a) .  (a  -  a]  =  0, 

.'.  f(a)  =  £orlt=f(a). 
Substituting  for  R  in  (1),  we  have 

f(x)=4>(x).(x-a)+f(a) (3), 

where  <f>(x)  being   the   quotient  is  an   integral  function   of   x 
as  well  as  f(x). 
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COR.     x  -  a  is  always  a  factor  of  f(x)  —f(a). 
For,  by  the  above, 

/(*)  -/(«)  =  0  (*).(«-») 
where  <f>  (x)  is  an  integral  function  of  x. 

413.     Theorem  II.       If  /(a,)  =  f(a2)  =f(as)  =  ......    and    if 

«!,  «2j  %>•••  are  all  different,  then  f(x)—f(a>^  is  divisible  by  the 
product  (x  —  a^)  (x  —  a2)(x  —  a3)  ...... 

For,  by  Theorem  I.,  dividing  f(x)  —f(a-^)  by  x-  aly 

/(*)  -/  W  =  0i  (*)  •  (*  -  «i)  +/(«i) 
where  ^  (cc)  is  integral. 


Again,  dividing  this  quotient  <£x  (oj)  by  x  —  a2, 

*i(*)H*iH.(*-«h) 

where  </>2  (x)  is  integral. 


=  0,  since  a2  —  a^  is  not  0. 
/.  <h(x)  =  <f>2(x).(x-a2). 
Substituting  in  (1), 


4>2(x).(x-al)(x-a2)    .........  (2). 

Again,  dividing  this  quotient  <£2  (x)  by  x  —  a3, 


where  ^>3  (aj)  is  integral. 


since  a3  —  a^  and  as  -  a2  are  neither  —  0. 

/.  0a(*)=  0s  H-  («-«»). 
Substituting  in  (2), 

f(x)  -/(oi)  =  </>3  («)  .  (aj  -  oO  (x  -  a,,)  (a?  -  a.)  ......  (3). 

In  this  way  we  may  go  on  dividing  each  successive  quotient 
by  any  number  of  factors,  which  are  all  different,  as  long  as  the 
quotient  contains  x  at  all. 

J.  T.  20 
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COR.     If  the  highest  term  inf(x)  is  p  .  xn,  and  if  there  are  n 
quantities  a15  a2,...an,  all  different  and  such  that 


then/(o?)  -/to)  =  P  (x-aj  (x  -  a2)...(x-  an). 

For  each  successive  division  reduces  the  quotient  by  one 
degree,  so  that  the  highest  terms  in  the  successive  quotients  are 
pxn-\pxn-\...p. 

414.  Theorem  III.  If  two  integral  functions  of  x  of  the  nth 
degree  are  equal  to  one  another  for  more  than  n  different  values 
of  x,  then  the  coefficients  of  the  different  powers  of  x  in  the  two 
functions  are  severally  equal  to  one  another. 

For,  let          pxn  +  p'xn~l  +  .  .  .  =  qxn  +  q'xn~l  +  ... 
for  the  n  +  1  different  values  ala2.  .  .an,  an+l. 

Then  writing  f(x)  for  (p  -  q)  xn  +  (p'  -  q')  xn~l  +  ... 
we  have  /to)  =f(aa)  =  ...  =/K)  =/K+i)  =  0  ; 

•'•  /(«)  -/fa)  =  (p-q)  (*-  «i)  («-  Oa)...(aj  -  an) 
for  all  values  of  x.     Put  x  =  an+l, 

•'•  /K+i)  -/to)  =  (P~q)  K+i  -  »i)  (an+1  -  03)...  (att+1  -  an). 
But  /(aw+i)-/to)=z  0,  while  none  of   the  factors  a»+i  —  «i, 
aB+1-02...is  zero. 

/.  ^?  -  q  =  0,  i.e.  p  =  q. 

f(x)  is  now  reduced  to  the  (n  -  l)*h  degree  :  and  the  same  proof 
shows  that  p'  —  q'  =  0,  i.e.  p'  =  q'  and  so  on. 

COR.     Since  p  =  q-}  p'  =  q',  &c. 

.'.  pxn  +p'xn~1  +  .  .  .  =  qxn  +  q'xn-*  +  .  .  . 

for  all  values  of  x.  Thus,  if  two  functions  of  the  nth  degree  are 
equal  for  more  than  n  values  of  the  variable,  they  are  equal  for 
all  values  of  the  variable. 
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§  2.     APPLICATION  TO  TRIGONOMETRICAL  FORMULAE. 

415.  The  relation 

2  cos  (n  +  1)  6  +  2  cos  (n  -  1)  0  =  2  cos  0  .  2  cos  nO 
shows,    by   induction,    that    2  cos  nO  is  an  integral  function  of 
2  cos  0,  having  (2  cos  0)n  as  highest  term. 

For,  assuming  this  true  for  n  and  n—1,  we  have,  by  above, 
2  cos  (n  +  1)  0  =  2  cos  0  .  2  cos  n0  -  2  cos  (n  -  1)  (9 
=  2  cos  6  {(2  cos  0)71  +  lower  powers} 

—  {(2  cos  6)n~l  +  lower  powers} 
=  (2  cos  0)n+1  +  lower  powers. 

Now  2  cos  6  =  (2  cos  0)1  and  2  cos  20  =  (2  cos  0)2  -  2. 

Hence,  for  all  positive  integral  values  of  n, 
2  cos  n0  =  (2  cos  0)71  +  terms  involving  lower  powers  of  2  cos  0*. 

COR.  Since,  of  course,  2  cos  T&O,  is  the  same  function  of  2  cos  a, 
that  2  cos  n&  is  of  2  cos  0, 

.'.  2  cos  nO  -  2  cos  wa  is  divisible  by  2  cos  0  —  2  cos  a, 
or  cos  nO  -  cos  wa  is  divisible  by  cos  0  —  cos  a. 

416.  The  relation 

(xn+l  +  or"-1)  +  (x71-1  +  x~n+l)  =  (x  +  x-1)  (xn  +  x~n) 
shows  precisely  as  in  the  last  article,  by  induction,  that  xn  +  x~n 
is  an  integral  function  of   x  +  x~l,   having  (x  +  x~l)n  as  highest 
term. 

For  x  +  x~l  -  (x  +  or1)1  and  x2  +  x~2  =  (x  +  x~1)2  -  2. 

COR.  Since  the  successive  expressions  of  xn  +  x~n  as  functions 
•of  x  +  x~\  and  those  of  2  cos  nO  as  functions  of  2  cos  9  are  found 
by  the  same  formula,  and  since  x2  +  x~~  is  the  same  function  of 
x  +  x~l  as  2  cos  20  is  of  2  cos  0,  it  follows  that,  for  all  positive 
integral  values  of  n,  xn  +  x~n  is  the  same  function  of  x  +  x~l  as 
2  cos  nO  is  of  2  cos  0. 

Hence,  for  all  positive  integral  values  of  n, 

xn  +  x~n  —  2  cos  na  is  divisible  by  x  +  x~l  -  2  cos  a. 
*  This  result  was  of  course  proved  in  Chap.  XIV. 

20—2 
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417.     The  relation 

2  sin  (n  +  1)  0  +  2  sin  (n  -  1)  0  =  2  cos  6  .  2  sin  nO 

shows,  by  induction,  that  2  sin  n6  +  2  sin  0  is  an  integral  function 
of  2  cos  0,  having  (2  cos  6)n~l  as  highest  term. 

For,  assuming  this  true  for  n  and  n-  1,  we  have 

2  sin  (TO  +1)0  2  sin  K0      2  sin  (M+  1)0 

2sin0  2sin0   "         2sin0 

=  2  cos  0  {(2  cos  0)71-1  +  lower  powers} 

-  {(2  cos  B)n~2  +  lower  powers  J 
=  (2  cos  0)n  +  lower  powers.  . 


and 

2  sm0 
e,  for  all  positive  integra 

=  (2  cos  ^y*-1  +  terms  involving  lower  powers  of  2  cos  0** 


Hence,  for  all  positive  integral  values  of  n, 


—  2J- 

2i  sin  u 

COR.     Hence 


2  sin  nO      2  sin  ?ia  .  A     * 

is  divisible  by  2  cos  0  -  2  cos  a, 


2  sin  0         2  sin  a 

sin  710      sinwa  .      ..   .  .77    ,  ,, 

or  -  7;  ---  ^  --  is  diwsible  by  cos  u  —  cos  a. 

sin  0        sin  a 

418.     The  relation 

(xn+l  -  x-n~l)  +  (xn~l  -  x~n+1)  =  (x  +  x-1)  (xn  -  x~n) 

shows,  precisely  as  in  the  last  article,  by  induction,  that  -      -zr 

x  —  x 

is  an  integral  function  of  x  +  or1,  having  (a;  +  or1)71'1  for  highest 
term. 


For       -       =  (x  +  x-J  and      -        =  (x  +  ar1)1. 
cc  -  x  1  a;  -  a;-1 

*  This  result  was  of  course  proved  in  Chap.  XIV. 
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COR.     Since  the  successive  expressions  of  —      -^  as  functions 

00  "~"  Q& 

of  x  +  or1,  and  those  of  ^~—. — 7r  as  functions  of  2  cos  0  are  obtained 
2sm0 

a?  —  x~2 
by  the  same  formula,  and  since r  is  the  same  function  of 

X-X'1 

jc  +  x~l  as  -=— ^ — TT   is  of  2  cos  0,  it  follows,  that  for  all  positive 
2  sin  6 

a;ra  _  a;"71 

integral  values  of  w,  —    — =^-  is  the  same  function  of  x  +  or1  that 

X  —  X 

'2  sin  nO  .      ,  _ 

— — - ;r  IS  OI  2  jCOS  0. 

2  sin  6 

a;»_a;-n      sin  no.  .     ,.   .  .,,    , 

.*. — ; .        is  divisible  by  x  +  or1  —  2  cos  a. 

x  —  x  sin  a 

419.     To  completely  factorise 

2  cos  nO—2  cos  no.  and  xn  +  x~n  —  2  cos  na, 
when  cos  no.  =  0. 

Since  cosna  =  0,   .'.  na  =  JTT  (2X+  1) 

where  X  has  any  integral  value  whatever. 

Hence,  by  Arts,  415,  416,  Cor., 

2  cos  nO  is  divisible  by  2  cos  0-2  cos  —  (2X  +  1), 

and       a?1  +  x~n  is  divisible  by  x  +  x~l  —  2  cos  —  (2X  +1). 

Now  two  values  of  cos  (2X  +  1)  7r/2n,  obtained  by  giving  to  X 
•different  values  //,  and  //,  cannot  be  equal,  unless  the  sum  or 
•difference  of  the  two  angles  is  a  multiple  of  2?r :  i.e.  unless 

(2/x  +  1)  7r/2n  +  (2//  +  1)  7r/2n  or  (2/x  +  1)  >n-/2n  ~  (2//  +  1)  ir/'2n 
is  a  multiple  of  2n- ; 

i.e.  unless  /x  +  //  +  1,  or  p  ~  //,  is  a  multiple  of  2n. 

If  then  X  assumes  the  n  values  0,  1,  2...(w-  1),  these  condi- 
tions will  be  excluded,  so  that  all  the  factors  so  obtained  will  be 
different.  Hence 
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2  cos  nO  = 


xn +  x-n _ 

\x  +  x~l-  2  cos  IT- 1  (  x  +  x'1  —  2  cos  —  ) ...(  x  +  x~l  —  2cos^-r — -n-Y 
V  2n/V  W      V  2n      / 

420.     To  completely  factorise 

sin  nO      sin  no.        ,  xn  —  x~n      sin  wa  sin  na 

— ; — ^ . and  r  —  — : ,  when  — ; =  U. 

sin  u        sin  a  x  —  x~         sin  a  sin  a 

Since  sin  na/sin  a  =  0,  .'.  no.  =  \TT 

where  X  has  any  integral  value,  except  0  or  a  multiple  of  n~ 
These  values  must  be  excluded  or  sin  a  would  vanish. 

Hence,  by  Arts.  417,  418,  Cor., 

sin  nO  is  divisible  by  2  cos  0  —  2  cos  —  , 

XTT 
and  xn  -  x~n  is  divisible  by  x  +  x~*  -  2  cos  —  . 

Now  two  values  of  cos  \ir/n,  obtained  by  giving  to  A  different 
values  //,  and  /u/,  cannot  be  equal,  unless  the  sum  or  difference  of 
the  two  angles  is  a  multiple  of  ZTT:  i.e.  unless 

fj.7r/n  +  fjfTTJn  or  fiir/n  ~  n!irjn  is  a  multiple  of  27r, 
i.e.  unless  /n  +  //  or  JJL  ~  //  is  a  multiple  of  2n. 

If  then  X  assumes  the  n  -  1  values  1,  2...W-1,  these  conditions- 
will  be  excluded,  so  that  all  the  factors  so  obtained  will  be 
different.  Hence 

sin  nO  —       ;  ~* 

'          n    _        ?r\  /          .  2?r\       /^       „    „       n-l 

2  cos  0—2  cos  -  1 1  2  cose*— 2  cos  — 


-1-  2  cos 
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421.     To  completely  factorise  2  cos  nO  —  2  cos  no.  and 
xn  +  x~n  -  2  cos  na,  when  cos  no.  is  not  equal  to  +  l  or  -  1. 

Since  cos  na  —  cos  (2A.7T  +  no),  where  A  is  integral, 
.'.  2  cos  nO  —  2  cos  na  is  divisible  by  2  cos  0  —  2  cos  (  a  +  —      )  , 


xn  +  x~n  —  2  cos  na  is  divisible  by  x  +  x~l  —  2  cos  (  a  +  -  )  . 

\          n  ) 

Now  two  values  of  cos  (a  +  2\ir/n),  obtained  by  giving  to  A. 
different  values  u  and  ft',  cannot  be  equal,  unless  the  sum  or 
difference  of  the  two  angles  is  a  multiple  of  2-rr  :  i.e.  unless 
(a  +  2/A7r/7i)  +  (a  +  2fj.'TT/n)  or  (a  +  2fjnr/n)  ~  (a  +  2/x/7r/n) 
is  a  multiple  of  27r, 

i.e.  unless  na  is  a  multiple  of  TT,  or  //,  ~  /*'  is  a  multiple  of  n. 

But  if  na  were  a  multiple  of  TT,  cos  no.  would  be  +1  or  —  1, 
which  we  have  excluded. 

Hence,   if  A.  assumes  the  n  values  0,   1,   2...(n-l),  all  the 
factors  so  obtained  will  be  different. 


Hence,  if  cos  na  is  not  +1  or  -  1, 

(1)  2  cos  nO  -  2  cos  na 

=  (2  cos  9-  2  cos  a)  J2  cos0-2cos  (a  +  --)[••• 

J2  cos  6  -  2  cos  (a 

(2)  xn  +  x-n-2cosna 

=  (x  +  or1  —  2  cos  a)  j  x  +  x~l  —  2  cos  fa  +  —  H  ... 


I  x  +  x~l  -  2  cos  (  a  +  -    —  2?r  J  [-  . 


422.     To  extend  the  results  of  the  last  article  to  the  excluded 
cases. 

I.     Let  a  =  0,  then  cos  na  =  +  1.     Thus 

2  cos  nO  —  2  cos  na  =  2  cos  nti  —  2  =  4  sin2  n  .  J  0, 

xn  +  x-n_2  Cos  na  =  xn  +  x~n  -  2  =       xn  -     x-n\ 
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Then,  by  Art.  420, 

a)  2sm^=       .;;  .....  '-   •;'•";•;  - 

.    0/_       (9  TT\/_       <9  27r\       /_        0  n-l    \ 

2  sin  -(  2  cos  -  —  2  cos  -  I  2  cos  -  -  2  cos  --)...(  2  cos  -  —  2  cos  -  TT  ) 

2\         2  nj\         2  w/      V          2  %       / 

(2)      V^  -  *Jx~n  --= 
Ux  -  Jx-1)  (jx  +  Vor1  -  2  cos  ^  ...  (jx  +  Jx~^  -  2  cos  ^  TT\  . 

II.     Let  a  =  TT/X  then  cos  na  =  -I.     Thus 

2  cos  w0  -  2  cos  na  =  2  cos  n#  +  2  =  4  cos2  n  .  J0, 

^  +  x-n  -  2  cos  na=  xn  +  x~n  +  2  = 

Then,  by  Art.  419, 
=     (3)     2cos^ 


x~>  -  2  cos  —~ 


Now,  since  cos  A.7r/2n  =  —  cos  (2n  -  X) 

/_         6      0         ATT\/O         d      0        2^- 
.'.  (2  cos  ^  -  2  cos  2^J  (2  cos  2  -  2  cos-^-  ^ 


2          i         <>    TT       ^          /i      rv  TT 

=  4  cos2  -  -  4  cos2  —  =  2  cos  6  -  2  cos  —  , 
A  Zn  n 


=  x  +  2  +  or1  —  4  cos2  -—  =  «:  +  x~l  —  2  cos  —  . 
2n  n 

Hence,  by  multiplying  each  of  the  above  four  series  of 
factors  by  the  same  series  inverted,  we  see  that  the  results  of 
the  last  article  are  applicable  to  the  excluded  cases  in  which 
cos  na  =  ±  1. 
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423.     From  Arts.  419,  420,  we  have 


f  TT\/  3ir\      /  2m-  1    \ 

[x+x-1-2co$-—)(x+x-1-2cos  —  )...  (  o;+a;-1-2cos—  -  -  TT  )  , 
\  2m/  V  2m/      \  2m       / 

xm-x~m  =  (x-x-l)x 

(x  +  x'1  —  2  cos  —  )  (  x  +  x~l  —  2  cos  "  -}...(  x  +  x~l  —  2  cos  -  -  TT  )  . 
m/\  m/      \  m        / 

Multiply  both  sides  of  these  equations  by  xm  ;  and  let  n=  2m. 
Thus,  ifnis  even, 
(1)     xn+l  = 


n  n 

(2)     xn-l=(x>-l)x 


Now  (x2  +  1  -  2x  cos  \.ir/n)  {x2  +  1  -  2x  cos  (n  -  X)  TT/U] 
=  (x2  +  I)2  -  4X2  cos2  \TTJn  =  x*-2x*  cos  2\7r/n  +  1. 

Hence  we  may  combine  the  first  and  last,  second  and  last 
but  one,  &c.  of  the  factors  in  (1)  and  (2)  which  involve  a  cosine. 

If  then  we  suppose  \n  or  m  to  be  odd,   there  will  be  an 
unpaired  factor  in  (1)  :  viz.  x2  —  2x  cos  JTT+  1  =  x?+  1. 

Putting  xi  =  y,  we  have 

If  m  is  odd, 

(3)     y»+l  =  (y  +  l)x 


y  cos        -4-         .  .       -       cos 

(4)    sr-l^6r-i)x 

(2/2-2vcos  --+  1  J  (y2-2yco$  —  +  1  ]  ...ly2- 
V  m        /  V  m        /      V 


-  TT+ 


The  formula  (1),  (2),  (3),  (4)  are  highly  important. 
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424.     Again,  from  Arts.  419,  420,  we  have 

(1)  cos  nO  = 

2n~l  (cos  0  -  cos  £-  )  (cos  0  -  cos  ~  )  .  .  .  (cos  0  -  cos    n~    ir\ 
\  2n/  \  2nJ      \  2n        / 

(2)  sinn0  = 

2»-i  sin  0  (  cos  0  —  cos  -  )(  cos0  —  cos  —  ).••  (  cos  0—  cos  -  TT  ). 
V  nj\  nj      \  n       J 

These  factor-formulae  may  be  put  into  other  forms. 

For        (cos  0  -  cos  \7r/2n)  {cos  0  -  cos  (2n  -  A)  7r/2n\ 
=  (cos  6  -  cos  \TT/2n)  (cos  0  +  cos  \Tr/2n) 
=  cos2  6  -  cos2  \7r/2n  =  sin2  \Tr/2n  -  sin2  0. 

If  then,  in  (1),  n  is  even:  and  if,  in  (2),  n  is  odd,  each  of  the 
binomial  factors  can  be  paired.     Thus 

(3)  n  even,  cos  nO  = 

2n~*  (sin2  ^  -  sin2  0\  (sin2  1^  -  sin2  0V  ..  (sin2  2±2  T  _  sin2  B\  . 

(4)  n  odd,  sin  7i0  = 

2w-1sin(9fsin2  -  -sin2^  fsin2  ^  -sin2^  ..  Ysin2  *^1  TT  -  sin2  0V 
V        n  J\         n  J      \          2n  J 

But  if,  in  (1),  n  is  odd:  and  if,  in  (2),  n  is  even,  each  of  the 
binomial  factors,  except  the  middle,  can  be  paired.     Thus 

(5)  n  odd,  cos  nO  = 

2n~l  cos  0  (  sin2  £--  sin2  0Vsin2  ^  -  sin2  0  V  .  .  fsin2^2  7r-sin20V 
\        2n  /\        2n  J      \         2n  J 

(6)  n  even,  sin  nO  = 

271-1  sin  0  cos  0  fsin2  -  -  sin2  0)  (^sin2  ~  -  sin2  0^  .  . 
\       n  /  \        w  / 


Lastly,  since  sin2  X-rr/2n  -  sin2  0  -  sin  (\ir/2n  +  0)  sin  (\7r/2n  -  0) 
=  sin  (A7T/2rc  +  0)  sin  {(2n  -  X)  ?r/2^  +  0}. 
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And  since  in  (5)  and  (6),  cos  6  =  sin  (  JTT  +  6), 
we  have,  for  all  values  of  n, 


(7)  cos  7i0  =  2n~l  sin  ( 0  4-  ^ ^  sin  (o  +  -^} . . .  sin  (o  +  ^ —  TrV 

\        2nJ         \        2nJ  \  2n       J 

(8)  sin  nO  =  2n~l  sin  0  sin  (o  +  -^  sin  ^0  + 


.  .  sn       +  —  - 


The  formulae  (1),  (2),  (7),  (8)  can  easily  be  remembered,  by 
giving  to  0  the  several  values  which  will  make  both  sides  of  the 
identity  vanish. 


§  3.     DEDUCTIONS  FROM  THE  FACTOR-FORMULAE. 

425.  By  comparing  the  expansions  for  2  cos  nB  and  for 
sin  nO/sin.  6  in  the  last  chapter,  with  the  expansions  obtained  by 
the  factor-formulae  of  the  present  chapter,  we  may  obtain  many 
important  results. 

Thus,  equating   coefficients  (by  Art.  414)  of  the  powers  of 
2  cos  6  in  the  two  expansions  of  sin  n  9  -4-  sin  #, 
the    (^—1)    quantities   2  COSTT/^,    2  cos27rM,    ...2  cos  (n  -  l)^/^ 
are  such  that  their  sum  =  0 ; 

the  sum  of  their  products,  two  together  =  —  (n  -  2) : 

the  sum  of  their  products,  three  together  =  0  ; 

the  sum  of  their  products,  four  together  =  J  (n  —  3)  (n  -  4) ; 
and  so  on. 

Equating  the  coefficients  of  the  powers  of  2  cos  0  in  the  two 
expansions  of  2  cos  nO, 

the    n    quantities    2  cos  -n-/2n,    2  cos  3^1 2n, ...  2  cos  (2n  -  1)  Tr/2n 
are  such  that  their  sum  =  0; 

the  sum  of  their  products,  two  together  =  —  n', 

the  sum  of  their  products,  three  together  =  0 ; 

the  sum  of  their  products,  four  together  =  J  n  (n  -  3) ; 
and  so  on. 
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426.     In  Arts.  419,  420  put  x  =  1. 
Then  since 


=  Xn~l  4-  Xn~s  4-  ...  4  X 


X-X' 

.'.  writing  <£  for  one  nth  of  a  right-angle. 

2  =  (2  -  2  cos  <£)  (2  -  2  cos  3<j>)...up  to  {2  -  2  cos  (2w  -  1)  <£}...(!), 
n=(2-2  cos  2<£)  (2-2  cos  ±<j>)...up  to  {2  -  2  cos  (2w-2)  <£}...  (2). 
Take  the  square  root.     Thus 

^2  =  2nsin  1  <£  .  sin  |  30...  up  to  sin  l  (2w  -  1)0  ......  (3), 

^w=  2*1-1  sin  J  20  .  sin  J  40...  w/?  to  sin  J  (2w  -  2)  <£...(4). 

Now  sin  l  A0  =  cos  1  (2w  -  X)  <£.     Thus 

^2  =  2^008  J^.cosJS^...^  to  cos  J  (2?i-l)  <#>  .......  (5), 

v/w  =  2"-1  cos  i  2<^>  .  cos  1  4<#>...Mp  to  cos  J  (2w-  -  2)  <£...(6). 

Hence,  multiplying  (3)  by  (5);  and  (4)  by  (6); 

1  =  2^-1  sin  <£sin3«£...-Mp  to  sin  (2w-  1)  (/>  .........  (7), 

7i  =  2*l-1sin2<£sin4<£...wp  to  sin(2w-2)<^  .........  (8). 

Again,  sin  A<£  =  sin  (2n  -  X)  ^. 
Hence,  taking  the  square  root, 

1  =  J2n~l  .  sin<£sin3<£sin5<£...&c  .............  (9), 

v/^-x/2w-1.sin2^>sin4^sin6^...&c  ............  (10), 

where  the  coefficients  of  <£  have  every  odd  or  even  value  less  than 
n.     For  the  unpaired  factor  sin  n<j>  (when  it  occurs)  =  1. 

427.      To  apply  geometrically  the  factorisation  of 
2  cos  n  0  —  2  cos  no.  and  xn  +  x~n  —  2  cos  na. 

Take  any  circle  with  centre  0.     Draw  the  radius  01. 

Let  A  be  any  point  on  the  circumference,  and  angle 
10  A  =  a. 

Divide  the  whole  circumference  into  n  equal  arcs,  AB,  BC, 
CD  .  .  .  beginning  at  A  :  so  that,  if  L  is  any  one  of  the  points  of 
division, 

angle  10  L  =  a  +  £A*r/n. 

Also  OA  =  OB=...  =  OL  =  ...  =  OI. 
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I.  Let  Q  be  any  point  on  the  circumference,  such  that  angle 
IOQ  =  6  :  and  let  Qq,  Aa,  Bb,  .  .  .  be  perpendiculars  upon  01.    Then 
will 

OIn  (cos  nO  -  cos  no)  =  2n~l  .  aq  .  bq  .  cq  .  ,  .  to  n  factors  .  .  (1  ). 
For  OQ  cos  6  -  OL  cos  (a  +  2\Tr/n)  =  0q-0l  =  lq. 
.'.,  multiplying  co&nO  -  cosna  by  OIn,  we  have  (1). 

II.  Let  P  be  any  point  on  01,  such  that  OP  =  x  .  01;  and 
join  PA,  PB,  PC  ....     Then  will 


For  PL2  =  OP2  +  OL2  -  20P  .  OL  cos  IOL 
=  OP  {x2  +  1  -  2x  cos  (a  +  2\v/n)}. 
.'.,  multiplying  xn  +  x~n  —  2  cos  na  by  x11  .  OT2n,  we  have  (2). 

428.  Particular  cases  of  the  two  theorems,   proved  above, 
should  be  noted.     Thus 

(1)  Let  Q  and  P  coincide  with  /. 
Then  0  =  0  and  x  =  1.     Thus 

OIn  .  sin2  \  na  =  2n~2  .  al  .  bl  .  cl  .  .  .  to  n  factors. 
Wln  .  sin  \na.=  AI  .  BI  .  CI  .......  to  n  factors. 

(2)  Let  A  coincide  with  /. 
Then  a  =  0.     Thus 

-  OIn  .  sin2  J  nO  =  2n~2  .  aq  .  bq  .  cq  ...  to  n  factors. 
OP11  ~OIn  =  AP.BP.CP...ton  factors. 

(3)  Let  the  arcs  AB,  £C,  CD  ...in  (2)  be  bisected  in  A',  B'y 
C'  ....     Then 

-  OPn  .  sin2  nO  =  22n~2  .  aq  .  aq  .  bq  .  b'q  ...  to  2n  factors. 

OP*n  ~  QPn  =  AP.A'P.£P.  B'P  ...to2n  factors. 
.".  by  division, 

OIn  cos2  |  nO  =  271-2  .  a'q  .  b'q  .  cq  .  ..  to  n  factors. 
OP11  +  OIn  =  A'P  .  B'P  .  C'P  ...ton  factors. 

429.  The  result  (2)  of  Art.  427  is  called  De  Moivre's  property 
of  the  circle:  and  the  particular  cases  of  it  in  Art.  428  are  called 
Cotes'  s  properties  of  the  circle. 
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430.     We  have  shown  that  xn  +  x~n  is  the  same  function  of 
33  +  or1  as  2  cos  nO  is  of  2  cos  6. 

It   follows   that    (2  cos  0)n   can   be   expanded    in   cosines   of 
multiples  of  0  according  to  the  same  formula  by  which  (x  +  x~l)n 
<?an  be  expanded  in  functions  of  the  form  xn  +  x~n.    Thus,  by  the 
binomial  theorem, 
{x  +  or1)"  =  xn  +  nxn~l  .  or1  +  \n  (n  -  1  }xn~2  .x2+   .  . 

+  *n  (n  -  1)  x2  .  x~n+*  +  nx  .  x~n+l  +  x~n. 

Writing  the  series  again  in  the  reverse  order;  and  adding: 
we  have 
2  (a;  +  x~l)n  = 

(xn  +  x~n)  +  n  (xn~2  +  x~n+2)  +  %n(n-l)  (xn~4  +  x~n+*)  +  ... 

Hence 
{2  cos  6)n  —  cos  nO  +  n  cos  (n  —  2)0+  ...  +  racos(—  n  +  2)  0+cos(-n0). 

This  is  another  mode  of  proving  the  result  of  Art.  362. 

EXAMPLES   XVI. 

1.     Show  that,  if  f(x)  is  an  integral  function  of  degree  not 
less  than  n,  then 

f(x)  -  <£  (x)  (x  -  a,)  (x-a2)...  (a-  -  an) 


l    (a1-a2)(a1-a3)...(al-an) 


where  ^>  (x)  is  some  integral  function  of  x,  and  Oj,  «2,  a3...an  are 
any  n  quantities,  all  different. 

2.  Show  that  the  sum  of  the  coefficients  of  /(«i),/(a2)--- 
f(an)  in  the  above  question  is  unity. 

3.  If  a  =  one  nth  of  half  a  right  angle, 

sin  a  sin  5asin  9a...sin  (4n  —  3)a=  ^2  .  2~n. 

4.  The  product  of  all  the  lines  that  can  be  drawn  from  one 
of  the  angles  of  a  regular  polygon  inscribed  in  a  circle  whose 
radius  is  a  to  all  the  other  angular  points  is  nan~\ 
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5.  If  plt  px  .  .  .p.2n_u  p2n  be  the  perpendiculars  drawn  from  any 
point  in  the  "circumference  of  a  circle  of  radius  a  on  the  sides  of 
a,  regular  circumscribing  polygon  of  2n  sides,  then 


6.  A  polygon  is  described  about  a  circle  touching  it  at  the 
angular   points   of   an  inscribed   polygon  :    the  product  of   the 
perpendiculars  drawn  to  the  several  sides  of  the  inscribed  polygon 
from  any  point  in  the  circumference  of  the  circle  is  equal  to  the 
product  of  the  perpendiculars  drawn  from  the  same  point  to  the 
several  sides  of  the  circumscribed  polygon. 

7.  AB  is  the  diameter  of  a  circle  of  centre  0,  and  QQ  any 
point  on  the  circumference;  Qlt  Q&  $3...are  the  points  of  bisec- 
tion of  the  arcs  AQ0,  AQ1}  AQ2...,  prove  that 


8.  Prove  that 

TT      ,     STT    .     5?r       1  ,     .     TT    .      2?r    .     STT        Jl 

sin  T—  sin  -=-7-  sin  ^  .  —  •=  .  and  sin  .-  sin  -=-  sin  --=-  =  -^-  . 
14         14         14      o  7778 

9.  Find  the  equations  whose  roots  shall  be 

{a}      2  cos  f  TT,  2  cos  y  TT,  2  cos  4  TT.      (b)     sin2  f  TT,  sin2  ^  TT,  sin2  ^  TT. 

10.  Show  that     oj12  +  xw  +  xs  +  tf  +  a4  -H  z?  +  1 

j  +  1)  ^2-2*cos2^  +  1\ 


y  +  iV 


11.  Iftf^-s,  2TCc 

u   +1 

12.  If  n  is  even,  and  if  n<j>  =  TT, 

n 

tan  a  tan  (a  +  <£)  tan  (a  +  2<£).  .  .tan  {a  +  (n  —  1)  <£}  =  (—  I)2 

13.  Prove  that 

TT  2?r         STT         47T         f)7r          6?r         7?r        1 

COS  rg  COS  ^  COS  jg  COS  ^  COS  jg  COS  _  008  jj  =  ^  . 

14.  From  Ex.  26,  p.  278,  show  that 

cot  0  +  cot  [6  +  -)  +  ...  +  cot  (6  +  -  -  ir}  =  n  cot  n^. 
V       n/  V  n 


CHAPTER  XVII. 
SUMMATION    OF   SERIES. 

The  difference  method. 

431.     To  find  the  sum,  of  the  sines  or  cosines  of  angles  in 
Arithmetical  Progression. 

1.  Let  S  =  sina  +  sin  (a  +  8)  +  ...  +  sin{a  +  (n—  1)8}. 
Multiply  each  term  by  2  sin  (  J  the  common  difference). 
Thus  2  sin  a  sin  J8  =  cos  (a  —  J8)  —  cos  (a  +  J8), 

2  sin  (a  +  8)  sin  J8  =  cos  (a  +  J8)  -  cos  (a  +  \  38) 
and  so  on,  up  to 


.'.by  addition 

2S  .  sin  JS  -  cos  (a  -  |S)  -  cos  {a  +  J  (In  -  1)  8} 
=  2  sin  {a  +  1  (n  -  1)  8}  .  sin  Jrc8, 
sin  {a  +  A  (n  —  1)  8}  .  sin  JnS 

.'.   O  =  -  ;  -  :~s  -  . 

sin  Jd 
2.     Let  S  =  cos  a  +  cos  (a  -h  8)  +  .  .  .  +  cos  {a  +  (n  -  1)  8}. 

As   before,    multiply   each    term   by    2  sin   (J   the    common 
difference).     Thus  we  shall  find 

cos  {a  +  ^  (n  —  1)  8}  .  sin  ^  nB 
sin|8 

432.     To  find  the  sum   of  the   sines  or  cosines,    alternately 
negatived,  of  angles  in  arithmetical  progression. 
1.     Let 

S  =  sin  a  -  sin  (a  +  8)  +  sin  (a  +  28)...+  (-I)71'1  sin  {a  +  (n  -  1)  8}. 
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Multiply  each  term  by  2  cos  (  J  the  common  difference). 
Thus       "  2  sin  a  cos  J8  =  sin  (a  +  |8)  +  sin  (a  —  JS) 

2  sin  (a  +  8)  cos  |S  =  sin  (a  +  J38)  +  sin  (a  +  J8) 
and  so  on,  up  to 


/.  2S  .  cos  J8  -  sin  (a  -  J8)  +  (-  1)»-J  sin  {a  +  J  (2w  -  1)  8}, 
.'.  £  .  cos  |8  =  sin  {a  +  J  (n  —  1)  8}  cos  £w8,  i/"n  is  ode?, 

=  —  cos  {a  +  J  (n  -  1)  8}  sin  Jn8,  if  n  is  even. 
2.     Let 

£=  cos  a-  cos  (a  +  8)  +  cos  (a+  28)...+  (-  l)n~l  cos  {a+  (rc-  1)  8}. 
Then,  as  in  (1), 

S  .  cos  J8  =  cos  {a  +  J  (TI  -  1)  8}  cos  Jrc8,  i/"  7i  is  oc?c?, 
=  sin  {a  +  ^  (TI  —  1)  8}  sin  J^S,  i/*n  is  even. 

433.  To  find 

S  =  cosec  2a  +  cosec  22a  +  .  .  .  +  cosec  271  a. 
We  have  (see  also  p.  79) 

1  +  cos  2a          2  cos2  a 

cosec  2a  +  cot  2a  =  -  :  —  ;     -  =^—.  —        —  =  cota. 
sin  2a         2  sin  a  cos  a 

.'.  cosec  2a  =  cot  a  —  cot  2a, 
.*.  cosec  22a  =  cot  2a  —  cot  22a, 
and  so  on,  up  to 

cosec  2raa  -  cot  2"-1a  -  cot  2wa, 
.*.  by  addition,  /S'  =  cot  a  —  cot  2wa. 

434.  To  find 

£  =  tan  a  +  2  tan  2a  +  22  tan  22a  +  .  .  .  +  2n~l  tan  2n~1a. 
We  have  (see  also  p.  79) 

cos2  a  —  sin2  a      2  cos  2a 

cot  a  —  tan  a  =  -  :  -  -  =  —  -=  —  s  —  =  2  cot  2a. 
sin  a  cos  a          sin  Ja 

.'.  tan  a  =  cot  a  —  2  cot  2a, 

2  tan  2a  =  2  cot  2a  -  22  cot  22a 

J.  T.  21 
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and  so  on,  up  to 

2™-1  tan  2n~la  =  2n~l  cot  2n~l  a-2n  cot  2na, 
/.by  addition,  S  =  cot  a  -  211  cot  2V 

435.  To  find 

S=  sin  (a  +  ft)  +  2  sin  (a  +  2/3)  +  ...  +rsin(a  +  r/3)  + 

Multiply  each  term  by  2  -  2  cos  ft.     Thus 

(2-2  cos  ft)  r  sin  (a  +  rft)  =  -  r  sin  {a  +  (r  -  1)  /?}  +  2r  sin  (a  +  r/3) 

-  rsin{a  +  (r+  I)/?}. 

Thus,  adding  all  the  terms,  we  have 
2/S  (1  —  cos  ft)  =  —  sin  a  +  (n  +  l)  sin  (a  +  nft)  -  n  sin  (a  +  nft  +  ft). 

436.  Similarly,  if 

$Eeos(a  +  /3)  +  2cos(a  +  2ft)  +  ...  +rcos(a+r/?)+  ...  +  ncos(a+nft) 
2S  (1  -  cos  ft)  =  -  cos  a  +  (»  +  1)  cos  (a  +  nft)  -  n  cos  (a  +  nft  +  ft). 

Recurring  Method. 

437.  To  find  the  sum  of  the  following  series: 

Let  S  =  sin  a  +  x  sin  (a  +  /2)  +  ... 

+  xr+l  sin  {a  +  (r  +  1)  ft}  +  .  .  .  +  xn~l  sin  {a  +  (n  -  I)  ft}. 

Then  S  .  2x  cos  ft  =  2x  sin  a  cos  ft  +  ... 

+  2xr+l  sin  (a  +  rft)  cos  ft  +  .  ..  +  2xn  sin  {a  +  (n-l)ft}  cos  ft. 


+  xn  sin  {a  +  (n-  2)  ft}  +  xn+1  sin  {a  +  (n  -  I)  ft}. 


sin  a  —  x  sin  (a  —  ft)  -  xn  sin  (a  +  w/J)  +  £cw+1  sin  {a  +  (n  -  1)  ft}. 

438.     To  find  the  sum  of  the  following  series: 

Let  $  =  cos  a+x  cos  (a  +  ft)  +  ... 

+  xr+1  cos  {a  +  (r  +  1)  ft}+  ...  +xn~lcos  {a  +  (n-  !)/?}. 
Then  S'.  2x  cos  ft  =  2x  cos  a  cos  ft+... 

+  2af+1  cos  (a  +  r/?)  cos  ft  +  ...  +2xncos{a  +  (n-l)ft}cosft. 
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And  S.  x°  =  ...  +  af+1cos{a  +  (r  -  I)  ft]  +  ... 

+  xn  cos  {a+(n-2)p}+  xn+1  cos  {a  +  (n  -  I)  (3}. 


cos  a-  x  cos  (a  -  ft)  —  xn  cos  (a  +  n(3)  +  xn+l  cos  {a  +  (n  —  1)  (3}. 
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sin  a  +  sin  (a  +  <f>)  +  ...  +  sin  {a  +  (n  -  1)  <£}  =  0, 
cos  a  +  cos(a  +  </>)  +  ...  4-  cos{a  +  (n  —  1)  <£}  =  0. 

2.     If  <£  =  Tr/n,  and  w  is  odd, 

sin  a  -  sin  (a  +  </>)  +  ...+  sin  {a  +  (n  -  1)  <£}  =  0, 
cos  a  -  cos  (a  +  0)  +  .  .  .  +  cos  {a  +  (n  -  1)  $}  =  0. 

sin  a  +  sin  2a  +  sin  3a  +  ...  +  sin  na 


3. 


—  -. 

cos  a  +  cos  2a  +  cos  oa  +  ...  +  cos  no. 


sin  a  +  sin  3a  +  sin  5a  +  ...  +  sin  (2n  —  1)  a 

4.  tan  no.  — \= -f-  . 

cos  a  +  cos  3a  +  cos  Da  +  ...  -f  cos  (2n  —  1)  a 

sin  a  -  sin  2a  +  sin  3a  — . . .  to  n  terms 

5.  tan*  (n+  l)(7r  +  a)  =  -  — ^ — -    —  . 

cos  a  —  cos  2a  +  cos  oa  — . . .  to  n  terms 

Sum  to  n  terms  the  following  series  : 

6.  cos2  a  +  cos2  (a  +  (3)  +  cos2  (a  +  2/8)  +  .... 

7.  sin3  a  +  sin3  (a  +  0)  +  sin3  (a  +  2/3)  +  . . .. 

8.  cos4  a  +  cos4  (a  +  /3)  +  cos4  (a  +  2/3)  +  .... 

9.  cos  0  cos  (0  +  a)  +  cos  (0  +  a)  cos  (0  +  2a) 

+  cos  (0  +  2a)  cos  (0  +  3a)  +  .... 

10.  sin  20 cos  0  +  sin  30 cos  20  +  sin  40  cos  30  +  .... 

11.  sec  a  sec  2a  +  sec  2a  sec  3a  -f  sec  3a  sec  4a  +  ... 

12.     I + I + 1 +  .. 

cos  a  +  cos  3a      cos  a  +  cos  5a      cos  a  +  cos  7a 

13.  sin2  a  sin  2a  +  ^  sin2  2a  sin  4a  +  5-  sin2  4a  sin  8a  + 

21—2 
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sin3  a      sin3  3a      sin3  32a 


cos3  a      cos3  3a      cos3  32a 

15.  — ^ — ^ — + ^2 .... 

too 

1 6.  sin  0  sin  30  +  sin  20  sin  2.30+  sin  220  sin  22 .  30  +  . 

17.  cot  0  cox  0  +  2  cot  20  cox  20  +  4  cot  40  cox  40  +  . . . . 

18.  sec  a  sin  2a  sec  3a  +  sec  3a  sin  4a  sec  5a  +  .... 

1 9.  tan  a  +  cot  a  +  tan  2a  +  cot  2a  +  tan  4a  +  cot  4a  + 

20.  sin  3a  sec2  a  sec2  2a  +  sin  5a  sec2  2a  sec2  3a  +  .... 

21.  sin  0  +  4  sin  30  +  7  sin  50  +  10  sin  70  +  .... 

22.  tan  x  sec2  x  +  Q  tan  -  sec2  «  +  o§ tan  02  sec2  02  +  •  •  •• 

O  ^  ^y         O"  L  L 

23.  sin  a  cos  a  +  sin  3a  cos  2a  +  sin  5a  cos  3a  +  .... 

24.  sec  a  +  J  sec  a  sec  2a  +  J  sec  a  sec  2a  sec  4a  +  . . .. 

25.  J  3  32 
26. 


cot  a  -  3  tan  a      cot  3a  -  3  tan  3a      cot  32a  -  3  tan  32a 
1  3  32 


3  cot  a  — tana      3cot3a—  tan  3 a      3  cot  3'2a— tan  32a 

27.  sin  a  +  x  sin  2a  +  v?  sin  3a  +  ... 

28.  cos  a  +  a? cos  2a  +  #2 cos  3a  +  .... 

29.  sin  a  +  x  cos  2a  -  cc2  sin  3a  -  y?  cos  4a  +  ... 

30.  cos  a  +  x  sin  2a  —  as2  cos  3a  —  cc3  sin  4a  +  ... 

31.  sin  a  +  2  sin  2a  +  3  sin  3a  +  ... 

32.  cosa  +  2cos2a  +  3cos3a+ ... 

1  1 


33. 


cos2  <f>  cot  <£  -  sin2  <£  taii<£      cos2  3</>  cot  $  -  sin2  3</>  tan 
1 


cos2  5<£  cot  <j)  —  sin2  5</>  tan  </> 
34.     tan  <^>  sec  2<£  +  tan  2<^>  sec  4$  +  tan  4^>  sec  8<£  +  ... 


CHAPTER  XVIII. 
ENDLESS  SERIES. 

§    1.       CONVERGENCY   AND    DIVERGENCY. 

Limits. 

439.  IF  two  quantities  x  and  y  vary  together  in  such  a  way 
that  the  difference  of  x  from  a  may  be  made  less  than  any  assign- 
able value  by  taking  y  near  enough  to  b,  while  the  difference  of  y 
from  b  may  be  made  less  than  any  assignable  value  by  taking  x 
near  enough  to  a;  then  we  say  that  in  the  limit  x  =  a  when 
y  —  6,  or  y  —  b  when  x  =  a. 

If  x  and  y  so  vary  that  x  may  be  made  greater  than  any  as- 
signable value  by  taking  y  near  enough  to  b,  while  the  difference 
of  y  from  b  may  be  made  less  than  any  assignable  value  by 
taking  x  large  enough;  then  we  say  that  in  the  limit  x  =  cc 
when  y  =  6,  or  y  —  b  when  x  =  GO  . 

If  x  and  y  so  vary  that  either  may  be  made  greater  than  any 
assignable  value  by  taking  the  other  large  enough;  then  we  say 
that  in  the  limit  x  =  oo  when  y  =  co  or  y  =  QO  when  02  =  00. 

440.  A  sum  of  an  endless  number  of  terms  can  be  used  for 
arithmetical  purposes,  only  if  it  is  convergent. 

DBF.  1.  An  endless  series  is  said  to  be  Convergent  if 
there  is  some  one  finite  quantity  towards  which  the  sum  of  its 
terms  approximates,  in  such  wise  that  by  increasing  the  number 
of  these  terms  we  may  make  the  difference  between  their  sum 
and  the  finite  quantity  less  than  any  assignable  value. 

And  this  finite  quantity  is  called  the  Sum  of  the  endless 
series. 
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DBF.  2.  An  endless  series  is  said  to  be  Divergent  if  the 
sum  of  any  number  of  its  terms  may  be  made  greater  than  any 
assignable  finite  quantity  by  sufficiently  increasing  the  number  of 
terms. 

441.  According  to  the  above  definitions  there  are  two  kinds 
of  series  which  are  neither  convergent  nor  divergent. 

Thus  a  series  which  is  such  that,  when  n—f(r)  the  sum  tends 
towards  some  limit  A  when  r  is  indefinitely  increased,  and  when 
n  =  <f>  (r)  the  sum  tends  towards  some  other  limit  B  when  r  is 
indefinitely  increased,  and  so  on :  then  the  series  is  neither  con- 
vergent nor  divergent. 

For  example, 

a  —  a  +  a  —  a  + -0  or  a, 

according  as  n  =  2r  or  2r  +  1. 

l_l+2-2  +  3-3  + =  0  or  oo, 

according  as  n  =  '2r  or  2r  +  I. 

If  all  the  different  limits  are  finite,  the  series  may  be  called 
Indeterminately  finite:  if  one  of  the  limits  is  infinite,  the  series 
may  be  called  Indeterminately  infinite. 

442.  The  above  distinctions  may  be  expressed  by  the  use  of 
the  term  Limit;  thus 

An  endless  series  is  convergent,  if  the  sum  of  n  terms,  when 
n  =  oo  ,  has  some  single  finite  limit. 

It  is  divergent,  if,  in  the  limit,  its  sum  =  oo  when  n  -  oo  . 

It  is  indeterminately  finite,  if  the  sum  of  n  terms,  when 
n  =  oo  ,  has  more  than  one  limit  which  is  always  finite. 

It  is  indeterminately  infinite,  if  the  sum  of  n  terms,  when 
n  =  oo  ,  has  infinite  and  finite  limits. 

443.  Since  the  nth  term  of  a  series  is  equal  to  the  difference 
between  the  sum  of  n  terms  and  of  n  -  1  terms,  a  series  cannot  be 
convergent  unless,  when  n  is  infinite,  the  limit  of  the  nth  term  is 
zero.     This  is  a  necessary  but  not  a  sufficient  condition  for  con- 
vergency. 
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If  the  limit  of  the  nth  term  is  not  zero,  but  finite,  the  sum  of 
the  series  may  be  finite  for  all  values  of  n  however  great,  but  it 
cannot  have  a  single  limit.  Thus  the  series 

2rc—  1 
-l  +  f-i  +  i--+(-l)w— ^-  +  .» 

is  finite,  but  it  has  a  different  limit  according  as  n  is  even  or  odd. 
If  the  limit  of  the  nth  term  is  infinite,  the  sum  of  the  series 
may  be  finite  for  some  values  of  n  however  great,  but  it  cannot 
be  finite  for  all  values  of  n.     Thus  the  series 

n     1      *      7      i  A      17  2w2  -  n  - 1      2n2  - 1 

-o+j-f+f-u+v-...— 2^r  +  ^r+- 

is  finite  for  even  values,  but  infinite  for  odd  values  of  the  number 
of  terms  taken. 

444.  A  series,  all  of  whose  terms  have  the  same  sign,  must  be 
either  convergent  or  divergent. 

For  if,  for  some  forms  of /and  <£,  the  sum  of/(r)  terms  differs 
from  that  of  <f>  (r)  terms  by  a  quantity  whose  limit — when 
r  is  QO  — is  not  zero,  the  series  must  be  infinite  for  all  values  of  n, 
when  n  is  infinite.  Compare  Art.  449. 

But  if,  for  all  forms  of  f  and  <f>,  the  sum  of  f(r)  terms  differs 
from  that  of  <£  (r)  terms  by  a  quantity  whose  limit — when  r  is  oo 
— is  zero,  the  series  cannot  have  more  than  one  finite  limit. 

445.  If  a  series,  all  of  whose  terms  have  the  same  sign,  is  con- 
vergent, the  series  obtained  from  it  by  changing  the  sign  of  any 
of  the  terms  will  be  convergent. 

For  the  new  series  cannot  have  a  larger  arithmetical  value 
than  the  old.  And  if,  in  the  new  series  the  difference  between 
f(r)  terms  and  <£  (r)  terms — when  r  is  oo  — were  not  zero,  it  could 
not  be  zero  in  the  old  :  hence,  as  shown  in  the  last  article,  the 
old  series  would  be  divergent,  which  is  contrary  to  the  hypothesis. 

Similarly,  if  a  series,  some  of  whose  terms  are  different  in  sign, 
is  divergent,  the  series  obtained  by  making  the  sign  of  every  term 
the  same  will  be  divergent. 
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Theorems  on  Alternately  signed  series. 

446.  (I.)     A  series  which  is  arranged  in  groups  alternately 
signed  will  be  finite  for  all  values  of  n  if  every  group  is  arithmeti- 
cally equal  to  or  less  than  the  preceding. 

Let  ui  —  u2  +  us  —  u4  +  ... 

be  the  given  series,  where  un  is  always  positive  and  =  or  >  un+1. 

The  sum 

=  (MJ  —  u2)  +  (us  —  u4)  +  ...  and  is  therefore  positive: 
and  =u1  —  (u2  —  us)  —  (u4-u5)-  ...   and  is  therefore  algebraically 
less  than  u^ . 

Hence  the  series  must  be  finite  for  all  values  of  n. 

If,  however,  the  limit  of  the  nth  group  is  not  zero,  the  sum  of 
n  groups  will  always  differ  from  that  of  n  -  1  groups,  when  n  is 
infinite. 

But  we  see  by  the  first  of  the  above  forms  of  bracketing,  that 
the  series  is  equivalent  to  a  series  all  of  whose  terms  are  positive. 
Hence,  by  Art.  444,  if  the  limit  of  the  nth  term  is  zero,  there  can 
be  only  one  limit  of  the  sum;  hence  the  series  is  convergent. 

447.  (II.)     Hence,  a  series  which  is  arranged  in  groups  al- 
ternately signed  will  be  finite  for  all  values  of  n,  if  every  group  is 
arithmetically  greater  than  the  preceding  but  less  than  some  finite 
quantity. 

For  let  every  group  be  less  than  the  finite  quantity  a.     Then 
-  Ui  +  u2  —  u3  +  . . .  =  —  (a  —  vx)  +  (a  —  v2)  -  (a  —  vs)  +  . . . 

=  VL-V2  +  VS-  ... 

where  vly  v%,  vs...  are  continually  decreasing.     Hence,  by  the  last 
theorem,  the  series  is  finite  for  all  values  of  n. 

448.  (HI-)     -4  series,  which  is  arranged  in  groups  alternately 
signed,  is  divergent,  if  the  ratio  of  every  group  to  the  preceding  is 
greater  than  some  quantity  greater  than  1 . 

For  let  ^>&,  where  &>1; 
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Then  un+1>knul;  which  can  be  made  greater  than  any  as- 
signable quantity  by  increasing  n. 

.'.  even  if  the  sum  of  n  terms  were  finite,  the  sum  of  n  +  1 
terms  would  be  infinite. 

Also  —  un_i  +  un  >  (k  —  1)  un_i  =  oo  when  n  is  oo  . 

Hence,  into  whatever  pairs  we  group  the  series,  it  is  always 
infinite. 

Thus,  the  series  is  divergent. 

Theorems  on  Series  of  same  sign  throughout. 

449.  (I.)     A  series,  all  of  whose  terms  have  the  same  sign,  is 
divergent,  if  every  term  is  equal  to  or  greater  than  the  preceding. 

For  in  this  case  the  sum  of  n  terms  of 

M!  +  u2  +  . . .  +  un 

is  equal  to  or  greater  than  n .  u^',  and  is,  therefore,  infinite  when 
n  is  infinite. 

The  typical  series  here  is  that  in  which  the  general  or  nth  term 
is  xn  where  x  is  =  or  >  1. 

450.  (II.)    A  series,  all  of  whose  terms  have  the  same  sign,  is 
convergent,  if  the  ratio  of  every  term  to  the  preceding  is  less  than 
some  quantity  less  than  unity. 

Let   -n-+->  <  k  where  k  <  1 .     Then 

un 

(I  —k)  (ul  +  u2  +  us  +  ...)  =  ul-  ku:  +  u.2  —  kuz  +  ... 
a  finite  series,  by  Art.  446,  since  un+1  <kun,  and  kun<un. 
Hence  ul  +  u2  +  u3  +  ...  infinite,  and  .'.  convergent. 

The  typical  series  here  is  that  in  which  the  general  or  nth  term 
is  xn,  where  x  is  <  1 . 

The  preceding  two  theorems  say  nothing  of  the  case  in  which 
the  ratio  of  each  term  to  the  preceding  is  less  than  unity,  but 
approaches  unity  by  a  quantity  whose  limit  is  zero. 


ENDLESS   SERIES. 

451.  (HI.)  A  series,  all  of  whose  terms  have  the  same  sign, 
is  divergent,  if  every  term  multiplied  by  its  *  serial  number '  is 
equal  to  or  greater  than  the  preceding  term  multiplied  by  its 
1  serial  number.' 

Let  (n  +  1) un+l  —  nun  —  ...  =  *2u2  =  u± . 

Then,  observing  that  every  term  is  less  than  the  preceding 
but  approaches  indefinitely  near  to  it,  we  see  that 

us  +  u4  >  2it4,  i.e.  >  u2, 
u5  +  u6  4-  u?  +  u8  >  4:U8 ,  i.e.  >  uz, 
and  so  on. 

Hence,  by  (I),  the  series  is  infinite. 

A  fortiori,  if  (n  +  1)  un+1  >  nun,  the  series  is  divergent. 

These  conditions  may  be  expressed  as  follows : 


<*» 


n(un-un+1) 

The  typical  series  here  is  that,  in  which  the  general  or  nth 
term  is  nx  where  x  =  or  >  —  1. 

Thus  the  series  1  +J  +  J  +  ^  +  ...+-  +  ...  is  divergent. 

452.     (IV.)     A  series,  all  of  whose  terms  have  the  same  sign, 
is  convergent,  if  throughout 


k,  where  k  <  1. 


n(un-un+1) 
For  here 

(1  —  k)  (H!  +  u2  +  u3  +  . . .  +  un) 
=  u1  +  u%  +  ...  +un 

-  k  {(wj  -  u2)  +  2  (u2  —  us)  +  . . .  +  (n  —  1)  (un_i  -  un)  +  nun}. 
This  is  clearly  less  than  u^ :  for  u.2  <k(ul  —  u2),  us  <  '2k  (u.2  —  us), 
and  so  on. 

Hence  the  series  u1  +  u.2  +  u3+  ...  is  convergent. 
This  condition  may  be  written  in  the  form 

k,  where  k>  1. 
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Example.     The  series  in  which  the  ratio  of  the  (n  +  l)th  to 

sv* 

the  nth  term  is  ]  —  is  convergent,  if  x>  1.     For  here 

M 


_ 

w  (1  -  un+l/un)      x      n  ' 

which  is  always  less  than  a  quantity  -  which  is  less  than  1. 


453.  (Y.)     If  ux  +  u2  +  u3  +  ...  anc?  vx  +  v2  +  v3  +  .  .  .  in  each  of 
which  all  the  terms  have  the  same  sign  be  two  series  such  that  the 
limit  of  un  :  vn  and  of  vn  :  un  is  finite,  then  both  series  are  converg- 
ent or  both  series  are  divergent. 

For  since  the  limit  of  un  :  vn  is  finite,  the  value  of  un  :  vn  must 
always  be  less  than  some  finite  quantity  k  say. 

Thus  u±  <  kv-L  ;  u.2  <  fcvz,  &,c  . 

.'.   Ui  +  U2+  ...  +Un+  .    .  <k(vl+V2+  ...  +Vn+  ...). 

.'.  If  the  v-series  is  finite,  the  it-series  is  finite; 
if  the  ^^-series  is  infinite,  the  v-series  is  infinite. 

In  the  same  way,  since  the  limit  of  vn  :  un  is  finite,  we  may 
show  that 

If  the  w-series  is  finite,  the  v-series  is  finite; 
if  the  v-series  is  infinite,  the  ^-series  is  infinite. 

454.  (VI.)     If  f  (n)  always  decreases  as  n  increases  and  is 
always  positive,  then  according  as  the  series  whose  general  term  is 
f  (n)  is  convergent  or  divergent  so  also  is  the  series  whose  general 

term  is  —  —  —  —  •  ,  where  b  is  greater  than  1. 

Since  b>  1,  .'.  as  n  increases,  log^,  n  increases,  and  ,'.f(logbn) 
decreases. 

(1)     Take  b  to  be  integral. 


Consider  the  terms  from  to/(1°^+f  +'}  ,  excluding 

the  last.     The  number  of  these  terms  is  bn+l  -  bn. 
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Hence  their  sum 


and  >  (bn+l  -  bn)  '          ,  i.e.  >  (1  -  l/b)f(n  +  1). 

Thus,  the  ratio  of  the  series  —  —  —  —  =  to  the  series  fin}  lies 

n 

between  1-1/6  and  6-1.     Hence  the  two  series  are  either  both 
convergent  or  both  divergent. 

(2)     Take  b  to  be  fractional,  and  to  lie  between  the  two  inte- 
gers i  andj. 

Then  logb  n  lies  between  log^  n  and  log,-  n. 

Hence,  for  all  values  of  b  >  1,  the  series  ^    g&    '  is  converg- 

f¥lt 

ent  or  divergent  according  as  the  series  f(n)  is  convergent  or 
divergent. 

455.     Now  the  series  xn  is  convergent  or  divergent  according 
as  x  is  less  or  not  less  than  1. 

.'.  the  series 


is  convergent  or  divergent  according  as  x  is  less  or  not  less  than 
1 :  i.e.  according  as  log^cc  is  less  or  not  less  than  0. 

Thus  the  series  nx  is  convergent  or  divergent  according  as  x  is 
less  or  not  less  than  —  1. 

The  case  of   divergency  here  was  proved   more  directly  in 
Art.  451. 

COR.     Hence  all  the  series 

(JpgwT    {log(logn)}«    [log  {log  (log  n)}]*    &Q   ^ 

n  n  log  n      '  n  log  n  log  (log  n) ' 

are  convergent  or  divergent  according  as  x  is  less  or  not  less  than 
-1. 
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456.  By  means  of  the  comparative  theorem  V,  we  may  de- 
termine the -character  of  many  series. 

Thus  if  the  nth  term  of  a  series  can  be  expressed  as  a  finite 
or  convergent  sum  of  terms  involving  descending  powers  of  n,  the 
series  will  be  convergent  or  divergent  according  as  the  highest 
index  of  n  is  or  is  not  less  than  —  1. 

For  the  nth  term  anx  +  bny  +  . . .  where  the  indices  are  descend- 
ing has  a  finite  ratio  to  the  nth  term  nx. 

457.  It  should  be  noticed  that  the  assigned  characteristics 
in  the  above  theorems  may  be  supposed  to  begin  in  a  given  series 
at  any  term  at  a  finite  distance  after  the  first.     Thus  u^  in  the 
above  theorems  means  'that  term  at  which  the  assigned  character- 
istic begins  to  hold'. 

Principle  of  Equating  Coefficients. 

458.  If  an  endless  series  in  powers  of  x  is  equal  to  zero,  for 
every  value  of  x  from  0  to  some  finite  value  f ,  then  each  coefficient 
must  separately  be  zero. 

For  let  aQj  the  coefficient  of  xr,  be  the  first  coefficient  which 
is  supposed  not  to  be  zero. 

Then,  for  the  values  of  x  in  question, 

a<fxf  +  «X+1  +  «2^r+2  +  . .  •  =  0, 
i.e.  xr+l  (oj  +  a.&  +  ...)  =  -  a$f. 
If  then  x  is  not  equal  to  zero,  dividing  by  of, 

x  (al  +  a.2  x  +  ...)  =  —  aoy  a  finite  constant. 

.'.  when  x=f,  the  series  within  the  bracket  is  finite \  and  it 
cannot  become  infinite  by  decreasing  x. 

But,  if  a.0  is  not  zero,  this  series  would  have  to  become  greater 
than  any  assignable  quantity  when  x  becomes  sufficiently  small. 
But  this  has  been  shown  to  be  impossible.  Hence  a0  must  be 
zero;  and,  therefore,  every  coefficient  must  be  zero. 


334  ENDLESS   SERIES. 

459.  Hence,  if  two  endless  series  in  powers  of  x  are  equal  to 
one  another  for  every  value  of  x  between  0  and  f,  then  the  corre- 
sponding coefficients  in  the  two  series  must  be  severally  equal. 

In  the  above  it  is  essential  to  note  that  the  two  series  must 
be  convergent,  otherwise  we  cannot  assign  any  value  to  their  sum, 
nor  therefore  speak  of  them  as  being  equal. 

The  proof  follows  immediately  from  the  preceding  article. 
For, 

If  «0  +  a±x  +  a<$?  +  ...  =  b0  +  b-^x  +  1)#?  +  ... 

then  «0  -  60  +  (al  —  b1)x  +  (a2  —  b2)x*  +  ...  —  0. 

.'.by  above, 

«0  -  60  =  «1  -  &1  =  «2  -  ^2  =  •  •  •   =  0, 


Convergence/  of"*the  Binomial  Series. 
460.     Consider  the  series 
am  +  mam~lx  +  mAw~    1    m- 


+  *»(*»-!)...  fo-r  +  1)  am_r 

fe 

where  m  is  finite. 

,,.  ,.      M-.I      m  —  r+l    x        x/^      m+l\ 
Here  the  multiplier  -^  =  -  ._  =  __(  1  _         -  )  . 
wr  r  a        a\  r     J 

We  will  take  r  to  be  algebraically  >  m  +  1  ,  so  that  the  factor 
in  the  bracket  is  positive  and  the  multiplier  has  the  sign  of  —  x/a. 

A.  Let  m  +  1  >  0  ;  then  the  multiplier  is  always  arithmeti- 
cally <  x/a  ;  but  increases  up  to  the  limit  x/a,  as  r  increases. 

Hence,  if  x/a  is  arithmetically  <  1,  the  multiplier  is  less  than 
a  quantity  less  than  1  ;  .'.  the  series  is  convergent. 

If  x/a  is  arithmetically  >  1,  then,  when  r  is  sufficiently  large, 
the  multiplier  becomes  greater  than  a  quantity  greater  than  1  ; 
.'.  the  series  is  divergent. 

B.  Let  m+l<0;  then  the  multiplier  is  always  arithmeti- 
cally >x/a;  but  decreases  down  to  the  limit  x/a,  as  r  increases. 
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Hence,  if  x/a  is  arithmetically  <  1,  then,  when  r  is  sufficiently 
large,  the  multiplier  becomes  less  than  a  quantity  less  than  1  ; 
.'.  the  series  is  convergent. 

If  x/a  is  arithmetically  >  1,  the  multiplier  is  greater  than  a 
quantity  greater  than  1  ;  .*.  the  series  is  divergent. 

Hence,  i/"x/a  is  not  +  or  —  1,  the  series  is  convergent  or  diverg- 
ent according  as  x/a  is  arithmetically  less  or  greater  than  1  . 

461.  Let  x/a=  -  1;  then  the  multiplier  is  positive  when  r  is 
algebraically  >m+  1,  so  that  all  the  terms  have  the  same  sign, 
and  the  series  is  either  convergent  or  divergent. 

A.  Let  m  +  1  <  0;  then  the  multiplier  is  greater  than  1,  and 
/.  the  series  is  divergent. 

B.  Let   m+l>0;   then   the  multiplier  is  less  than   1,  but 
increases  up  to  the  limit  1.     In  this  case 

ur+ilur 


=  _ 

r  (1  —  ur+i/ur)  *»•+  1  m+l      r' 

.'.  if  m  +  1  >  0  but  <  1,  this  expression,  when  r  is  sufficiently 
large,  is  greater  than  1  ;  .'.  the  series  is  divergent. 

But  if  m  +  1  >  1,  this  expression  is  less  than  a  quantity 
less  than  1,  .'.  the  series  is  convergent. 

Thus,  when  x/a  =  —  1  ,  the  series  is  convergent  or  divergent 
according  as  m  is  positive  or  negative. 

462.  Let  x/a  —  +  1  ;  then  the  multiplier  is  negative  when  r 
is  algebraically  >m  +  1,  so  that  the  terms  are  alternately  signed. 

A.  Let  m  +  1  >  0;  then  the  multiplier  is  arithmetically  less 
than  1;  .'.  the  terms  are  arithmetically  decreasing,  and  the 
series  is  finite  for  all  values  of  n. 


r  —  m—l      r  —  m  n  —  m— 1 


336  ENDLESS   SERIES. 

Now,  if  n  is  indefinitely  increased,  the  terms  of  this  series 
have  a  finite  ratio  to  the  series 

1         1  1 

-+  — T  +  ...+-  +  ... 
r      r  +  I  n 

Hence  this  series  is  infinite.      .'.   — —  =  oo  when  n  =  oo  . 

w»+i 

But  ur  is  finite,  .'.  un+1  is  0. 

Thus  the  limit,  when  9^  =  00,  of  the  nih  term  of  the  original 
binomial  series  is  zero:    .'.  the  series  is  convergent. 

B.     Let   m  +  1  <  0 :    then   the    multiplier    is    arithmetically 
greater  than  1,  but  decreases  down  to  the  limit  1. 

Here  fta*l_»±.1          ,' 


m+l      m+1  ra+1 

r         r+  1  n 

Now,  if  n  is  indefinitely  increased,  this  series  is  infinite; 
.'.  un+1  is  infinite.  Hence  for  some  values  of  n  —  oo  ,  the  binomial 
series  is  infinite. 

Moreover,  taking  the  terms  in  pairs,  we  have 

ur+i  +  ur       (r  —  m—%)(r-m-3) 
~ 


which  is  >  1  if  m  +  2  is  negative  ;  but,  if  not, 


r_l  +  ur_,       \  (m+2){l-(m  +  3)/2r} 

ur+l  +  ur~'    )      {1  -  (m  +  2)/r}  {1  -  (m  +  3)/r}  ' 


r 
2 

This   expression  =  m  +  2  nearly,  if   r  is   large  enough.     But 
m  +  2  <  1,  since  m  +  1  <  0. 

Hence,  by  Art.  451,  the  series  is  infinite  for  all  values  of  n, 
and  is  therefore  divergent.     \ 

Thus,  when  x/a  =  l,  the  series  is  convergent  or  divergent  ac- 
cording as  m  is  greater  or  less  than  —  1  . 
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§  2.     THE  BINOMIAL  THEOREM. 
The  index  theorem. 

463.  If,  for  all  positive,  and  negative  values  of  m  and  n,f(iii) 
and  f(n)  are  single-valued  functions  of  m  and  n  such  that 
f(m)  xf(n)  =f(m  +  n),  then,  for  all  such  values,  f(n)  is  one  of  the 
values  of  {f(l)}\ 

(1)     Let  n  be  a  positive  integer. 

Then  /(I)  x/(l)  x  ...  ton  factors  =/(!  +  1  +  ...  to  nterms), 


(2)     Letn  =  0. 

Then  f(n)  x/(0)  =f(n  +  0)  =f(n). 


(3)     Let  n  be  a  negative  integer  =  —  m  say. 

Then    f(m)  xf(-m)  =f(m  -  m)  =/(0)  =  1  by  (2). 


*D 

(4)     Let  n  be  fractional  =  -  say,  where  p  and  q  are  integral, 

and  q  positive. 
Then 


factors 


/(f  +  f  +  -v  to 


is  one  of  the  values  of  ^{/(lp,  i.e.   of 


464.     When  m  is  a  positive  integer,  it  is  easily  proved  by  the 
theory  of  combinations  that 

m(m—  1)    ,  m(m—  l)...(m—  r+1) 

v      9    ;a^  +...+—  ^—     +  -  ^-        —  ' 

J.  T.  22 
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Now  the  series  on  the  right  side  is  endless  unless  m  is  a  posi- 
tive integer.  It  is  natural  to  enquire,  then,  what  is  the  value  of 
this  endless  series,  when  m  is  other  than  a  positive  integer,  and 
when  m  and  x  have  such  values  as  will  secure  its  convergency,  as 
investigated  in  Arts.  460 — 462. 

Now  multiplying  the  above  series  by  1  +  x,  the  coefficient  of 
xr  in  the  product  is 

m(m-l)...(m-r+2)  (^     m-r  +  1^  _  (m+l)m(m-l)  .,.(m-r+2) 
\r-l 


Hence  calling  the  series  f(m),  we  have 

f(m)  x  (1  +  a;)  =f(m  +  1). 
Multiplying  by  1  +  x,  r  times,  we  have 

/(m)x  (l+x)r  =  f(m+r). 
Now/(0)  =  1 ;   .'.  putting  m  =  0  in  above, 

(l+xy=f(r) (I). 

Putting  m  =  -r, 

/(-r)x(H.*)r=/(0)  =  l, 

.'./(-  r)  =  (l+x)-' (II). 

Hence  for  all  positive  or  negative  integral  values  of  m, 

f(m)  =  (l+xr. 

By  means  of  the  index  theorem  we  will  find  the  value  of 
y*(m)  for  any  positive  or  negative  value  whatever. 

465.     Lemma.     If  two  sets  of  quantities  S0t  81}  ...Sr  and  T0, 
Tlt  ...^Tr+1  are  so  related  that,  for  any  suffix p, 

(m-r+p)Sp  =  (r~p  +  I)Tpand  (n-p  +  l) Sp_^=pTp', 
then 

(m  +  n-r)  (sum  of  the  *S"s)  will  equal  (r  +  1)  (sum  of  the  F's). 
In  the  first  of  the  given  equations,  put  p  =  0 : 

Thus  (m-r)S0=(r+l)T0. 

In  the  last  of  the  given  equations,  put  p  =  r  +  1 : 
Thus  (n-r)Sr  =  (r  +  l)  Tr+l. 
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Thus 


and  so  on. 

(m  +  n  -  r)  £p_i  =  (m-r  +  p-I)  S^  +  (n-p+l)  Sp_-,  =  .  .  .  +  pTp, 


a,nd  so  on. 

(m  +  n-r)Sr  =  mSr  +  (n-r)Sr  =  ...  +  (r+l)Tr+1. 

Adding  all  these  equations  together,  we  see  that  the  coefficient 
of  Tp  is  r  +  I  for  every  value  of  p. 

Hence 
(m  +  n  —  r)  (sum  of  the  S's)  =  (r  +  1  )  (sum  of  tJie  T's)      Q.E.D. 

466.     To  prove  universally  that  the  series 

m(m-l)   0  m(m—  l)...(m  —  r  +  I)   „ 

1  +mx  +  —  ^  —  H—  a^+  •••  +  —  -  -  —r^  -  LX  +  ••• 
1  .  2  [r 

for  all  positive  or  negative  values  of  m  for  which  it  is  convergent, 
is  one  of  the  values  of  (  1  +  x)m. 

Here  put 

j.t    v  m(m  —  1)    „  m  (m—  l)...(m  —  r  +  1) 

f(m)=l+mx  +  —  \    o        ^  +•••+-  7     v  -^ 


In  the  above  lemma, 

m(m-  l)...(m- 

~^ 


f  a== 


r-1  '    1' 


m...(m-r  +  2)    ?i(n-l)  _m...(m-r  +  3)    n  (n  -  1 ) 

|r-l  lT2~J  r-2  1.2 

and  so  on. 

•22—2 
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Hence,  multiplying  the  two  series  f(m),f(n), 

coeff.  of  xr  in/(ra)x/(n)  =  S0  +  ^  +  S2  +  . . .  +  Srt 

coeff.  of  xr+l  in/(iw)  x  f(ri)  =  1\  +  I\  +  Tz  +  . . .  +  Tr  +  Tr+lt 

.'.by  lemma,  coefF.  of  xr+l  —  (coeff.  of  xr)  x  -    — - —  . 

Now  coeff.  of  aj°=  1.     Hence  putting  r  =  0,  1,  2...  successively 
coeff.  of 

r+i  •     fi    \      /•/   \      (m  +  ^)  (m  +  n- 
xr+l  m/(m)  x/(n)  -  * '-+ 


\r+  l 

/(m)  x/(w)  =/(m  +  n). 

Hence,  for  all  real  values  of  m,f(m)  is  one  value  of  {/(l)}m. 
Now /(I)  =  1  +  x.  .'.  the  series  /(m)  is  one  value  of  (1  +  x)m. 

467.  The  above  series,  which  involves  m  and  x,  may  be 
called  f(m,  x). 

If  now  m  is  integral,  (l+x)m  has  but  one  value.  Hence 
we  may  say  y  (m,  x)  =  (1  +  x)m. 

But  if  m  is  fractional  =  say  JP/^,  (1  +  x)m  has  a  number  (at 
present  unknown)  of  values.  It  has  been  proved,  in  Art.  230, 
however,  that  the  qt]*  root  of  a  positive  quantity  has  only  one 
positive  value. 

Now  for  all  values  of  f(m,  x)  which  are  convergent,  x  is 
numerically  not  greater  than  1,  so  that  for  all  such  values  1  +x 
is  positive.  We  will  proceed  to  show  that  for  all  positive  or 
negative  values  of  m  and  x,  which  make  f(m,  x)  endless  but 
convergent,  f  (m,  x)  is  positive. 

(I)  Let  x  and  m  be  both  negative. 

Then  every  term  in/* (m,  x)  is  positive:  .'.  f(m,  x)  is  positive. 

(II)  Let  x  be  negative,  and  m  positive. 
Then  f(m,  x)  --=f(n,  x)  x/(m  -  n,  x). 
Suppose  n  is  any  integer  greater  than  m. 
Theii/(^,  x)  —  (1  +  x)n  and  is  .'.  positive. 
And/(m-^,  x)  is  positive  by  (I). 

.'.  alsoi/*(??i,  x)  is  positive. 
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(III)  Let  x  be  positive,  and  m  +  1  positive. 

Then  all  the  terms  inf(m,  x)  up  to  xr,  where  r  is  not  >  m  +  1, 
are  positive,  after  which  they  are  alternate  in  sign  but  numerically 
decreasing;  .'.  f(m,  a?)  is  positive. 

(IV)  Let  x  be  positive,  and  m  +  1  negative. 
Then  /(m,  aj)  =/(m  +  n,  x)  +f(n,  x). 

Suppose  that  n  is  an  integer,  such  that  m  +  n  +  1  is  positive. 
Then/(??.,  x)  =  (l  +x)n  and  is  .'.  positive. 
Andf(m  +  n,  x)  is  positive  by  (III). 
.'.  also/(ra,  x)  is  positive. 

Since  then  f  (m,  x)  is  always  positive,  when  it  is  endless  but 
convergent,  (m  and  x  being  real), 

When  m  is  integral  f(m,  x)  =  (1  +  #)m. 

When  m  is  fractional,  f  '(m,  x)  =  the  one   positive    value   of 


§  3.     EXPONENTIAL  AND  LOGARITHMIC  SERIES. 

468.      To  find  the  limit  of  the  product  of  an  infinite  number  of 
factors,  the  limit  of  each  of  which  is  unity. 

A.     Let  each  factor  reach  its  limit  unity,  independently  of 
the  indefinite  increase  in  the  number  of  factors. 

Then,  call  the  first  n  factors  l+/o15  1  +  /o2,   ...l+pra;  where 
PIJ  PSJ  •••p»  are  ultimately  zero. 

Assume  the  theorem  that  for  n  factors 


where  R  is  ultimately  zero. 

Introduce  another  factor  1  +pn+1;  then 


where  R  is  ultimately  zero. 

Hence,  if  the  theorem  is  true  for  n  factors,  it  is  true  for  n  +  1. 
Hence  it  is  true,  however  large  the  number  of  factors  may  be. 
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Observe  here  particularly  that  we  have  allowed  each  factor 
to  reach  its  limiting  value,  before  introducing  the  next  factor. 
This  was  legitimate  because  of  the  special  hypothesis  (A). 

B.  Let  each  factor  only  reach  its  limiting  value,  when  the 
number  of  factors  is  indefinitely  increased.  In  other  words,  let 
each  factor  be  a  function  of  the  number  of  factors.  Then  the  above 
argument  will  not  hold.  An  important  example  is  investigated 
in  Art.  469. 

Similar  propositions  hold  with  respect  to  the  sum  of  an  infinite 
number  of  terms,  the  limit  of  each  of  which  is  zero. 

If  each  term  reaches  its  limit  zero  independently  of  the  indefi- 
nite increase  in  the  number  of  terms,  the  limit  of  the  sum  is  zero. 
But  if  each  term  is  a  function  of  the  number  of  terms,  this  is  not 
necessarily  the  case. 

These  cases  of  multiplication  and  summation  are  particular  cases  of 
the  evaluation  of  expressions  of  the  form  1°°  and  0  x  oc . 

Now  it  is  clear  that  however  many  times  we  multiply  1  by  itself  the 
result  is  1 ;  and  however  many  times  we  add  0  to  itself,  the  result  is  0. 

Hence,  when  the  symbols  represent  mere  independent  numbers,  we 
have  1°°  =1  and  0  x  GO  =0. 

But,  when  the  symbols  represent  the  limiting  values  of  co-varying 
quantities,  these  results  are  not  necessarily  true  :  and  the  values 
cannot  be  determined  without  assigning  what  function  the  one  quantity 
is  of  the  other. 

The  student  may  be  warned  against  confounding  the  products  or 
series  here  discussed,  with  those  in  which  the  limit  of  the  nth  factor  or 
term,  not  of  each  factor  or  term,  is  unity  or  zero. 

(]\  nx 
1  +  -  j    ,   when 

n  is  indefinitely  increased. 

[Here  1  +  l/n  is  a  factor  whose  limit  is  unity  and  which  has  to  be 
multiplied  by  itself  an  infinite  number  of  times.  But  each  factor  only 
reaches  its  limit,  as  the  number  of  factors  is  indefinitely  increased. 
Hence  we  cannot  employ  the  argument  of  Art.  468  (A).] 
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For  all  finite  values  of  n  greater  than  1,  the  positive  value  of 


1      nx(nx-l)    /ly  nx(nx-l)...(nx-r+l)/l\r 

+  --+-  +  -  J+ 


nx  nx 

In  this  series,  the  multiplier 

^       _  r-l\ag 
ur 


\ag  =  x  _  1  +  l^ 

J  r      r      n     rn  ' 


This  decreases  as  r  increases,  and  is  less  than  a  quantity  less 
than  1,  if  r  is  large  enough.  This  is  true,  even  if  n  is  infinite. 
Hence  the  series  is  convergent  for  all  values  of  n  however  great. 

Now  when  n  is  indefinitely  increased,  —  is  indefinitely  small  ; 

r-l 
.'.  -    —  is  indefinitely  small,  until  r  becomes  commensurate  with 

n  ;  since  the  term  —  decreases  independently  of  the  increase  in  r. 


Hence,  the  limit  of  each  of  the  factors 

\       nx)  '  \        ^/  '      \         nx  J 


is   unity.     And   they    reach   their   limit   independently   of   the 
increase  in  their  number  r:    .'.  their  product  is  unity. 

When  r  becomes  commensurate  with  ?^,  the  sum  of  the  terms 
beginning  with  xr  is  indefinitely  small  (because  the  series  is  con- 
vergent) :  hence  no  error  arises  from  falsely  evaluating  this  sum. 

Thus  the  limit  when  n  is  indefinitely  increased  of  the  positive 
value  of 

^  x2      x3  xr 


i 
1  +  - 


— 


for  all  real  finite  values  of  x. 
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470.     In  the  above  result,  put  x=  1.     Thus  the  limit  of 
1\».  11  1 


K)' 

Again,  since  -1(1  +  -V  !•  .**  /  !••*•  -1     .we  have 
IV        nj  )        \        nj 


This  important  formula  is  called  the  Exponential  Theorem. 

Example.     Prove  (2)  directly  by  means  of  the  index  theorem. 

If  /(#)  represents  the  right  hand  of  (2)  ;  the  terms  of  the  rth  dimen- 
sion in  f(x)  x  /(#),  are  clearly 


—  --  by  the  Binomial  Theorem  for  a  positive  integer. 


(~|  \  tl 
1  +  -  J    is  usually  de- 
noted by  the  symbol  e  (or  e). 

Thus  (1)  and  (2)  of  the  last  article  become 

8=1+i   1+.1+    .1,  ^ 

I?  l» 


Example.     Find  the  value  of  J  (e*  +  e  -  *)  and  i  (e«  -  e  -  *}. 


and 
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472.     To  find  the  limits  within  which  the  value  ofe  lies. 

Take  each  of  the  terms  in  (3)  expressed  decimally  and  found 
by  dividing  the  preceding  by  2,  3,  4,  &c.  :  and  then  add  up  the 
terms  as  far  as  calculated.  Thus 

e>2;  >2-5;  >  2-6;  >  2'7083;  >  2-716. 
On  the  other  hand, 

'  I  IN  1 

+---  fir 


Its  value  may  be  easily  approximated  to  2-71828182. 

Logarithms  to  base  e. 
473.     The  expansion 


enables  us  to  find  logarithms  to  base  e  as  follows. 
Let  x  =  y  loge  a.     Then  ex  =  (d°«a)v  =  ay, 

(11  log,  a)r 
u       e    ; 


The  series  (4)  holds  for  aW  finite  values  of  x.  Hence  the 
series  (5)  holds  for  all  finite  values  of  y  and  a,  provided  that  a  is 
positive,  so  that  loge  a  has  a  single  real  value  positive  or  negative. 
(See  Art.  243.) 

Now  let  a  =  a+l,  where  z  is  any  quantity  numerically  not 
greater  than  1  :  so  that  a  is  positive  as  required. 

Also,  by  the  binomial  theorem,  if  y  is  positive,  [See  Arts. 
461,  462.] 

ft^'-i^^  (6), 

for  any  value  of  z  numerically  not  greater  than  1. 
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Hence  the  series  (5)  and  (6)  are  equal  for  every  value  of  y 
between  0  and  any  positive  finite  quantity. 

Hence  we  may  equate  the  coefficients  of  the  corresponding 
powers  of  y  in  the  two  series. 

Equating  the  coefficient  of  y, 


for  all  values  of  z,  numerically  not  greater  than  1. 

JSxample.     Expand  loge  sec  8  in  powers  of  tan  0,  if  tan  6  <  1. 
log,  sec0=i  loge  sec2  8=%  loge(l  +tan2  ff)  =  itan2  B  -  Jtan4  6  +  1  tan60 

474.  The  student  should  note  and  compare  the  two  series 
(4)  and  (7)  of  the  last  article  ;  viz., 

y?  Xr 

ex=  1  +  x  +  —  +  ...  +  j—  +...  for  all  finite  values  of  x, 

£       lr 

X2        X?  Xr 

loge  (1  +  *)  =  *  -  I,  +  -o  -  •  •   +  (~  I)*""1  —  +  •  •  •  for  a:  not  >  1. 

The  power  of  e  is  expressed  by  (I)  factorial  denominators  and 
(2)  positive  signs. 

The  logarithm  to  base  e  is  expressed  by  (1)  simple  numeral 
denominators  and  (2)  alternate  signs. 

It  is  important  to  note  that  the  series  on  the  right  is  to 
be  equated  to  the  one  positive  value  of  ex  in  the  first  case  ;  and  to 
the  one  positive  or  negative  value  of  loge  (1  +  x)  in  the  second 
case. 

475.  The  series  for  loge  (1  +  x)  gives  directly  the  logarithms 
only  of  (positive)  numbers  up  to  2  inclusive. 

Now  any  number  greater  than  1  is  the  reciprocal  of  some 
number  less  than  1  :  and  log  n  =  —  log  -  .  Hence  the  series  gives 
almost  directly  the  logarithms  of  any  number  whatever. 
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Thus,  if  p  >  q, 


p 

Example.     If  x  >  1 ,  show  that 

+ 


476.  The  series  for  loge  (1  +  x)  does  not  converge  rapidly 
unless  x  is  very  small.  Hence  it  is  not  immediately  useful 
for  the  arithmetic  calculation  of  logarithms. 

But  we  have 


.*.  by  subtraction,  (if  x  is  not  >  1  numerically) 


If  now  m  and  n  are  positive  and  m  >  n,  then  -  is  positive 

m+n 

and  <  1.     Put  £c  -  m^n  in  (8). 
m  4-  n 

rru      i      <m     ^  (m-n        /m-n\s     .  fm-n\5         }      /ox 
Thus  loge—  =2  ^  -    —  +if-      -)4-i(  -  )  +  ...V...(9). 
5en         \m  +  7*     ¥  Vm  +  w/       °\m  +  nj          ) 

Hence  we  can  find  in  succession,  from  loge   1=0,  the  loga- 
rithms of  any  other  numbers  by  a  rapidly  converging  series. 

Thus  put  n  =  1  and  m  =  2.     Thus 

Ioge2  =  2  {J  +  J(^+i  (!)*  +  ...}. 

Put  n  =  2  and  m  =  3.     Thus 

Ioge3-loge2  =  2{i  +  i(i)3  +  i(i)5+...} 
and  so  on. 
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477.     In  order  to  calculate  logarithms  to  base  10,  we  have  to 
note  that 


Hence  every  log  to  base  e  must  be  multiplied  by  the  constant 
modulus  1  -4-  loge  10  to  give  the  corresponding  log  to  base  10. 

As  an  example  in  the  calculation  of  logarithms,  we  will  find 
the  value  of  1  -=-  loge  1  0  to  8  decimal  places. 

478.     To  find  the  modulus  1  -  loge  10. 
We  have 

log,  10  =  loge  |  +  loge  8  =  log,  |  +  3  log,  f  . 

In  Art.  476,  (9),  put  ra  =  5  andn  =  4;   also  put  m  =  2  and 
n=l.     Thus 


Thus  we  have  expressed  loge  10  in  powers  of  -J-. 

By  successively  dividing  by  9  we  may  place  in  one  column 
the  several  powers  of  ^,  and  dividing  these  by  the  required 
numbers,  we  may  place  the  results  in  a  second  column  and  add. 
Thus 

14-9  =-111111111 


1-92=  -012345679 
l-93  = -001371742 

l-94=  -000152416 
l-95=  -000016935 

1  -  96=  -000001882 
1  -j-  97  -  -000000209 


4-3  =-037037037 
-5  =-002469136 
-3  =-000457247 
-7  - -000195963 
-9  =-000016935 
-f-5  =-000003387 
-11  =  -000001540 
-13  =  -000000145 
-7  =-000000030 
4- 15  =  -000000014 


.'.  (sum  adding  1)  =  M51292545 
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This  result  has  to  be  multiplied  by  2. 
Thus  log,  10-2-30258509. 

And,  by  division, 

modulus  =  ^  =  Iog10  e  =  -43429448. 

479.  Logarithms  to  the  base  10  are  called  Common  Loga- 
rithms :  those  to  the  base  e  are  called  Napierian  Logarithms. 

480.  To  prove  that  e  is  incommensurable. 

If   possible,  let  e  =.  — ,  where  m   and   n   are  finite   integers. 

Thus 

ra  i      I      I      I 

~n~  +~2+  [3+  |4  +  '" 

Multiply  both  sides  by  In;  then 
m  \n  —  l  =  an  integer 

1  1  1 


n+l      (n  +  l)(n  +  2)      (n+  1)  (n  +  2)  (n  +  3) 
But  the  series 

1  _l 1 

n  +  I  +  (n  +  1)  (n  +  2)  +  (n+  l)(n+2)(n  +  3)  + 
is  less  than  the  geometrical  series 

1  1  1 

+ -\ 1- 

n+  I      (n  +  I)2      (n+  I)3 

11  11 

1.6.  <  :p    .      n =-77 =-r   1.6.    <  = ~     1.6.    <   -  . 

n+l      l  —  l/(n+l)  n  +  l -I  n 

This  series  is  therefore  a  fraction  less  than  1. 

Thus  the  difference  of  two  integers  is  less  than  1  but  greater 
than  0  :  which  is  impossible. 

Hence  e  cannot  be  expressed  as  a  fraction  with  finite  integral 
numerator  and  denominator;  i.e.  it  is  irrational  or  incommen- 
surable (with  unity). 
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EXAMPLES  XVIII. 

[Here  'the  series  <£(%)'  is  used  as  an  abbreviation  for  'the  series 
whose  wth  term  is 


1.  The  series  nyxn,  where  y  is  finite  and  x  positive,  is  con- 
vergent if  x  <  1,  and  divergent  if  x>  1. 

2.  Prove  the  theorem  of  Art.  454,  in  the  converse  form  ; 
viz.  "The  series  <f>  (n)  is  convergent  or  divergent  according  as  the 
series  bn  <f>  (bn)  is  convergent  or  divergent,  where  <f>  (n)  is  positive 
and  decreases  as  n  increases,  and  b  >  1."* 

3.  Hence  show  that  the  series  logw  x,  where  x  is  positive,  is 
divergent. 

4.  From  the  known  theorem  that  the  series  xn  is  convergent 
or  divergent  according  as  x  is  or  is  not  less  than  1,  show  that  the 
series  un  is  convergent  or  divergent  according  as  the  limit,  when 
n  is  infinite,  of   l]un  is  or  is  not  less  than  1. 

5.  Hence  the  series  (a0  +  a1(/w  +  a2/w2  +  •••)*  is  convergent  or 
divergent  according  as  a0  is  or  is  not  less  than  1. 

6.  From  the  known  theorem  that  the  series  nx  is  convergent 
or  divergent  according  as  x  is  or  is  not  less  than  —  1,  show  that 
the  series  un  is  convergent  or  divergent  according  as  the  limit, 
when  n  is  infinite,  of  logn  un  is  or  is  not  less  than  —  1. 

7.  Hence  the  series  n\+<hln+azln  +••••  is  convergent  or  diver- 
gent according  as  a0  is  or  is  not  less  than  —  1. 

8.  The  series 

1      1.3      1.3.5       1.3.5.7 


9.     The  series 
2      2.5       2.5.8        2.5.8.11 


1S  converent  and  = 


6      O      679712      6.9.12.15 

*  This  is  generally  the  form  in  which  the  theorem  should  be  used,  when 
the  series,  whose  convergency  has  to  be  determined,  is  given. 
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10.  The  series  x  sin  0  +  x2  sin  20  +  ...  +  xn  sin  nO+  ... 

A.  If  x>  1,  is  divergent. 

,    .  .  .  as  sin  0 

B.  If  ce  <  1,  it  is  convergent  and  -  -  -  . 

1  -  2x  cos  6  +  x2 

C.  If   a;=l,  and  6  /IT  is  incommensurable,  it   is  finite   but 
wholly  indeterminate. 

D.  If  03  =  1,  and  0/7r=p/q  where  p  and  q  are  prime  to  one 
another,    it    =  J  cot  \B  —  J  cosec  ^  0  cos  (TZ,  +  J)  0,    an    expression 
which  has  \  (q  +  1)  values  if  ^  is  even,  but  q  values  if  p  is  odd. 

11.  The  series  1  +  x  cos  0  +  x2  cos  20  +  .  .  .  +  xn  cos  nO+  ... 
A.     If  x>  1,  is  divergent. 

r»      T,.         ,    .    .  1  -  a?  cos  0 

13.     It  x  <  1,  it  is  convergent  and  =  -  -  -  -  -  -  -  . 

1  -  2x  cos  0  +  x2 

C.  If   05=1,  and  0/ir   is   incommensurable,  it   is  finite  but 
wholly  indeterminate. 

D.  If  x  —  1  ,  and  OJTT  =  p/q  where  p  and  q  are  prime  to  one 
another,  it  =  ^  cosec  J0  sin  (n  +  J)  0  +  J,  an  expression  which  has 
q  +  1  values  if  q  +  p  is  even,  but  q  values  if  q  +  p  is  odd. 

nnxn 

12.  The  series  -  —  -  is  convergent  or  divergent  according  as 

x  is  or  is  not  less  than  e~\ 

sin26»      n(n  + 


13.     sec»0= 


14.     sec™  ^  =  1  4-     tan2  0  +          ~      tan4  0 


or  =  tan"  0  +     tan^-2  0  +  "      tan«~4  0  +  .  .  . 

according  as  0  is  less  or  greater  than  ^TT. 
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15.  Prove  directly  that  the  series 

x2      x3 

l+X  +  ]2  +  ]3+- 

is  convergent  for  all  finite  values  of  x. 

16.  Prove  directly  that  the  series 

x-±x*  +  ±xs-lx*+... 

is  convergent  if  x  has  any  value  from  —  1  to  +  1,  excluding  the 
first  but  including  the  last. 

Hence  show  that  loge  2  =  —  +  3~  +  —  +  ... 
e  2345 

17-  ** 


19. 
20. 


3.  173 


5         5 


1  1  1 


99     3  .  993     5  .  995 

22. 


23.     loge  (*+!)-  log,  x 

^{-J-^-l 3+   1   +...}. 
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24.  l» 

25.  2  loge  x  -  loge  («+!)-  loge  (a?  -  1) 
_9(  _  l_  1  1 

"  12*1-!  +  3~(2a*  -Tj»  +  5  (2X2  -  I)5  +  '" 

26.  l 

27. 


then  ar+1  =  1  +  l  +  i  +  J  +  ...  +  -  . 

28.     If  a,  /?  be  the  roots  of  joa;2  +  qx  +  r  =  0, 


29.     From  the  known  expansion 

4  •  ^i  —  o    ~^  -  5  =  i  +  *  cos  0  +  •*?  cos  2  0  +  tf  cos  30  +  .  . 
1  —  2x  cos  0  +  ar     a 

show  that 


30.     If  7i  is  odd,  and  cf>  =  TT/U,  then 
loge  (1  -  2«  cos  2<^>  +  a;8)  +  loge  (1  -  2#  cos  4</>  +  or2) 

+  .  .  .  +  loge  {1  -  2cc  cos  (TJ  -  1)  </>  +  a;2} 


31 


sec2</>-tan  2<£  cos  ^ 
=  1  +  2  tan  <£  cos  0  +  2  tan2  0  cos  20  +  2  tan3  <£  cos  30  +  ... 
if  <f>  lies  between  0  and  JTT. 

32.     Expand  ^  -  ^  in  a  series  of  cosines  of  multiples 
1  +  y  cos  0 

of  0  :  and  show  that  the  constant  term  is  —ri  -  a\  »  anc^  *^e 


2  A.71 
co-efficient  of  cos  nO  is      .  -~       2r  ,   where  A  is  the  larger  root 

v  (  1  ~  2/  ) 
of  af  +  2a:/2/  +  1  =  0. 

J.  T.  23 


CHAPTER  XIX. 

RELATIONS    BETWEEN    THE    CIRCULAR  MEASURE 
AND  THE  TRIGONOMETRICAL  RATIOS  OF  ANGLES. 

§  1.     RELATIONS  OF  INEQUALITY. 

481.  The  symbol  6e  represents  an  angle  containing  0  radians; 
i.e.  an  angle  whose  circular  measure  is  0,  the  unit  of  circular 
measurement  being  the  radian.     When  we  are  referring  to  the 
angle  0°  it  is  often  convenient  to  drop  the  symbol  for  the  unit 
and  to  write  0  simply  to  denote  the  angle.     The  context  will 
always  show  when  6  means  "the  angle  whose  circular  measure  is 
0"  i.e.  "the  angle  equal  to  6  radians."     Without  such  context, 
6  denotes  simply  a  number.     See  Chapter  II. 

482.  If  0  represents  the  circular  measure  of  an  angle,  we 
know,  by  Art.  51,  that  0  =  the  ratio  of  the  arc — subtended  by 
the  angle  at  the  centre  of  a  circle — to  the  radius. 

We  shall  now  apply  the  proposition  of  Art.  59  to  a  compari- 
son between  the  circular  measure  and  the  trigonometrical  ratios 
of  an  angle. 

483.  The  circular  measure  of  an  acute  angle  lies  in  magnitude 
between  the  sine  and  the  tangent  of  the  angle. 

At  the  centre  0  of  a  circle,  let  the  acute  angle  A  OH  be  equal 
to  6  radians. 
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Draw  HE,  AT  at  right-angles  to  OA. 
Then,  by  Art.  59, 

perp.  BH  <  arc  A  H  <  tangent  AT. 
Divide  each  by  the  radius  of  the  circle.     Thus 
BH     AH     AT 
OH^  OA*  OA' 
i.e.  sin0<0<tan0  ........................  (1). 

Also  we  have  cos0<  1  ...............................  (2). 

These  are  the  first  approximations  to  the  values  of  the  ratios 
of  an  acute  angle  in  terms  of  its  circular  measure. 

The  student  must  particularly  observe  that  in  the  above  inequalities 
&,  standing  by  itself,  means  a  number  ;  but  6,  standing  after  sin,  cos,  or 
tan,  means  an  angle.  The  inequalities  are,  of  course,  relations  between 
mere  numbers  or  ratios. 

484.  By  expressing  the  ratios  of  0  in  terms  of  those  of  J0, 
we  obtain  closer  relations  between  the  ratios  and  the  circular 
measure.     See  next  three  articles. 

-  We  confine  ourselves  in  this  section  (except  in  Arts.  490  and 
493)  to  acute  angles. 

485.  We  have 


Now,  by  (1)  Art.  483, 

tanJ0>J0  and  sin|0 
substituting  in  the  above, 


J0, 


23—2 
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afortiori,  sin0>2.        l  -  ~      i.e.  >0-     .......  .(3). 

Hence  sin  0  lies  between  6  —  ^03  and  0. 

486.     We  have  cos  0  =  1  -  2  sin2  J0, 

02 
/.  substituting  from  (1),  cos0>  1  -  2  (|0)2,  i.e.  >  1  -  —  ......  (4); 

/fi  (fi  \  2 

but  substituting  from  (3),  cos  0<1  — 


02      04        0s 
***     -2  +  16-5r2' 

/32          /34 

afortiori  <1-  -+  ^  .....................  (5). 

^2  /J'J  /D4 

Hence  cos  0  &es  between  1  —  ^  anc?  1  ---  h  —  r  . 

J  2       it) 

487.     We  have,  by  division, 
tan  0=  Y^^TQ  =  2  tan  J0  (1  +  tan2  10  +  tan4J0  +  ...), 

a  convergent  series,  since  J0C<45°,  and  .'.  tan  J0  <  1. 

03  7 

.*.  substituting  from  (1),  tan  0  >  0  +  —  + 


... 
.'.  d,  fortiori,  tan  0>  sum  of  any  number  of  these  terms. 

Limits. 

488.     The  limit  of  —^-  and  of  —Q—  .  when  0  is  indefinitely 
diminished,  is  unity. 

For  sin  0,  0,  tan  0  are  in  ascending  order  of  magnitude. 
Hence,  dividing  each  by  sin  0  and  by  tan  0,  both 

^ST*'860 
are  in  ascending  order  of  magnitude. 
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But,  as  0  decreases,  sec  0  and  cos  6  may  each  be  made  as  near 
to  unity  as  we  please.     Hence 

0/sin  0  which  lies  between  1  and  sec  6; 
and  0/tan  0  which  lies  between  cos  6  and  1  ; 

may  each  be  made  as  near  to  unity  as  we  please. 

a 

Thus  the  limits,  when  6  is  indefinitely  diminished,  of  -  — 

sin  6 

sin  6        6         tan  6 

~e->    ta^'    -<r  ^e  each  unity. 

489.     The  limit  of  the  ratio  of  the  sines  or  tangents  of  two 
vanishing  angles  is  equal  to  the  limit  of  the  ratio  of  the  two  angles. 

sin  0  .  sin  of> 

For  let  —  7r-  =  1  -  x  and  -    —  =  1  -  y. 

v  < 


Then 


Now,  as  6  and  <£  are  indefinitely  diminished,  x  and  y  are  also 
indefinitely  diminished  by  last  article. 

Hence,       limit  of  ratio  —.  —  ;  =  limit  of  ratio  —  . 
sm<£  <f> 

Similarly  limit  of  -  =  limit  of  —  . 

tan</>  <£ 

490.     The  limit  of  the  ratio  of  sin  kO  to  k,  when  k  is  indefi- 
nitely diminished  and  0  is  finite,  is  0. 

sin  kO          sin  W 

^="-^r- 

Now,  since  0  is  finite,  .'.  kO  is  indefinitely  diminished  when  k 
is  indefinitely  diminished. 

.'.  limit  of  sin  kO  -r-  kQ  is  unity. 
.'.  limit  of  sin  kO  4-  k  is  6. 


358         CIRCULAR  MEASURE   AND  RATIOS  OF  ANGLES. 

491.  The  results  of  the  last  three  articles  should  be  carefully 
examined. 

In  Art.  488,  observe  first,  that  6,  not  sin  0,  is  to  be  made  in- 
definitely small.  If  0  =  ir  for  instance,  sin0  vanishes,  but  the 
limit  of  sin  0  +  6  would  be,  not  unity,  but  zero. 

Observe  secondly,  that  $  is  the  circular  measure  of  the  angle 
not  any  other  measure.  For  instance,  if  the  angle  6  radians  =  A 
degrees,  then 

180     . 
A  =  --  x  0. 

7T 

7rsin0c  '  TT     ;.. 

'  whose  llmit  1S       '  not 


*  •  80  '  180 

In  Art.  489,  however, 

6      6  radians      A  degrees  . 

since  -  =  -  -  —  -  =         &  -  (say), 

(f>      </>  radians      B  degrees  v 

.*.  limit  of  —.  —  =-  =  limit  of  -=  . 
sin  £°  B 

As  before  in  Art.  488,  A  and  B  here  must  diminish  indefi- 
nitely, not  only  sin  AQ  and  sin  B°. 

In  Art.  490,  on  the  other  hand,  6  may  have  any  finite  value. 
Thus  6  might  be  the  circular  measure  of  an  angle  greater  than 
two  right-angles.  For  here  the  angle  which  is  to  be  made  small 
is  kO,  not  0;  and  provided  0  is  finite,  k6  is  made  small  by  diminish- 
ing k. 

492.  The  results  of  the  three  articles,  488,  489,  490  are  use- 
fully summarised  in  the  statement 

When  0  =  0,  sin  6  =  6. 

But  in  this  statement  we  must  distinguish  two  distinct  pro- 
positions; viz., 

(1)  When  0  is  small,  sin#  is  approximately  equal  to  0. 

(2)  When  0  is  indefinitely  diminished,  the  limit  of  —^— 
is  exactly  unity. 
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The  first  proposition  may  be  used  in  arithmetical  and  approxi- 
mate calculations  :  the  second  in  algebraical  and  exact  theorems. 

The  propositions  in  the  following  articles  will  exemplify  these 
distinctions. 

493.  To  show  that,  when  n  is  indefinitely  increased  and  0  is 
finite,  the  limit  of 

6  0  0  0   .   sin0 

COS  -~  .  COS  j  .  COS  £  . . .  COS  —  IS  —fi-  . 

00  000 

For        sin  0  =  2  sin  -  cos  ~  =  22  sin  ^  cos  -  cos  ^ » 

and  so  on. 

Thus         sin  0  =  2n  sin  —  (  cos  -  .  cos  ^-2 . . .  cos  —  J . 
6       ,    sin  0/2" 


But  ^   °*"  2»  ~  v  •     0/2» 

And,  as  in  Art.  490,  when  n  is  indefinitely  increased  and  .\ 
6/2n  indefinitely  decreased,  the  limit  of  the  above  is  0. 

000  sin0 

Hence,  in  the  limit,  cos  -  .  cos  ^  .  cos  ^-  ...  =  —7-  . 
Z  2  Z  " 

Example.     Put   6  =  fyr.     Then  sin  6  =  1  ;    2  cos  £0 
=x/(2-|-/v/2);  2cos|0=v{2  +  v/(2+x/2)};  and  so  on. 
Thus,  the  product  of  the  endless  series  of  factors 

2 


2    '          2  2  TT' 

494.     ^o  show  that  sin0>6  -  J03,  if  0  denotes  an  acute  angle. 

By  Art.  486,  cos  0  >  1  -  J02. 
0        0 


a  fortiori 
Proceeding  in  this  way, 


23      25 ' 


00  0      1      02/l       1  1 

cos  -  cos  -  ...  cos  -  >  1  -  -^  ^  +  ^ +...+- 

>  X  -  8  •  T —1/4 
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;v -•••-:•••••: :     .  ^-f+A- 

a  fortiori  >  1  -  —  . 

Now  as  in  the  last  article, 

sin0      sin0/2re          00  0 

x.,^     .  cos  -  cos  T  ...  cos  ^-  . 


.  Thus,  —  ^—  is  less  'than  the  product  of  these  cosines,  but  may 

be  made  as  nearly  equal  to  it  as  we  please  by  increasing  n. 
sin  0  0* 


Hence 


sin0>0-|03. 


495.  2V>  sAow  that  cos  0  <  1  -  ^  +  -^  . 
We  have  cos  0  -  1  -  2  sin2  J0 

(f)  fiS 

2  ~  48 

02      ^ 
l--+  -  . 

496.  We  have      tan0  =    2  * 


, 

I  —  tan  ^  c/ 


tan0     tan  10      02 


tan|0      tan  10^  1    02+j.     /0_V+        +^     /?\"  + 
tan  10  _  tan|0      I     0^      1  /02\2  1 

and  so  on. 
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Increasing  indefinitely  the  number  of  these  inequalities,  add- 
ing them,  and  observing  that  the  term  on  the  right  involving 


and  that  the  limit  of     /i/or      on  the  left  is  1,  we  have 
vj  & 

tan  0  <92      6*      66  02n 

—7 1  >  IS    +    TT+7T«   +   .--   + 


3  '   15      63  4»-l 


and  a  fortiori  tan  ^  >  sum  of  any  number  of  these  terms'. 

497.  The  results  in  these  last  three  articles  are  nearer  ap- 
proximations to  the  values  of  the  ratios  than  the  corresponding 
results  in  Arts.  485,  486,  487. 


§  2.     RATIOS  ix  TERMS  OF  CIRCULAR  MEASURE. 

(0\n 
sec  — )     when  n  is  indefinitely 
nj 

increased. 

r\ 
Since    sec  -  =  1  when  n  is  indefinitely  large,  we  have    here 

to  evaluate  a  limit  of  the  form  I00 — the  index  being  a  function  of 
the  base.     See  Art.  468. 

Now,  if  x  is  any  quantity  greater  than  1,  the  following  three 
quantities  are  in  ascending  order  of  magnitude,  viz., 

,0 

A          /         1\  -« tan2- 

1;     iW£     (1-1)  V 

For  if  the  last  quantity  is  expanded  by  the  binomial  theorem, 

Q 

its  first  two  terms   are    1  +  tan2  -  and  the  remaining  terms  are 
all  positive. 
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Raising  each   to  the  power  ^n,  the  following  three  are  in 
ascending  order,  viz., 


T»   .  T    ..     *  6     A    tan  0/n  .    „ 

But  limit  or  n  tan  -  =  6  .  — nl  '     is  6. 

n  6/n 


.'.  limit  of  —  ^  tan2  -  is  0. 
n 


.'.  (sec  -  )    lies  in  the  limit  between  1  and  (1  — )  ; 
V       nj  \       xj 

/       0\n 

i.e.  in  the  limit  (  sec  -  )    is  1. 
\       nj 

/       fi\ n 
.'.  in  the  limit  (cos  -  )    is  1. 

V     »/ 

499.     To  find  the  limit  of  (8l*    ')    and  (  ^/       )    when  n 
is  indefinitely  increased. 

Since    (sin-)  ,   (     )  ,    (tan-)     are  in   ascending  order   of 
\        n)  '    \n)       \        n) 

magnitude, 

/  .     0\n  /    Bin    \n    f       0\n 

.'.  dividing  by  (sm  -J   ;       1,  (^jj-J  ,  (sec  -j 

are  in  ascending  order  of  magnitude, 

/        0\n     f        0\n    (    Bin    \ 

and  dividing  by  ( tan  —  1   ;    (  cos  —     ,   I *<    ) »  A 

7  \        nj   '    \       nj      \tan  0/nJ 

are  in  ascending  order  of  magnitude. 

Hence,  by  the  last  article,  the  limits  of  (    .      .,,    )     and  of 

\sm  0/nJ 

I 777-  )    and  of  their  reciprocals  are  each  unity. 

\tan  0/nJ 
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500.  The  above  limits — and  others  of  the  form  1°° — may  be 

/    i\w  • 

found  from  the  known  theorem  that  the  limit  of  ( I  +  -  j    is  e. 

Thus  (sec  0)*****  =  [(1  +  tan2  (9)  cof^-tan*^ 
Hence,  when   0  =  0,  the   expression  in  the  square  brackets 
becomes  equal  to  e,  and  the  limit  of  (sec  Q)xm+0m  is  as  follows : 
If  m  <  2,  the  limit  =  e°  =  1. 
If  m  =  2,  the  limit  =  e*x*. 
If  m  >  2,  the  limit  =  ex  =  <=c. 

The   particular   case    (cos  -J  ,  when   n  is   infinite,  may  be 
treated  directly  as  follows  : 

(cos  fY  =  [Yl  -  sin2  0)-C°SeC°»T^Sin2»  f 
\       n)       LA  »/  J 

=  e°  =  1,  when  w  is  infinite. 

For      wsin--^^^^     /.  n  sin2  -  =  0  in  the  limit. 

n  v/n  n 

501.  To  expand  cos  0  and  sin  0  m  powers  of  0.     We  have 


n 
—  f  cos""4  a  sin4  a  —  ... 


tan4  a 


Now  let  no.  =  0,  so  that  a  =  -  and  —  =  -* . 

n          n      V 

Thus  cos  6  =  (cos  e/n)n  x 
r       i     ! 


/tana\4 

[2    •  v  a  ;  "  TIT"  "A  a 
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Now  let  n  increase  indefinitely  while  6  remains  constant  and 
finite  so  that  a  decreases  indefinitely. 

Then,  by  Art.  498,  limit  of  (cos-Y*  is  1. 
Also,  since  each  of  the  factors 

n"1         n'"  n 

reaches  its  limit  1  independently  of  the  number  of  them,  therefore 
the  limit  of  their  product  is  1. 

Similarly   since   the  diminution  of   a   in  ( )     is   inde- 

\     a     / 

pendent  of   the  index  r,  therefore   the  limit  of   ( )    is  1. 

\    a    / 

Thus 

02      <94      O6 

Exactly  in  the  same  manner,  we  may  prove  that 


502.  The   student   should   observe  that  the  expansions   of 
cos  0  and   sin  0   in   powers   of    0   are   obtained   from   those    of 
cos  nO  and  sin  nO  in  powers  of  cos  6  and  sin  0  in  the  same  way 
that  the  expansion  of  ex  is  obtained  from  the  binomial  theorem. 
And  hence  that 

The  terms  of  cos  0  and  of  sin  6  are  taken  alternately  but  with 
alternate  change  of  sign  from  the  expansion  of  ee. 

503.  The  above  expansions  of  sin  0  and  cos  6  hold  for  all 
finite  values  of  0  whatever.     For  the  ratio  of  any  term  to  the 

fi2 

preceding  is :  which,  when  n  is  large  enough,  is  clearly 

n  \n  —  I ) 

less  than  a  quantity  less  than  1. 


RATIOS   IN   TERMS   OF   CIRCULAR   MEASURE.  365 

Now  if  we  increase  0  by  2ir,  the  values  of  cos  6  and  of  sin  0 
are  unaltered ;  hence  the  values  of  these  series  are  unaltered  by 
adding  2ir  to  6. 

In  other  words,  the  series 


are  periodic. 

504.  All  the  theorems  with  respect  to  the  sine  and  cosine 
that  have  been  investigated  from  the  definition  by  means  of  an 
angle,  may  be  proved  from  the  above  series.     A  few  cases  may 
be  worked  out. 

505.  Since  every  index  in  sin  0  is  odd,  .'.  sin  (—  0)  =  —  sin  6. 
Since  every  index  in  cos  9  is  even,  .'.  cos  (-  9)  —  cos  0. 

506.  If   9  measures  an  acute  angle,  02<  Jir2;   .'.    a  fortiori 
Now  sin  9  =  9 


Hence  each  of  the  above  brackets  is  positive  ; 
.'.  sin  6  <  6  ;  but  >  6  -  ^ffi  ;  bat  <  6  -  \&  +  ^P  ;  and  so  on. 

Also  0-sin0  = 


And 

Hence,  since  the  series  beginning  at  any  term  has  the  same 
sign  as  that  term,  the  difference  between  sin  6  and  any  number  of 
its  first  terms  is  less  than  the  first  term  omitted. 

Similar  propositions  hold  with  respect  to  the  cosine. 
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507.  The  expansional  values  of  functions  investigated  in  this 
and  the  preceding  chapter  enable  us  to  evaluate  limits  of  the 
form  g.  Thus 

Example  1.  jnl  wh*n  *=0. 

,      .         ,      ,. 
The  g,ven  fraction 


The  given  fraction  - 
- 


Emmple  2. 


-    1  +  ... 

The  hyperbolic  functions. 


508.     We  have 


The  above  expansions  of  J(ee  +  e~e)  and  ^(ee  —  e~0)  are 
called  the  Hyperbolic  cosine  and  the  Hyperbolic  sine 
respectively  of  0  •  and  are  written  shortly  cosh  6  and  sinh  0. 

Thus  cos  6  and  sin  0  are  obtained  from  cosh  0  and  sinh  0 
respectively  by  changing  the  signs  of  the  alternate  coefficients 
of  the  several  powers  of  6. 

,    sin  0  .  sinh  0 

Or    cos  6   and      -  —  are  obtained    trom    cosh  6   and 


C/ 

respectively  by  changing  02  into  -  02. 

Further  sinh  0  -r  cosh  0  is  called  tanh  0  :  and  so  on. 

509.  The  following  table  of  comparison  between  the  Trigo- 
nometrical (or  Circular)  and  the  Hyperbolic  functions  should  be 
verified  and  studied. 
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It  is  assumed  that  x  has  any  positive  or  negative  value. 


Cirailar  Functions. 
cos  (—  .«)  =  +  cos  x. 
sin  (—  .»•)  =  —  sin  x. 
cos  0=1. 
sin  0  =  0. 

T .    ..   ,       m  sin  x 
Limit  (x  =  0)  -   -  =  1. 


Limit 


sin  x     x 


y 


cos  x  lies  between  —  1  and 
+  1. 

sin  x  lies  between  —  1  and 
+  1. 

cos  x  periodically  decreases 
;and  increases  :  its  values  re- 
curring at  period  2ir. 

sin  x  periodically  decreases 
and  increases:  its  values  re- 
curring at  period  27r. 

cos2  x  +  sin2  03  =  1. 

cos  (x  +  y) 

=  cos  x  cos  y  —  sin  x  sin  y. 

sin  (x  +  y}. 

=  sin  x  cos  y  +  cos  x  sin  y. 


Hyperbolic  Functions. 
cosh  (—35)  =  +  cosh  x. 
sinh  (—«)  =  —  sinh  #. 
cosh  0  =  1. 
sinh  0  =  0. 


Limit  (x  =  0) 

.    sinh  x 
Limit 


=  1. 


x 

X 


sinh  y     y  ' 
cosh  x  lies  between  +  1  and 

-foe. 

sinh  a;  lies  between  -  oc  and 

+  oc. 

cosh  x  always  increases  nu- 
merically as  x  increases  numeri- 
cally. 

sinh  x  always  increases  alge- 
braically as  x  increases  alge- 
braically. 

cosh2  x  —  sinh2  x—\. 

cosh  (x  +  y) 
=  cosh  x  cosh  y  +  sinh  x  sinh  y. 

sinh  (x  +  2/) 
=  sinh  x  cosh  y  +  cosh  x  sinh  y. 


These  formulae  for  the  hyperbolic  functions  may  be  proved 
from  their  exponential  or  from  their  expansional  equivalents. 

A.     ,.     ...  sinh  x  .  .  .  .      x 

Finally,  in  the  limit,  —  :  -  (when  x  and  y  vanish)  =  -  . 

510.  If  cos  x  and  sin  x  had  been  denned  by  their  expansions 
in  x,  it  could  easily  be  shown  that  cos2#  +  sin2x  —  1. 

For,  if  each  of  the  expansions  is  multiplied  by  itself  and  the 
two  results  added,  ±  the  coefficient  of  x2n  = 

- 


by  the  binomial  theorem  for  a  positive  integer. 
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Hence  the  only  term  remaining  in  cos2  a?  +  sin2  a?  is  1. 
Similarly  cosh2  x  —  sinh2  x  =  1 . 

This  latter  result  is,  of  course,  obvious  from  the  exponential 
equivalents  of  cosh  x  and  sinhce. 

Geometrical  Illustrations. 

511.     The  student  of  Conic  Sections  should  observe  the  following 
points  ;  where  we  still  define  cos,  sin,  cosh,  sinh  by  their  expansions. 
The  equation  to  an  ellipse,  referred  to  its  semi-axes  a  and  6,  is 

x*/a*+f/b*  =  l. 

Hence  we  may  put  x= a  cos  0  and  y  =  b  sin  0,  where  0  has  a  variable 
value  for  the  several  points  of  the  ellipse. 

For,  as  shown  in  the  last  article,  cos20  +  sin20  =  1  for  all  values  of  0. 
The  equation  to  a  hyperbola,  similarly  referred,  is 


Hence  we  may  put  x— a  cosh  0  and  y  =  6sinh0,  where  0  has  a 
variable  value  for  the  several  points  of  the  hyperbola. 
For,  as  shown  in  the  last  article,  cosh2  0  -  sinh2  0  =  1. 

512.     The  student  of  the  Integral  Calculus  should  further  observe 
that  the  area  of  the  sector  measured  from  0  to  any  value  0  is 

^  I  (xdy  —  ydx]. 

Now  d  sin  0  =  cos  0  d<f>  ;      d  cos  0  =  —  sin  0  c£0, 

d  sinh  0  =  cosh  0  d(p  ;    d  cosh  0 = sinh  0  o?0, 
as  may  be  easily  seen  by  differentiating  the  expansions. 

Hence  in  the  ellipse  ^  I  (xdy-ydx)=%db  I  (cos2  0  +  sin2  0)  o?0 

=  ^ab  I  d<f>=-%ab(f). 
In  the  hyperbola,  ^  I  (xdy -ydx}  =  %ab  I  (cosh2  0  -  sinh2  0)c?0 


Hence,  in  either  conic,  0  denotes  the  ratio  of  the  sectorial  area  to  the 
triangle  whose  base  and  altitude  are  respectively  the  semi-axes. 

Putting  a  —  6,  we  have  the  circle  or  the  rectangular  hyperbola.  In 
the  case  of  the  circle  we  have  shown  (Art.  54)  that  0  (the  circular 
measure)  =  the  ratio  of  the  sector  to  the  triangle  whose  base  and 
altitude  are  each  equal  to  the  radius.  And  we  now  see  that  a  similar 
result  holds  for  any  central  conic. 
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513.     To  express  tan  0  and  cot  0  as  continued  fractions  in 
terms  of  0.  ' 

By  the  above  expansions  of  cos  6  and  sin  0,  we  have 


sin<9 


(9  2.32.4.3.5      2.4.6.3.5.7 

Here   we   have  arranged  the  denominators   with   the   even 
factors  before  the  odd. 
Now  let/(w)  - 
&  O4  66 


2.4.6  (2 


1- 


2.  4  . 


__  ^2        ,  ^4  1 

2(2n+3)    2.4(271+3)^+5)      "J 


/<*) 

Now  cos  0=/(0)  and  ^  =/(!). 


tan« 


§  3.     RESOLUTION  INTO  FACTORS. 

JZndless  Factorisation. 

514.  The  product  of  an  infinite  number  of  factors  may  be 
used  with  the  same  limitations  as  the  sum  of  an  infinite  number 
of  terms.  Thus 

J.  T.  24 
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DBF.  An  endless  product  is  said  to  be  convergent  if  the 
product  of  its  factors  may  be  made  as  near  as  we  please  to  some 
one  finite  quantity  by  increasing  the  number  of  the  factors. 

It  is  convenient  to  understand  the  word  '  finite '  here  to  ex- 
clude zero  as  well  as  infinity,  so  that  if  an  endless  product  is  con- 
vergent so  also  is  its  reciprocal. 

Every  factor  may  be  assumed  to  be  positive,  since  a  change  in 
sign  of  any  one  factor  will  not  affect  the  magnitude  of  the  product. 

515.  The  properties  of  an  endless  product  may  always  be 
investigated  by  taking  its  logarithm,  by  means  of  which  it  is 
reduced  to  an  endless  sum. 

Thus  the  values  0  and  GO  ,  which  we  exclude  for  convergency 
of  a  product,  correspond  respectively  to  log  0  and  log  GO  ,  i.e.  to 
—  oo  and  +  GO  ,  which  we  exclude  for  convergency  of  a  sum. 

516.  Corresponding  to  the  distinction  between  positive  and 
negative  in   terms,  is  the  distinction  between  greater  and  less 
than  unity  in  factors.     Thus 

Since  the  rcth  factor  of  a  product  is  equal  to  the  ratio  of  the 
product  of  n  factors  to  that  of  n  -  1  factors,  a  product  cannot  be 
convergent  unless,  when  n  is  infinite,  the  limit  of  the  nth  term  is 
unity.  (Of.  Art.  443.) 

A  few  of  the  more  important  theorems  may  be  given. 

517.  A  product  whose  factors  are  alternately  greater  and  less 
than  unity  will  be  finite  for  all  values  of  n  if  the  product  of  each 
factor  into  the  next  is  also  alternately  greater  and  less  than  unity. 

For  consider  the  product  v1v2vs...vn...,  where  v1>l;  wa<l; 
. . . ;  and  VjVa  >  1  j  vav3  <  1 ;  .... 

This  product  =  v^.v^ .  vsv6 ...  and  is  .'.>!. 
.     And  it  also  =vt .  v2v3 .  v±v5 ...  and  is  .*.  <  vlt     (Of.  Art.  446.) 

518.  A  product,  all  of  whose  factors  are  greater  than  unity,  is 
convergent   if  the  logarithm  of  every  factor  to  the  preceding  as 
base  is  less  than  some  quantity  less  than  unity. 
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Let  vn+1  <.  vnk  where  k  is  a  positive  quantity  <  1. 

Then  raising  the  product  VjV^v8...vn...  to  the  power  1—  &,  we 
have  vl  .  v±~k  .  v2  .  v.2~k  .  v3.v3~k...  in  which  the  factors  are  alter- 
nately greater  and  less  than  1;  and  also  the  pairs  of  factors 
vi  •  vi~k  ')  vi~k  -  V2  3  vz~k  '  vs>  &c-j  are  alternately  greater  and  less 
than  1.  (Cf.  Art.  450.) 

519.  If  'vn  always  decreases  as  n  increases  and  is  always  posi- 
tive, then  according  as  the  series  whose  general  term  is  vn  is  con- 
vergent or  divergent,  so  also  is  the  product  whose  general  factor  is 
1  +  vn. 

For  let  log  (1  +  vn)  =  un,  so  that  1  +  vn  =  e*". 

m,  eUn-l  Un         U*        UnS 

-^r  1+^+T5+f  +- 

This  series  cannot  be  zero  or  infinity  for  any  finite  value  of  un 

(including  zero).     That  is,  neither  _  -  -^  -  r  nor  —  —  -  —  can 

log(l-f^)  vn 

be  infinite  for  any  value  of  n. 

.*.  (by  Art.  453)  according  as  the  series  whose  general  term  is 
vn  is  convergent  or  divergent,  so  is  the  series  whose  general  term 
is  log(l+ww),  and  so  also  is  the  product  whose  general  factor  is 
1+tv 

The  same  argument  applies  to  the  product  whose  general 
factor  is  1  -  vm  where  vn  <  1  ;  which  of  course  cannot  be  infinite 
but  may  be  zero. 

Example.  The  limit  of  the  coefficient  of  xn  in  the  expansion  of 
(l  +  #)w  is  zero  or  infinity  according  as  m  is  greater  or  less  than  —  1. 
For  the  coefficient  of  ti*  is 


This  product  is  always  divergent,  because  the  sum 

...  is  divergent. 


Hence  the  product  is  zero  or  infinity  according  as  m  +  1  is  positive  or 
(See  Art.  462.) 

24—2 
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520.     It  was  shown  in  Arts.  416,  418  that  \  (xn  +  x~n)  is  the 
same   function   of   \  (x  +  x~l)    as    cos  na   is   of   cos  a  :    and   that 

xn-x~n  .  sinna  . 

-  r  is  the  same  tunction  or  i  (x  +  or1)  as  —  :  -  is  or  cos  a. 
x  —  or1  sin  a 

Put  x  =  ea  ;   then  J  (x  +  or1)  =  J  (ea  +  e~a)  =  cosh  a  ;   J  (x  -  or1) 
=  sinh  a  ;  J  (xn  +  x~n)  =  cosh  na  ;  J  (xn  -  x~n)  =  sinh  na. 

Thus  cosh  na  is  the  same  function  of  cosh  a  as  cos  na  is  of 
cos  a. 

.    sinh  na  .  sin  na  .       . 

And  —  7-1  —  is  the  same  tunction  ot  cosh  a  as  —  -.  -  is  or 
sinh  a  sin  a 

cos  a. 

Hence  the  second  formulae  of  Arts.  419,  420,  421  become 
cosh  nO 

^~ 


521.     To  resolve  cos  0  and  cosh  0  into  factors. 
We  have  cos  na  and  cosh  ?ia  equal  respectively  to 


=  271-1  (cosh  0-CO&  —  J  (cosh  6  -  cos  ^J  .  .  .  (cosh  0  -  cos   ^~    TT  J  „ 

sinh  nO  =  2n~l  sinh  0  (cosh  0  -  cos  -  )  .  .  .  (  cosh  0  -  cos  -  *  1  , 
V  w/      \  n      Jy 

cosh  rz.0  -  cos  wa  =  2n~1  (cosh  ^  —  cos  a)  -jcosh  0  —  cos  fan  --  H 

...-Icosh^  —  cos  (  a  +  -  -  *jl  . 
I  V  n        /J 


2n~l  (  cosh  a  —  cos  —  )  (  cosh  a  —  cos  —  ) . . .  (  cosh  a  -  cos  — ^ TT  )  . 

\  2n/  \  2n/      \    '  In       J 

Now  cos  (2n  —  X)  7r/2n  =  —  cos  \Tr/2n. 

/  XTT\  /  2n  —  X    \        .    „  XTT        .    ,  „ 

.'.    cos  a  —  cos  —      cos  a  —  cos  —= TT    =  sin2  ^ sinh2  a, 

\  2nJ  \  2n       J  2n 

f       ,  XTT\  /  2n  —  X    '\         .    „  XTT       .    ,  0 

cosh  a  -  cos  jr—      cosh  a  —  cos  — -: TT    =  sin-  ^-  +  smhj  a. 

\  2nJ\  2n       )  2n 
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.'.  if  n  is  even,  multiplying  first  and  last  factors  &c.,  we  have 

f»-l 

1    — 7T  —  BUT  a 

2n 

2n~l  (sin2  £-  +  sinh2  a  )  (sin2  ~  +  sinh3  a). . .  (sin2  ^ —  TT  +  sinh2  a  ) . 
\        2n  J\        2n  J      \          2n  J 

Here  put  na  =  0.     Thus  cos  0   and   cosh  0   are  equal  respec- 
tively to 

/        TT  0\  /     037r  0\      /        n  —  l  0\ 

2n~l  (  sin- sin2  -      sin2 sin2  - 1 ...  I  sm2  —    -  TT  —  sin2  -    . 

\        2n  nj\        2n  nj      \          2n  nj 

1    (     '       9     T  M®\(     '       237r  1.9  ^\  /.0^-1  ,         0\ 

2n~1    sin2  7—  +  sinh2  -      sin2  —  +  sinh2  -   ...  I  sm2  — - — TT  +  sinh2  -  I 
\        2n  n/\        2n  n)      \          2n  nj 

Here  put  0  =  0.     Thus 


Divide  each  of  the  above  two  equations  by  this  last.     Thus 
/        sin2  6/n  \  f          sin2  0/n  \       /    _         sin2  0/n        \ 
~  \       sin2  7r/2n)  \       sin2  37r/2n) ' ' '  \    ~  sin2(n-  1)  7r/2n)  ' 

.    ,     /,       sin20/n\/n       sinh2  0/n  \      /n  sinh2  Oln       \ 

cosh^  =  (  1  +    .   ,    ;.     ill  +   .  90    ;.    )...( 1+^^- -{ — -r-  ). 

\        sin2  Tr/2nJ  \       sm2  37r/2nJ      \       sin2  (n  -  1)  Tr/2n/ 

In  these  last  equations,  make  n  infinite,  while  0  remains 
constant  and  finite.  Then  0/n  and  \irj2n  become  zero :  and,  for 
the  ratio  of  the  functions  sin  and  sinh  we  may  substitute  that  of 
the  quantities  0/n  and  \ir/2n  themselves.  Thus 


fc)2 


These  products  are  convergent   for   all   finite    values    of    0, 
because  the  sum  of  the  series 


is  convergent:  the  nth  term  being  of  the  form  (2n  +  l)x,  where 
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The  first  formulae  may  easily  be  remembered,  by  giving  to  0 

Q  K 

the  values  — ,  — ,  -^  &c.  which  make  each  side  vanish. 

&        &         A 

522.     To  resolve  sin  0  and  sinh  6  into  factors. 
We  have 

sin  na  =  2n~l  sin  a  (  cos  a  -  cos  -)...(  cos  a  -  cos TT  )  , 

\  nj      \  n       J' 

sinh  na  =  2n~l  sinh  a  (  cosh  a  —  cos  -  ) . . .  (cosh  a  -  cos TT  )  . 

\  nj      \  n       J 

Now  cos  (n  —  A)  IT  In  =  -  cos  XTT/U  ; 

/  \TT\  /  n  —  X    \        .   0  XTT 

.'.  (  cos  a  -  cos  —      cos  a  —  cos TT    =  sin" sin2  a, 

\  nj\  n       J  n 

(cosh a  —  cos  —  )  (cosh a  —  cos TT  }  =  sin2  —  +  sinh2 a  ; 
n)  \                        n       J  n 

.'.  if  n  is  odd,  multiplying  second  and  last  factors  <fec., 

sin  na  =  2n-1  sin  a  (  sin2 sin2  a }. . .  (  sin2  — - —  TT  —  sin2  a  )  , 

\       n  J      \          *2n  J 

sinh  na  =  2n~1  sinh  a  (  sin2  -  +  sinh2  a  ) .  •  •  (  sin2  — —  TT  +  sinh2  a}.. 
\       n  J      \          2n  ) 

Here  put  na  =  6.     Thus 

sin  6  =  2n~l  sin  -  ( sin2  -  -  sin2  -  V . .  ( sin2  5^  TT  -  sin2  -^  , 
7i  \        n  nj      \          2n  nj 

sinh 0= 2n~1  sinh  -  (  sin2  -  +  sinh2 -  ) . . .  (sin2 -^ — - TT  +  sinh2 -}  . 
n\        n  nj      \          2n  n/ 

Here  put  0  =  0.     Thus 

n  =  2n~l  sin2  -  sin2  —  ...  sin2  —= —  TT. 
n          n  2n 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 
n  '  \       sin27r/^/"   \       sin2(?i  — l)7r/2ny  ' 
n  '  (1  +  ^TT/r)'"  (1  +  sin2^-  lW/2tt) 
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Here  make  n  infinite.     Thus 


These  products  are  also  convergent. 

The  first  formula  may  easily  be  remembered  by  giving  to  6 
the  values  0,  TT,  2?r  &c.,  which  make  each  side  vanish. 

523.     To  resolve  cos  0  —  cos  <f>  and  cosh  0  —  cos  <£  into  factors. 
We  have 


cos  na  -  cos  nft  =  2"-1  1*=*  ~l  jcos  a  -  cos  (^  +  ft\\  , 

cosh  na  -  cos  nft  =  2"-1  P*"*"1  {cosh  a  -  cos  (  —  +  ft)\  j 
A=°       I  \  n          /) 

where  P  denotes  the  product  of  the  factors  obtained  by  giving  to 
X  the  integral  values  between  the  assigned  limits. 

Now         cos  (2\Tr/n  +  13)  =  cos  {2  (n  -  X)  ir/n  -  ft}, 
.'.  if  n  is  even,  X  =  \n  gives  cos  (2\7r/n  +  ft)  =  -  cos  ft  and 
cos  na  —  cos  nft 

=  2"-1  (cos2  a  -  cos2  ft)  P*=  ~2'1  j 
x=i       ^ 

cosh  na  —  cos  nft 


cos  a  -  cos  (— 
\  n 


=2n~l  (cosh2  a  -  cos2  ft)  PA=  2"1  jcosh  a  -  cos  f— 
A=I       t  \  n 

Again  cos  (2\v/n  ±  ft)  =  -  cos  {(n  -  2X)  TT/W  =F  /8}; 


f  /2A.7T      _\1   (  /n 

.'.    JCOS  tt  -  COS  I  —  —  ±  j3J  N  COS  a  -  COS  ( 


=  sin2  (  —  —  ±  ft\-  sin2  a, 
j  cosh  a-  cos  f-^—  ±^)[  I  cosh  a-  cos  f 


n 

' 


—  -  *       +  sinh8  a. 
V  n        V 
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If  then  ^n  —  l  is  even,  writing  no.  =  6  and  n/3  =  <£,  we  have 


cos  6  -  cos     =  2->  P-      rin'  *        -  sin* 

n 


1/1  n*   i  TjA=l(n-2)  f  •    o  /2A7T       d>\         .    191 

cosh  0  -  cos  <f>  =  2*1-1  P     ^        -Urn2  (  --  ±-)  +  smh2-V. 
A=O          \        V  w       *»/  «/ 

Here  put  0  =  0.     Thus 

1  -  cos  <£  =  2-  P^("-2)  sin2  f  ^  -.  +}  . 
^=o  .  \  n        nj 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 

„<£/_      sin20/w\/.  sin2  0/w 

cos0-cos</>  =  2  sm2^(  1  —  .       '     )(  1  —  ^^-—  —  '- 
2  V       sm2  ^/»/  \       sin2  (27r  ± 

„<£/.      sinh2 
cos<>  =  2  sin2 


.   .  ,  .  a  /0 

2  V         sin2  <ft/n  )  \       sm2  (2?r  ± 

Here  make  n  infinite.     Thus 
•cos  6  —  cos  < 


cosh  0  —  cos 


These  products  are  clearly  convergent. 

The  first  formula  may  be  easily  remembered  by  giving  to  0 
the  values  <£,  2?r  ±  <£,  4-Tr  =t  <£  &c.  which  make  both  sides  vanish  • 
and  by  putting  0  =  0  which  gives  1  —  cos  ^>  =  2  sin2  J<£. 

524.  Many  important  results  may  be  obtained  from  the 
factorisation  of  cos  6  and  sin  0. 

Thus  we  may  equate  the  coefficients  of  the  several  powers  of 
0  in  the  term-expansions  of  cos  0  and  sin  0  with  those  obtained 
by  multiplying  out  the  factor  expressions. 

Or  we  may  equate  coefficients  after  taking  the  logarithms  of 
the  two  expressions  for  cos  0  or  sin  0. 

Thus  we  have,  from  the  two  expressions  for  sin  0, 


i       °2       °4  l^       °'\  ^        °"  V/1        °2  \ 

~  |3  +  |5  "  -  ~  \l  ~  W  \       2&)  V  ~  3VV 
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Equating  the  coefficients  of  $2, 

1111  ,         7T2 


525.  The  method  of  the  following  article  is  of  very  general 
application,    the   process   involved   being   in   reality   merely   to 
differentiate  both  sides  of  an  identity. 

526.  To  find  series  for  cot  6  and  for  tan  6. 

Resolving  each  factor  of  sin  0  into  two  factors,  we  may  write 


where  P  denotes  the  product  of  all  values  obtained  by  giving  to 
r  every  positive  and  negative  integral  value,  excluding  zero. 

/        fi  \ 
log  sin  0  =  log  0  +  2  log  f  1  +  —  J  . 

Now  for  6  write  0  +  h  : 


log  sin  (0  +  h)  =  log  (0  +  h)  +  2  log  (] 


r-n-  J 

Subtract  the  identity  in  0  from  the  corresponding  identity  in 
0  +  h  ;  and  expand  the  remainder  in  powers  of  h. 

On  the  left  we  have 

log  sin  (0  +  h)  -  log  sin  0  =  log  (cos  h  +  cot  6  sin  h) 
-log  (l+Acot0-i/i2...) 
=  hcot  6  -±tf-...-±(h  cot  6.  ..)*+.... 
On  the  right  we  have 


,      /,        +    \     .      /n          \  /n 

log  (1+-   -    -log  (1+  -  )  =  log  (1  + 


rir 

h  I        A2 

"  rTT  +  0      2(r7r  +  0)2+' 
Hence  equating  the  coefficients  of  h  in  the  new  identity, 

cot  e  =  2  - — £ , 

where  2  denotes  the  sum  of  all  values  obtained  by  giving  to  r 
every  positive  and  negative  integral  value  including  zero. 
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In  the  same  way  from  the  identity 


it  follows  that 


-  tan  (9  - 


^  -  ~  -  ,  , 
(2r  +  1)  jTr+0 

where,  as  above,  r  has  every  value  including  zero. 
In  these  expansions  of  cot  0  and  tan  0,  the  terms  having  equal 
and  opposite  coefficients  of  TT  should  be  added  so  as  to  form  one 
term.     [Otherwise   the  series   assumes   the   indeterminate  form 
oo  —  oo  .]     Thus 


tan  0  = 


§  4.     CIRCULAR  MEASURE  IN  TERMS  OF  RATIOS. 

527.     To  express  6  in  terms  q/tan  0. 

We  have  shown  in  Art.   359  that  for  all  positive  integral 
values  of  n, 

n  cos"-1  0  sin  0  -  n(n~l)(n-2)  cos«-3  Q  sin3  0+...  =  sin  nO. 
1  .  2i  .  o 

Divide  by  n  cosft  0.     Then 


If  now  n  is  MO<  a  positive  integer  the  series  on  the  left  will 
be  endless.  If  moreover  tan  0  is  arithmetically  equal  to  or  less 
than  1,  the  series  will  be  convergent  as  in  the  binomial  theorem. 

Now  in  this  case  the  above  equation  —  as  will  be  shown  in 
Chap.  XXI.  —  still  holds,  provided  that,  on  the  right  hand,  we 
make  0  represent  the  positive  or  negative  acute  angle  whose  tan- 
gent =  tan  0  ;  and  give  to  cos71  6  its  positive  value. 
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With  this  understanding,  then,  we  may  make  n  as  small  a 
fraction  as  we  please.     Then,  in  the  limit, 

1 


sin  nO  _       sin  nO 

=  u . 


=  0. 


n  COSH  0  ~         nO     '  (cos  6)r 
Hence  from  the  above  equation, 
If  tan  0^1   and  0  is  acute;  i.e.  if  0  lies  between  -^TT  and 

tan  0  -  |  tan3  0  +  i  tan5  0 -  ...  =  0. 
This  is  called  Gregory's  series. 

528.     The  geometrical  illustration  of  Gregory's  series. 

T, 


Let  AOB  be  any  angle  not  greater  than  half  a  right-angle; 
AB  the  arc  opposite  A  OB;  ATl  the  tangent  at  A. 

Draw  the  lines  OBT^  T^T.2t  T.2T3,  T3T^...  each  perpendicular 
to  the  preceding  to  meet  AT^  and  OA  alternately.     Then 
&rcA£  =  ATl-iAT3  +  ±AT5-*AT7+... 

For,  if  .40=1,  AB  =  circular  measure  of  AB  =  0  say. 

And  ^^tantf;  JT^tan2^;  ^ir3  =  tan3^;  and  so  on,  by 
Euclid  VI.  8. 
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529.  To  express  6  in  terms  of  sin  0. 

We  have  shown  in  Art.  375,  that  for  all  odd  integral  values 
of  n, 

.          n^-I*   .            (™2-l2)(7?,2-32)   .                    sinn0 
sm  6 r^—  sin3  0  +  >—    —*r±—    — '  sm5  0  -  . . .  = . 

|_3  |_5  n 

If  now  n  is  not  an  odd  integer  the  series  on  the  left  will  be 
endless.  It  is  always  convergent,  because  sin  6  is  arithmetically 
equal  to  or  less  than  1. 

Now  the  above  equation — as  will  be  shown  in  Chap.  XXI. — 
still  holds  provided  that,  on  the  right  hand,  we  make  6  represent 
the  positive  or  negative  acute  angle  whose  sine  =  sin  6. 

Thus  we  may  make  n  as  small  a  fraction  as  we  please.  Then 
in  the  limit,  if  0  is  acute, 

1    sin3  0      1.3    sin5  0      1.3.5    sin7  0 

sm*  +  2-  ~^~+  2T4-  -5-  +  am-— +-  =  A 

530.  If  x  is  any  quantity  arithmetically  not  greater  than  1, 
in  Art.  527,  we  may  write  tan  0  =  x,  and  in  Art.  529,  sin  0  =  x. 
Thus 

x  —  ^x*  +  ior5  —  \x7  +  . . .  =  circular  measure  of  the  acute  angle 
whose  tangent  is  equal  to  x. 

1    x*     1.3    x5      1.3.5    x7 

Mi -itri •  5 * ^TTG  •  y +  - =  circular  measure  of 

the  acute  angle  whose  sine  is  equal  to  x. 

531.  Now  we  have  tan  (rir  +  0)  =  tan  0  where  r  is  any  integer. 
If  then  <f>  is  any  angle  lying  between  rir  —  JTT  and  TTT  +  ^TT,  where 
r  has  some  assigned  integral  value, 

tan  <£  —  J  tan3  <£  +  i  tan5  <£  —  ...  =  <£  -  rTr. 

Again  we  have  cot  (rir  +  JTT  -  0)  =  tan  0,  where  r  is  any  integer. 
If  then  <£  is  any  angle  lying  between  rir  +  \TT  and  r?r  +  JTT,  where 
r  Aas  some  assigned  integral  value, 

cot  <£  -  ^  cot3  <£  +  4-  cot5  <£-  ...  =rtr  +  \TT  —  <£. 
Hence  </>  may  be  expanded  in  powers  of  tan  <£,  when  </»  is  in 
the  right  or  fe/i5  quadrant,  and  in  powers  of  cot  <£  when  it  is  in  the 
up  or  down  quadrant. 
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532.  Now  we  have  sin{r7r  +  (-  l)r  0\  =  sin  0.  If  then  0  is 
any  angle  lying  between  ?*TT—  JTT  and  TTT  +  ^TT,  where  r  lias  some 
assigned  integral  value, 

1    sin3<£      1.3    sin5<£     1.3.5     sin7<£ 

Sm*  +  2-  V^O-^+OT^V^-"^-1)^-^ 
Writing  here  <£  =  JTT  +  i/f,  we  have  if  i^  is  any  angle  lying  be- 
tween (r  —  1)  TT  and  rir,  where  r  Aas  some  assigned  integral  value, 
1    cos3^      1.3    cos5^      1.3.5    cosV 


)S 


2  '  ~~3~~      2       '  ~T      '2  .  4  .  6  ' 


Hence  any  angle  «^  may  be  expanded  in  powers  of  sin  «/>•  or 
of  cos  \f/. 

The  calculation  of  TT. 

533.  The  two  series  of  Art.  529  enable  us  to  calculate  the 
value  of  an  arc  in  terms  of  its  sine  or  tangent.  In  particular  we 
may  find  from  them  the  ratio  of  the  circumference  to  the 
diameter  of  a  circle  ;  i.e.  the  value  of  TT. 

Using  the  inverse  symbol  to  represent  the  circular  measure  of 
an  acute  angle,  we  have 

1    x3      1  .  3    or5      1  .  3  .  5    x7 


tan-1  x  =  x- 

534.     In  the  first  of  the  above  equations,  let  x  =  J.     Then 
sin""1  x  —  JTT.      Thus 

IT      1         1         3         1         3.5         1         3.5.7         1 

+  " 


6  ~  2     3.24     2  '  5.  27      "|F  *  7  .  210         |4        '  9T213""'" 

1          9          3.5       3  .  5  .  7~ 
+  8  +  T0726  +  772s  +  T72^+  -' 

Taking  3  terms  of   this   series,  we   have   7r  =  3-14   approxi- 
mately. 

After   the   first   few   terms,    this    series   does   not   converge 
rapidly  enough  for  convenience  of  calculation. 
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535.     In  the  second  of  the  equations  of  Art.  533,  put  x=  1. 
Then  tan-1  x  =  \TT.     Thus 

TT     _      1      1      1      1       1 


7T 


1  1 


8      1.3     5.7      9. 11 

This  series  is  very  slowly  convergent. 

We  may  however  adapt  the  inverse-tangent  series  for  the 
purposes  of  calculation  by  expressing  \TT  as  the  sum  or  difference 
of  suitable  angles. 

The  excellence  of  a  series  for  purposes  of  calculation  depends 
on  (1)  the  rapidity  of  its  convergence,  and  (2)  the  simplicity  of 
the  operations  to  be  performed. 

536.  We  shall  make  use  of  the  equation 

tan-1  T=  tan-1 1  +  tan-1  f— ~  . 

1  +  JL  t 

Here  T  and  t  may  be  chosen  at  will,  and  we  shall  attempt  tc 
imd  simple  expressions  for  the  remaining  term. 

537.  First,  put  t  =  J. 
Then  if  T=l,  we  have 

\TT  =  tan-1  J  +  tan-1  ^ (1). 

And  if  T  =  J,  we  have 

tan-1  ^  =  tan-1  J  -  tan"1  ^. 

Substituting  in  (1)  for  tan-JJ  or  tan-1  J  from  this  last 
equation  we  have 

l-tan-1^ (2), 

-|  +  tan-1| (3) 

538.  Next,  put  t  =  J. 

If  F=l;  ITT  =  tan'1  J  +  tan'1  f . 

If  ^=»;      tan-1! -tan-^  +  tan-1^. 

If  T  =  ^-  tan-1  ^  =  tan-1  J  +  tan'1  ^ 

.'.  (adding)         JTT  =  3  tan-1  J  +  tan'1  -/¥ (4). 

This  is  convenient,  since  99  has  the  simple  divisors  9  and  11. 


CIRCULAR  MEASURE   IX  TERMS   OF  RATIOS.  383 

539.  Next,  put  t  =  i. 

If  T  =  1  ;  £r  =  tan-1  1  +  tan-1  f  . 

If  T=l;       tan-1|  =  tan-1i  +  tan-11If. 

If  T7  =  T7T  ;  tan-1  T7T  =  tan'1  i  +  tan-1  ^. 

If  T=  &  ;  tan-1  A  -  tan-1  i  -  tan-1  ^. 

/.  (adding)          J7r  =  4tan-1i-tan-1^  ..................  (5). 

This   series   is    quickly  converging,  but  the   divisor   239    is 
inconveniently  large. 

540.  We  have  thus  found  Jive  substitutions  for  Jn-  by  means 
of  which  its  value  may  be  calculated  more  or  less  conveniently. 
Thus 


1  1 


3 .  4     5  .  42     7  .  43 


(I)- 


-Wi-  l   +  -L-      *    ,    ^         m 

T     V       3.49      5.492     7.493         /  ' 


1        ,   1 


23 


7 
1 


\ 
"V"' 


3  t  2392     5  t  2394     7  s 

Series  (1)  is  known  as  Euler's;  series  (5)  as  Machiris  ;  the 
other  series  were  suggested  by  Hutton,  whose  method  has  been 
followed  in  the  above  derivations. 
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The  last  series  may  be  simplified  by  noting  that 

tan-1  2^9-  =  tan-1  ^  -  tan'1  ^, 
which  the  student  should  prove. 

541.  We  will  now  prove  the  important  proposition  that  TT 
and  also  Tr2  are  incommensurable.     For  this  purpose  it  will  be 
necessary  to  give  a  short  account  of  continued  fractions. 

Continued  Fractions. 

542.  A  continued  fraction  is  a  fraction  of  the  form 
1  and  is  usually  written  shortly 

We  will  give  a  few  theorems  on  fractions  of  the  form 

bi      b.2      b3  ,  , 

— ,  where  %,  61}  «2,  62 ... 

are  all  positive.  Such  continued  fractions  are  said  to  be  of  the 
second  class. 

The  simple  fractions  —  ,  — 2 ,  —  are  called  the  components :  the 

fractions  obtained  by  stopping  at  these  are  called  the  convergents : 
and  the  fractions  obtained  by  omitting  them  are  called  the  re- 
mainders. 

b  b          b 

Thus  —  being  the  nth  component,  —  is  the  nih  re- 

mainder. 

The  first  convergent  is  -1 ;  the  second        1      = ^-—  }  and 

«!  o2     a^  —  02 

a, 
so  on. 

Also,  if  F  is  the  fraction,  and  fa  the  nih  remainder, 
F=—     — ;p1==—     -,  and  generally  pn_^  =  -      —  . 

(JL\  —  Di  tto  ~~  Q*2  ^11  ~"  PH 
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Lastly,  if  cn  is  the  nth  convergent  of  F,  and  yn  the  ?ith  converg- 
ent of  pj , 


543.  Theorem  I.     The  convergents  are  in  ascending  order 
of  magnitude,  provided  that  they  are  all  positive. 

For  we  have  cn  =  —         —  and  cn+1  =  — - —  . 

Assuming,  then,  that  a  convergent  yn  of  the  nth  order  is  greater 
than  yB_!  of  the  (n—  l)th  order,  we  see  that  cn+1  of  the  (n+  l)th 
order  is  greater  than  cn  of  the  nili  order. 

Now  clearly  the  2nd  convergent ~j—  •  is  greater  than  the 

1st  convergent  — .     Hence,  universally,  a  convergent  is  increased 
ai 

by  taking  an  additional  component. 

544.  Theorem  II.     If  the  denominator  of  every  component 
exceeds  the  numerator  by  unity  at  least,  the  continued  fraction 
is  itself  positive  and  not  greater  than  unity. 

For  assuming  that  yn  of  the  nih  order  is  not  greater  than  unity, 
cn+l  of  the  (n  +  l)th  order  is  at  greatest  — ^  ,  which  is  not  greater 
than  unity  ;  and  is  positive,  since  %  is  not  less  than  yn. 

Now  clearly  the  1st  convergent  —  is  not  greater  than  unity. 

Hence  no  convergent  can  be  greater  than  unity;  and  all  are 
positive. 

And,  therefore,  the  fraction  itself  is  positive  but  not  greater 
than  unity. 

545.  Theorem  III.     If  the  denominator  of  every  component 
exceeds  the  numerator  by  unity  at  least,  while  that  of  the  first 
exceeds  its  numerator  by  more  than  unity,  the  continued  fraction 
is  itself  less  than  unity. 

J.  T.  25 
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For  the  fraction  =  —     -  ,  where,  by  the  last  theorem,  px  is  not 

ai  ~  Pi 

greater  than  unity.     Hence  the  fraction  is  at  greatest  — ^-j  which 

a1—  i 

is  less  than  unity. 

546.  Theorem  IV.     An  endless  continued  fraction  of   the 
second  class,  in  which  the  numerator  and  denominator  of  every 
component  are  finite  integers,  and  in  which  every  remainder  is 
positive  and  less  than  unity,  must  be  incommensurable. 

For,  if  possible,  let  the  fraction  be  commensurable  and  equal 

T) 

to  -T-  where  A  and  B  are  finite  positive  integers. 
A. 

B         ft/  a.B-b.A      C 

Then     I=«T^'        •'pl=    ~B~    =2say" 

Here  C  the  numerator  of  p1  is  a  finite  positive  integer. 

D  E 

Similarly    p2  =  -^  ;     ps  =  -=  ,   &c.,  where  Z>,   E  are  positive 

integers. 

Now,  by  hypothesis,  each  of  the  remainders  p1}  p2 ...  is  less 
than  unity.  Hence  £,  (7,  D,  E...  form  a  series  of  positive  integers 
which  are  in  descending  order  of  magnitude  and  yet  infinite  in 
number:  this  is  absurd.  Hence  the  endless  continued  fraction 
cannot  be  commensurable. 

547.  Since  the  convergents  of  a  continued  fraction  of  the 
second  class  (if  positive)  are  in  ascending  order,  such  a  fraction 
resembles  a  series  all  of  whose  terms  are  positive.     Hence  more- 
over such  a  fraction  cannot  have  more  than  one  finite  limit. 

It  should  be  observed  that  the  assigned  characteristics  may 
be  supposed  to  begin  to  hold  after  any  finite  number  of  compo- 
nents. For  example,  the  nth  convergent  of  any  continued  fraction 
must  be  commensurable  if  its  components  are  commensurable. 
Hence,  if  the  remainder  after  the  nih  convergent  is  incommen- 
surable, the  whole  fraction  is  incommensurable. 
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548.     To  prove  that  TT  is  incommensurable. 
By  Art.  513, 

e    o*    02 


If   possible,  let  -  =  —  ,  where  m  and  n  are   finite  integers. 
Put  6  =  JTT.     Then  tan  0  =  1  ;  thus 


m/n 
= 


m      m" 
n—   3n- 


If    r    is    taken    large    enough,    in    every    component   from 
onwards,  the  denominator  will  exceed  the  numerator 


(2r+l)* 

by  more  than  unity.  Hence,  by  Theorem  III.,  every  remainder 
from  this  point  onwards  will  be  positive  and  less  than  unity. 
Hence,  by  Theorem  IV.,  the  fraction  must  be  incommensurable. 
But  it  is  not  Hence  TT  cannot  be  commensurable. 

549.     To  prove  that  ir2  is  incommensurable. 
By  Art.  513, 


If   possible  let  —  =  —  ,  where  m  and  n  are  finite  integers. 
4       n 

Put  6  =  JTT.      Then  cot  0  =  0  ;  thus 

m/n  m/n  m/n 

=  sT  irr  yr  • 

m      mn     mn 


As    before    this    is   impossible.     Hence   7r2    cannot   be    com- 
mensurable. 

Observe.     This  proposition  includes  the  last. 

25—2 
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EXAMPLES  XIX. 

O/J  1  10 

1.     tan  0  >  0  and  <  <r — ^.  2.     cot  0<^  and  >  ^  -  ^  . 

Ii  —  v  U  U         Z 

3.  Given  tan  0  >  0  and  cos  0  >  1  -  J02,  show  that 

sin  0  >  0  —  44-  03. 

5  4 

1          0 

4.  Given  tan  0  >  0,  show  that  cot  0  <  -*  -  j  ;    and  further 

-I  /Q 

that  cot  0  <  £  -  Q  • 

v  t5 

5.  If  as  >  J,  cot   a  >  1  -  x  +  x2. 

6.  sin  0  >  tan  0  -  J  tan3  0. 

7.  (2  cos  0  -  1)  (2  cos  20  -  1)  (2  cos  22  0  -  1) 

2  cos  2"  0  +  1 

...  to  n  factors  =  -= z — — . 

2  cos  0  +  1 

/  fi\  /  fi\  /  f)\ 

8. 


9.     J  tan  J0  +  i  tan  i0  +  |  tan  i0  +  . . .ad  inf.  =  1/0  -  cot  0. 

10.  .  tan"1 4  +  tan"1  i  +  . . .  +  tan"1  — +  . . .  ad  inf.  =  -  . 

n2  +  n  +  1  4 

11.  Find  the  limits,  when  x  is  zero,  of 

(cos  x)cot x,  (1  -  sin2#)coseca;,  (cos  ax)cosec*Px,  (sec  ax)00*1*?*. 

o    ,       /o         f)    .        iff)   .       /o\         O    I      //O    i      //O    i      /^\\ 

12<      ~~4 '  "          4  4 

7  .   ,      9 
...ad  inf.  =  —  . 

TT" 

i  Q      re  n  ,      ,,       3  sin  0 

lo.     it  v  measures  an  acute  angle,  v  >  -=  -    — ^  . 

2  +  cos  0 

14.     If  — ;: 1 75  has  its  least  positive  value,  0  >  ^3  -  1. 

0         cos  0  v 
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15.  The  chord    of   a    circle  subtending  an  angle   6  at  the 
•centre  =  2  sin  \B. 

1 6.  Without  using  any  trigonometrical  formula,  but  assuming 
only  that  the  chord  of  a  circle  changes  its  sign  without  changing 
its  magnitude  when  the  arc  changes  its  sign  without  changing 
its  magnitude,   and  that  the  chord  is  nearly  equal  to  the  arc 
when    both   are    small,  prove   the  following   three   propositions 
for  approximating  to  the  value  of  the  arc  : — 

(1)  Subtract  the  chord  of  the  arc  from  8  times  the  chord  of 
the  half-arc  and  divide  the  result  by  3. 

(2)  Add  the  chord  of  the  arc  to  256  times  the  chord  of  the 
quarter-arc,  subtract   40   times   the  chord  of   the   half-arc,  and 
divide  the  result  by  45. 

(3)  If 

(4aj-  1)  (42a-  l)...(4wa-  1)  =  \xn  -  ^xn~l  +  vxn~2-  ...  +  (-  1)" 
then 

(*-l)(V-l)...(4»-l)a  =  \.'2*cn-H..2*-*cn-1+...  +  (-l)*c0 
where  a  =  the  arc,  and  cm  =  the  chord  of  a/2w. 

17.  Find  the  limit,  when  x  =  1,  of  -^r  . 

iC  —  J. 

Find  the  following  limits,  when  x  =  0;  or  0  =  0  ;  (18—33). 
ax-bx  _.      x  -sin  x  sina 


21. 
24. 
9fi 

x 
sinh  x  -  OL 

'.         22. 

+  sinh  6  - 
sin  mx 

x3 
cosh  x  —  1 

1  -  cos  qx  ' 
OQ      cosh  x  —  cos  x 

x  —  sm  x 
O-5  (sin  6 
m  sin  x  — 

1  —  cos  x 
20).          25. 

97 

sum  a; 

0~«  (cosh  6  -  cos  0  +  62 
sin2  nx  -  sin2  mx 

x(cosx  —  cosrao;)  '  1—  cospx 

2  sin  3x  -  3  sin  2x  sin  2x  +  2  sin2  x-2  sin  a; 
x  —  sin  a;  cos  x  —  cos2  cc 

(sin  x  +  sin  2#  —  sin  3xf 


(cos  x  -  2  cos  2x  +  cos  3x)3 ' 
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31. 


32. 


(5  sin  x  —  4  sin  2x  +  sin  3#)4 
(5  cos  x  —  8  cos  2x  +  3  cos  3a?)1 


/tan  0\*2 


33 


sin  — 


Prove  the  following  statements  : 

34.  cosh  2x  =  coslr  a;  +  sinlr  ;«  =  -J  cos  .r  ,>.;  —  1  --  ].  -4-  2  sinlr  ;i 

35.  sinh  2cc  =  2  sinh  cc  cosh  a:. 


36. 

37.  tanh  x  =  cosech  2x  —  coth  2x 

38.  coth  x  —  cosech  2x  +  coth  2x. 

39.  cosh  3a;  =  4  cosh3  x  —  3  cosh  s 

40.  sinh  3#  =  4  sinh3  £c  +  3  sinh  x\ 

41.  The  terms  in  the  expansi 


*lll 
.dB^^^^^S^^^^T^ra^W 


f  sinh  -u 
are  taken  alternately  from  the  expansion  of  (cosh  x  +  sinh  x)n. 

42.     sech2  x  +  tanh2  a  =  1  .  43.     cosech2  x  +  I  =  coth2  x. 

44.  Cosh  and  Coth  are  always  greater  than   1  ;    Sech  and 
Tanh  are  always  less  than  1  ;   Sinh  arid  Cosech  may  have  any 
value. 

45.  cosh  y  cosec  x  +  sinh  y  cot  x>  1. 

46.  If  cos  x  =  sech  y  ;  then  sin  x  —  ±  tanh  ?/  and  tan  x  =  ±  sinh  ^/. 

47.  If  sin  a;  =  sech  y;  then  cos  x  =  =*=  tanh  £/  and  cot  a?  =  ±  sinh  ^/. 

/       22\  /       22\  /       32\ 

48.  cosh  TT  =  (  1  +  B  )  (  1  +^-2  )  (  1  +  ^  )  ...  ad  inf. 

\        *  /  \       «*/  \        °/ 

49.  ^  =  tanh  0  +  |  tanh3  ^  +  £  tanlv5  0  +  ...  ad  inf. 

Sum  the  following  series  to  infinity:  (50  —  55). 

50.  x  sinh  a  +  or  sinh  2a  +  #3  sinh  3a  +  ... 


51. 


x2  x3 

x  cosh  a  +  — -  cosh  2a  +  — -  cosh  3a 


L2 
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Kn       1     .  cos  a        .    _      COS2  a  cos3  a 

52.  1 —  cosh/3  + — —  cosh  2ft —  cosh  3/3+.. 

53.  sinh  a  — J  sinh  2a  +  J  sinh  3a—  ... 

54.  cos  0  cosh  <£  +  J  cos2  0  cosh  2<£  + 1-  cos3  $  cosh  3<£  +  ... 

55.  1  +  -  cos  a  sinh  /3  +  rrl- — r-  cos2  a  sinh  2/3 

<7  1 2  .  o2 


Prove  the  following  statements  :  (56 — 65). 


P»A 

1 

1 

1 

1  u 

7T2 

OO. 

I2 

h  22"1 

"  3sH 

-|2   " 

•   •   • 

6  ' 

57. 

1 
I2" 

1 

^  "02  "* 

1 

1 

*"    J2  H 

7T2 

8"' 

1 

1 

1 

1 

1 

7T2 

58. 

T*H 

"IP 

+  132 

+  ... 

~  9  ' 

59.  The  sum  of  the  reciprocals  of  the  squares  of  all  integers 
except  the  multiples  of  r  is  (r2  -  1 )  7r2/6r2. 

60.  The  sum  of  the  reciprocals  of   the  squares  of  all   odd 

integers  except  the  multiples  of  2r  +  1  is    ^-.^ — '-=—. ,  . 

2(2r+  1)- 

61.  The  sum  of  the  reciprocals  of  the  squares  of  the  products 
of  all  pairs  of  integers  is  y|Tw4;  and  of  all  pairs  of  odd  integers 

is  ^TT2. 

1111 


63      I+1  +  I+I+       =^. 


64         __.  _ 

4      3.5  '  7.9  '  11.13  " 


65         - 

b0'     2"T73  '  3.5  '  577  ••' 


uu. 

67. 

sin  0             \       r-7r  4 

—p.    1    fcUlU   lit 

(  l  V 

T7T  +  0 

Show  that 
cos(0  +  a)          /                    a 

W+'*/  ' 

^ 

and  hence  that 


cos6> 
and  hence  that 


-tan  0  =  2 


L__y. 


68.     Hence,  using  the  identity,  cosec  0  =  J  cot  J0  +  J  tan  J0, 


show  that  cosec  0  =  5  (-  1  )r 


_„      T.  n      ,        sinx-sinha;  aj  a; 

69.  If  cos  x  cosh  x  =  1,  then  -  —  —  —  tan  -  or  -  cot  -  . 

cos  x—  cosh  x  2  2 

70.  Prove   that   sin  20  =  2  sin  6  cos  0   from    the    factor    ex- 
pressions of  sin  0  and  cos  0. 

71.  Resolve    vers0   into   factors   without    making    use    of 
expression  for  sin  0. 

_l  /tan  20  +  tanh  2<£\  _x  /tan0-tanh^\ 

+        " 


=  tan"1  (cot  0  coth  <£). 

7T3  1  1  1  1 

and  hence  _=  _  _  _  +  _  _  _  + 

„  7T2/,  7T2\  1  3  6  10 

'     64 
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sinha; 
75.     —  :  —  =  cosh  §x  cosh  ±x  cosh  ^x  ... 

and  hence          —  =  cosech2  x  +  ^  sech2  '-  +  —  sech2  -  +  .  .  . 

1  11111 

and 


—  T          .  -  . 

logx     x-l      2      i+as*      4 


76.     -^  tanh  ^  = 


T  11  1 

77.      TT-  coth  TTX  =  ^— ;  H — T — —  H — — — 


78. 

V      l  +  1*  '  l  +  2*  "  l  +  3a  '  "V 

\_^ 
y-  8 


1  +  p      i  +  22     1  +  32 

1  \          7T2 


,-Q  cc  x2      x2     x2 

-IT  3T  1+ TV" 

ori        .  cc          cc2  6or 

80.     sin     0;  =  , —  ^ —  — t =- 


1          cc2  2a?  12a;2 

- 


82.  Find  the  general  form  of  the  component  in  80  and  81. 

/y*  /y»2  Q2,,y,2  -^'J  ^,'j 

83.  tan  '^^  3  .^  +  5  _  3^  +  7_5uC2+"- 

84.  Calculate  TT  to  3,  4,  5,  6,  7  decimal  places  respectively 
from  the  formulae  1,  2,  3,  4,  5  of  Art.  539. 

85.  Calculate   TT   to    5    decimal   places    from    the    formulae 
of  Art.  533. 

86.  The  equation  0  =  cos  6  has  one  and  only  one  root:  and 
this  root  lies  between  \TT  and  ±TT. 

5  4 


CHAPTER  XX. 

THE   CONSTRUCTION   OF   TABLES   AND   INTER- 
POLATION. 

§  1.     THE  CONSTRUCTION  OF  TABLES. 
550.     To  calculate  the  value  of  V. 

4= -8 

x -04  =-032 
=  •00128 
=  •0000512 
=  '000002048 
=  •00000008192 
=  •0000000032768 
=  •000000000131072 
=  •0000000000052429 
„    ='0000000000002097 
„    ='0000000000000084 
1 _  702  =  -00020408 1 6326531 
-70  ='0000029154518950 
-70  ='0000000416493128 
-70  =-0000000005949902 
-70  =-0000000000084998 
-70  =  -0000000000001214 
1  -992=  -00,01,02,03,04,05,06,07 
-99  ='00,00,01,03,06,10,15,21 
-99  ='00,00,00,01,04,10,20,35 
-99  =-00,00,00,00,01,05,15,35 
-99  ='00,00,00,00,00,01,06,21 
-99  =-00,00,00,00,00,00,01,07 

=   -8103582097472824  + 
-0249600463498340  - 

ITT  =   '7853981633974484 
.'.  77=3-141592653589793 


-  1  = 

•8            + 

-  3  = 

•0106666666666667  - 

-  5  = 

256        + 

-  7  = 

73142857143- 

-  9  = 

2275555556  + 

-11  = 

74472727- 

-13  = 

2520615  + 

-15  = 

87381  - 

-17  = 

3084  + 

-19  = 

110- 

-21  = 

4  + 

rV  = 

•0142857142857143- 

-  3  = 

9718172983  + 

o  == 

1189980- 

-  7  = 

174  + 

iV= 

•0101010101010101  + 

-  3  = 

3435367174- 

-  5  = 

210307  + 

-  7  = 

15- 

We  will  use  the  formula  J  TT  =  4  tan-1  i  -  tan-1  ^  +  tan-1  -fa. 

The  multiplier  ^,  which  occurs  in  4tan~1i,  may  be  written 
4  . 10-2. 

Any  pair  of  digits  in  any  power  of  -/y-  may  be  found  by 
adding  the  preceding  pair  of  digits  to  the  corresponding  pair  in 
the  preceding  power.  See  above. 
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551.  To  find  sin  10". 

We  have     Tr-100  =  -03141592653589793, 

.-.  TT  -f-  600  =  -00523598775598299, 

TT  +  600  -T-  9          -  -00058177641733144, 

TT  -  600  -  9  -5-  12  =  -00004848136811095. 

Now  let  0  =  circular  measure  of  10"=  \  TT  4-  90  -f-  60  -=-  6  =  above 
calculated  decimal. 

Then,  by  Art.  485,  sin  0  lies  between  6  and  0  -  J  03  for  any 
acute  angle. 

But  if  0  measures  10",  0  <  -00005,  i.e.   <  J>- .  10~4, 

.-.  i03<^.10-12<i.lO-13. 

Hence  writing  0  for  sin  0,  the  error  in  sin  10"  will  be  less 
than^.lO-13.  That  is, 

For  13  places  of  decimals,  sin  10"  =  circular  measure  of 
10"- -0000484813681. 

552.  Similarly  we  have  sin  5"  =  '00002424  nearly  by  halving 
the  circular  measure  of  10". 

Thus  sin2  5"  =  (2424  x  lO'8)2  =  5876  x  10~13, 

/.  \  (1  -  cos  10")  =  -0000000005876, 
/.  2(1 -cos  10")  =  -0000000023504. 

553.  To  calculate  the  sines   of  angles  which  are  multiples 
o/lO". 

If  a  denotes  any  angle,  we  have 

sin  (n  +  1)  a  +  sin  (n  -  1)  a  =  2  sin  no.  cos  a, 
.'.  sin  (n  +  1)  a  —  sin  no.  =  sin  no.  —  sin  (n  —  1)  a  —  (2  —  2  cos  a)  sin  no.. 

In  this  equation  let  a=  10".  Then  we  have  found  sin  a  and 
2-2  cos  a. 

Putting  n  —  1  gives  us  sin  20"  -  sin  10". 

Putting  n  =  2  gives  us  sin  30"  —  sin  20". 
And  so  on. 

The  advantage  of  the  above  mode  of  working  is  that  the 
labour  is  reduced  to  the  mere  multiplication  by  the  small  quantity 
2  -  2  cos  a. 
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554.  To  test  the  error  involved  in  the  process  of  calculating 
the  sines  of  multiples  of  10". 

Whatever  error  was  originally  involved  in  the  value  used  for 
sin  10"  is  increased  n.  fold  in  calculating  sin  n.  10". 

For  the  error  arising  from  the  term  (2  —  2  cos  a)  sin  na  is  less 
than  10~8  x  (the  error  in  sinna)  and  may,  therefore,  be  neglected. 

Assuming  then  that,  if  the  error  in  sin  a  is  8,  the  errors  up  to 
sin  no.  are  multiples  of  8,  we  have 

sin  (n  +  l)a  —  2  sin  no.  —  sin  (n  —  1)  a  -  . . . 
in  which  the  error  is  clearly  2nS  —  (n  —  1)  8,  i.e.  (n+  1)  8. 

Thus,  by  induction,  we  have,  universally,  the  error  in  sin  110,  is 
n  times  the  error  in  a. 

Let  us,  then,  use  the  value  of  sin  10"  which  is  correct  to 
within  J.10~13.  Then  the  error,  in  60°  would  be  less  than 
60  x  60  x  6  x  J  .  10-13,  i.e.  less  than  J  .  10~8.  Hence  the  above 
value  will  enable  us  to  calculate  the  sines  up  to  60°  correctly 
to  the  first  8  decimal  places. 

555.  When  the  sines  of  angles  up  to  60°  have  been  calculated, 
the  remaining  sines  may  be  found  by  simple  addition  from  the 
formula 

(1)  sin  (60°  +  A)  -  sin  (60°  -  A)  =  2  cos  60°  sin  A  =  sin  A. 

Or,  stopping  short  at  45°,  the  remaining  sines  may  be  found 
by  approximating  to  the  value  of  J2  from  the  formula 

(2)  sin  (45°  +A)-  sin  (45°  -  A)  =  2  cos  45°  sin  A  =  ^/2  .  sin  A. 
Or,  stopping  short  at  30°,  the  remaining  sines  up  to  60°  may 

be  found  by  approximating  to  the  value  of  J3  from  the  formula 

(3)  sin  (30°  +  A)~  sin  (30°  -  A)  =  2  cos  30°  sin  A  =  J3  .  sin  A. 
After   this  we  may  use  formula  (1)  to   find   the   remaining 

sines. 

556.  Having  found  the  sines,  the  other  ratios  may  be  found 
from  the  following  : — 

cos  A  =  sin  (90°  -  A), 
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tan  A  =  sin  A  -r-  cos  A  and  tan  (45°  +  A]  -  tan  (45°  -  A)  =  2  tan  24. 
cot  4      =  tan  (90°  -A), 
cosec  4  =  J  (tan  J4  +  cot  \A  ), 
sec  4      =  cosec  (90°  -  A). 

557.  The    accuracy   with    which   the    calculations   are   per- 
formed may  be  tested  by 

(1)  The  known  values  of   the  ratios  of  certain  angles  (as 
proved   in    Chap.    TV.),  the  surd  expressions  in  which  may  be 
evaluated. 

(2)  The  known  values  of  the  ratios  of  certain  differences  in 
the  angles. 

Thus  since  the  ratios  of  3°  are  known  from  those  of  18° 
and  15°,  the  ratios  of  angles  differing  by  3°  may  be  successively 
found  independently. 

(3)  The   following   two    so-called   Formulae   of  Verification, 
viz.  : 

sin  (36°  +  A)  -  sin  (36°  -  A)  -  sin  (72°  +  A)  +  sin  (72°  -  A)  =  sin  A. 
cos  (36°  -i-  A)  +  cos(36°  -A)-  cos  (72°  +  A)  -  cos  (72°  -A)  =  cos  A. 

558.  The  method  of  constructing  the  tables  of  the  logarithms 
of  given  numbers  has  been  explained  in  Chapter  XV  III.    Having 
found   the   ratios   of   angles   as   above,  we   may,  therefore,   use 
the  table  of  logarithms  to  find  the  logarithms  of  the  ratios.     But, 
by  the  method  explained  in  the  following  article,  we  may  find  the 
logarithms  of  the  ratios  without  using  the  table  of  the  ratios. 

559.  To  find  the  logarithm  of  the  cosine  of  any  angle. 

In  order  to  calculate  logarithms  we  require  to  use  factor 
formulae.  Thus  we  have 

2202 


Now  put  0  =  -  .  Thus 

n      2 
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Taking  logarithms,  we  have    log  cos  (  —  90°  ) 

\  Yl  / 

=  log  (n  +  m)  +  log  (n  —  m}  —  2  log  n 

+  log  (3n  +  m)  4-  log  (3n  —  m)  -  2  log  3n  +  ... 
The  logarithms  of  the  first  one  or  two  factors  may  thus  be 
found  from  the  table  of  logarithms  ;  those  of  the  remainder  should 
be  found  from  the  formula 

Iog10  (1  -  a?)  =  -  Iog10  e  (x  +  ±x2  +  lx3  +  .  ..). 

Thus  after  finding  the  logarithms  of  the  first  two  factors  by 
the  tables,  we  have  for  the  remainder  to  subtract 
I        1  \m2  /I        1 


These  series  converge  with  sufficient  rapidity  for  purposes  of 
calculation. 

560.  After  calculating  the  logarithms  of  any  one  ratio,  to 
find  the  others  requires  no  more  complex  operation  than  mere 
subtraction. 


§  2.     THE  THEORY  OF  INTERPOLATION. 

561.  We  shall  now  examine  the  basis  and  limits  of  the 
theory  of  Proportional  Differences,  which  is  applied  to  inter- 
polate values  of  quantities  intermediate  between  two  tabulated 
values.  The  general  nature  of  the  discussion  may  be  thus  in- 
dicated. 

Let/(#)  be  some  function  of  x,  whose  values  are  tabulated  to 
an  assigned  degree  of  accuracy  for  successive  values  of  x  differing 
by  an  assigned  amount.  We  shall  show  that  to  a  certain  deter- 
minable  degree  of  accuracy 

f  (x  +  d)  -  f(x)  =  d  x  (some  function  of  x) 
when  d  does  not  exceed  a  certain  amount. 

The  coefficient  of  d  in  the  above  equation  is  independent  of  d, 
but  dependent  upon  x  and  upon  the  form  of  the  function  f.  It  is 
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called  the  Differential  Coefficient  of/(#)  with  respect  to  x,  and  is 
written/j  (x).     Thus  approximately 

f(x  +  d)-f(x)  =  d.fl(x). 

The  degree  of  accuracy  of  the  above  equation  increases  as  d 
decreases.  The  general  object  of  the  discussion  is  to  determine 
with  what  degree  of  accuracy  it  holds  in  any  case. 

562.     After  showing  how  far  the  equation 
f(x  +  d)-f(x)  =  d.  f,(x) 

holds   true   in  any  case,  we  may,  by  varying  d  and   fixing   x, 
write 


Thus  f(x  +  d)-'f(x)_d 

f(x  +  d')-f(x)      d" 

If  then  d'  is  the  amount  by  which  the  successive  values  of  x 
in  the  tables  differ,  this  equation  gives  us  either 

(1)    f(x  +  d)  -f(x)  in  terms  of  d, 
or   (2)     d  in  terms  of  f(x  +  d)  —f(x). 

Though  these  two  problems  are  theoretically  identical,  yet 
they  require  a  different  discussion  when  applying  the  theory 
to  interpolate  in  the  tables.  For,  firstly,  the  tabulated  differences 
in  x  are  constant  so  that  those  iuf(x)  are  variable;  and,  secondly, 
the  accuracy  with  which  f(x)  is  determined  for  any  value  of  x  is 
constant,  but  that  with  which  x  is  determined  for  any  value 
oif(x)  is  variable.  In  consequence  of  this  distinction,  it  will  be 
found  that/  (x  +  d)  must  be  expanded  in  powers  of  d,  not  x  +  d 
in  powers  of  f(x  +  d)  —f(x). 

563.     To  find  the  difference  of  the  logarithms  of  two  numbers 
approximately  in  terms  of  the  difference  of  the  numbers. 
Let  d  be  less  than  n.     Then 

n  +  d  /       d 

log  (n  +  d)  -  log  n  =  log  -  =  log  (  1  +  - 

d     ,  d*        d* 
where  /x,  stands  for  the  modulus 
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In  this  series  the  terms  are  continually  decreasing  and  alter- 
nate in  sign. 

Hence,  the  series  differs  from  —  by  a  quantity  less  than  ^—  . 
Now  fj.  =  Iog10  e  <  Iog9  3,  i.e.  <  J. 

Suppose 
greater  than 


Suppose  then  that  -  is  not  greater  than  10-*;  then  —  is  not 
n  n 


Hence,  if  -  is  not  greater  than  10~p,  the  equation 

log  (n  +  d)  —  log  n  =  //,  - 
holds  as  far  as  2p  decimal  places. 

564.  To  apply  the  logarithmic-difference  formula  to  the  inter- 
polation of  the  required  logarithm  of  a  given  number. 

Tables  are  published  of  the  logarithms  of  all  integral  numbers 
from  10000  to  100000.  Hence,  if  we  require  the  logarithm  of  a 
fraction  lying  between  two  such  integers,  the  ratio  of  d  to  n  is 
never  greater  than  10~4.  Hence,  if  the  logarithms  were  tabu- 
lated to  8  decimal  places,  we  might  interpolate  in  such  a  table, 
correctly  to  8  decimal  places,  the  logarithms  of  any  fractional 
numbers  by  means  of  the  formula 

log  (n  +  d)  —  log  n     d 


565.  Conversely,  to  apply  the  logarithmic-difference  formula 
to  the  interpolation  of  the  required  number  corresponding  to  a  given 
logarithm. 

The  logarithms  are  tabulated  to  7  decimal  places.  In  the 
difference  formula,  put  d=\.  Thus 

log  (n  +  1)  -  log  n  =  -=N.  10~7  say. 
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Here  N  is  the  tabulated  difference  in  the  logarithms  corre- 
sponding to  the  difference  1  in  the  numbers  at  any  part  n  of  the 
table.  Hence  we  can  find  N  different  numbers  between  n  +  1 
and  n  whose  logarithms  differ  in  the  first  7  places  of  decimals. 
Hence,  at  this  part  of  the  table,  we  can  find  accurately  to  an  JVih 
of  unity  any  intermediate  number  whose  logarithm  is  given  cor- 
rectly to  7  decimal  places. 

Now  N  varies  inversely  as  n. 

Hence,  as  we  proceed  in  the  table,  we  can  interpolate,  between 
numbers  differing  by  the  constant  amount  unity,  a  continually 
smaller  number  of  values  corresponding  to  given  logarithms 
calculated  to  a  fixed  number  7  of  decimal  places. 

566.  To  find  the  difference  of  the  sines  of  two  angles  approxi- 
mately in  terms  of  the  difference  of  the  angles. 

Let  8  <  1  be  the  circular  measure  of  an  angle.     Then 
sin  (a  +  8)  —  sin  a  =  cos  a  sin  8  —  sin  a  (1  —  cos  8) 

=  cos  a  (8  -  *  83  +...)-  sin  a  (J8»_^8*+  ...). 

In  this  series  after  8  cos  a  the  terms,  taken  in  pairs,  are  con- 
tinually decreasing  and  alternate  in  sign. 

Hence  the  series  differs  from  8  cos  a  by  a  quantity  less  than 
JS2  sin  a  +  J83  cos  a. 

Let  8  be  the  circular  measure  of  an  angle  less  than  1'.     Then 
3-15          "0027  4 

^IsolTSd^-T*  }  ' 

•.  82<9.10-8  and  83<27.  10~12. 
Also  sin  a  and  cos  a  are  <  1. 

/.  JS2  sin  a  +  £83  cos  a  <  \ .  10"7. 

Hence,  if  8  is  not  greater  than  the  circular  measure  of  I1,  the 
equation 

sin  (a  +  8)  —  sin  a  =  8  cos  a 

holds  as  far  as  7  decimal  places. 

J.  T.  26 
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567.  To  interpolate  the  sine  of  any  given  angle  between  a  and 
a+  1',  we  may  use  the  above  formula  which  will  give  the  required 
sine  correctly  to  7  decimal  places. 

568.  But  conversely,  to  interpolate  an  angle  corresponding  to 
a  given  sine,  in  the  sine-difference  formula  put  for  8  the  circular 
measure  of  1'.     Then 

sin  (a  +  1')  -  sin  a  =  cos  a  =  N .  10~7  say. 

lUoUu 

Here  N  is  the  tabulated  difference  in  the  sines  corresponding 
to  the  difference  1'  in  the  angles  at  any  part  a  of  the  table. 
Hence  we  can  find  N  different  angles  between  a  +  1'  and  a  whose 
sines  differ  in  the  first  7  decimal  places. 

Now  as  the  angle  a  increases  up  to  90°,  cos  a  and  therefore  N 
decreases.  Hence  we  can  find  intermediate  angles  from  their 
sines  with  continually  decreasing  accuracy  as  we  approach  90°. 

For  example,  sin  78°  5'  and  sin  78°  6'  differ  by  600.  10~7. 
Hence  up  to  78°  6'  we  can,  from  the  sines  of  angles  given 
correctly  to  7  places,  interpolate  angles  correctly  to  within  a 
600th  of  a  minute;  i.e.  a  10th  of  a  second.  Again  sin  84°  3'  and 
sin  84°  4'  differ  by  300  .  10~7.  Hence  up  to  this  point  we 
can  similarly  interpolate  correctly  to  within  a  5th  of  a  second. 
And  so  on. 

569.  To  find  the  difference  of  the  tangents  of  two  angles 
approximately  in  terms  of  the  difference  of  the  angles, 

Here  we  have 

sin  (a  +  8)  cos  a  -  cos  (a  +  8)  sin  a 

tan  (a  +  8)  -  tan  a  = * 1 — 

cos  (a  +  d)  cos  a 

sin  8  sec2  a 


cos2  a  cos  8  —  cos  a  sin  a  sin  8      cot  8  -  tan  a  * 
Now  cot  8  <  ^ .     Hence  the  difference  of  the  tangents 

sec2 a  ,     .     .     ~ 

,  a  fortiori  >  o  sec2  a. 


1/8  — tana 
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1       8 
But  cot  8  >  ^  —  - .     Hence  the  difference  of  the  tangents 


8  sec2 


a 


~  l-8tana-J82' 

Thus  tan  (a  +  8)  -  tan  a  differs  from  8  sec2  a  by  a  quantity  less 
than 

82  sec2  a  (tan  a  +  18) 

—^ 5-7*       — rsM  =  nearly  82  sec2  a  tan  a. 

1-8  tan  a  -  J82 

This  quantity  increases  as  a  and  as  8  increase. 

Now  it  will  be  found  by  examining  the  tables  that  approxi- 
mately tana  sec2a=l,  when  a  is  34°;  =10,  when  a  is  64°; 
=  100,  when  a  is  78°;  =  1000,  when  a  is  84°:  and  so  increases 
more  and  more  rapidly  up  to  90°,  when  it  is  infinite.  Hence  the 
tangent-difference  formula  is  less  and  less  accurate  as  the  angle 
approaches  90°. 

570.  Hence,    to   interpolate   a   tangent   corresponding   to   a 
given  angle  between  a  and  a  +  1',  the  equation 

tan  (a  +  8)  —  tan  a  =  8  sec2  a 

holds  for   7    places,  up   to  34°;   for   6  places,  up   to   64°;    for 
5  places,  up  to  78°;  for  4  places,  up  to  84°;  and  so  on. 

571.  Conversely,   to   interpolate   an   angle   corresponding  to 
a  given  tangent,  in  the  tangent-difference  formula  put  for  8  the 
circular  measure  of  1'.     Thus 

tan  (a  +  T)  -  tan  a  =  -^a™  sec2  a  =  N .  10~7  say. 
lUoUU 

Here  N,  which  varies  as  sec2  a,  increases  as  a  increases.  Its 
smallest  value,  viz.  the  difference  between  tan  0  and  tan  1',  is 
about  3000.  Hence  even  here  we  could  find  an  angle  correctly 
to  within  nearly  -^  of  a  second  corresponding  to  a  tangent  given 
correctly  to  7  decimal  places. 

Now  the  difference  in  the  tangents  for  1'  is  at  34°  about 
4000  x  10~7;  at  64°,  1500  x  10~6;  at  78°,  600  x  10~5;  at  84°, 
270  x  10-4;  and  so  on. 

26—2 
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Hence  we  can  find  angles,  when  the  tangents  are  given 
correctly  to  7  decimal  places  from  0  to  34°,  with  an  accuracy 
increasing  from  -^  to  ^  of  a  second:  when  the  tangents  are 
given  to  6  places  from  34°  to  64°,  with  an  accuracy  increasing 
from  ^  to  ^g-  of  a  second  :  when  the  tangents  are  given  to- 
5  places  from  64°  to  78°,  with  an  accuracy  increasing  from 
1  to  y1^  of  a  second:  when  the  tangents  are  given  to  4  places 
from  78°  to  84°,  with  an  accuracy  increasing  from  1  to  J-  of  a 
second  :  and  so  on. 

572.  To  find  the  difference  of  the  secants  of  two  angles  approxi- 
mately in  terms  of  the  difference  of  the  angles. 

Here  we  have 

,       -  sec  a  sec  8 

sec  (  a  +  6)  —  sec  a  =  •=-  -  -  -«  —  sec  a 

1  -  tan  a  tan  8 

=  sec  a  sec  8(1+  tan  a  tan  8  +  tan2  a  tan2  8  +...)  —  sec  a. 

Now  sec  8  >  1  and  tan  8  >  8.  Hence  the  difference  of  the 
secants  >  8  sec  a  tan  a. 

But  cos  8  >  1  —  J82  and  sin  8  <  8.  Hence  the  difference  of  the 
secants 

sec  a 


i 

1-8  tan  a  - 

Hence  sec  (a  +  8)  -  sec  a  differs  from  8  sec  a  tan  a  by  a  quantity 
82  sec  a  (A  +  tan2  a  +  48  tan  a) 


This  quantity  increases  as  a  and  as  8  increase. 

Now  it  will  be  found  by  examining  the  tables  that  approxi- 
mately sec  a  (sec2  a—  J)  =  1  when  a  is  33°;  =  10  when  a  is  63°  ; 
=  100  when  a  is  77°;  =1000  when  a  is  84°;  and  so  increases 
more  and  more  rapidly  up  to  90°  where  it  is  infinite. 

Hence  the  secant-difference  formula  is  less  and  less  accurate 
as  we  approach  90°. 
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573.  Hence,  to  interpolate  a  secant  corresponding  to  a  given 
angle  between  a.  and  a  +  1  ',  the  equation 

sec  (a  +  8)  -  sec  a  =  8  sec  a  tan  a 

holds  for  7  places  up  to  33°  ;  for  6  places  up  to  63°;  for  5  places 
up  to  77°;  for  4  places  up  to  84°;  and  so  on. 

574.  Conversely,  to  interpolate  an  angle  corresponding  to  a 
given  secant,  in  the  secant-difference  formula  put  for  8  the  circular 
measure  of  1'.     Thus 

sec  (a  +  1')  -  sec  a  -       «      sec  a  tan  a  -  N  .  10~7  say. 


Here  N  increases  as  a  increases.  Hence,  as  we  approach  zero, 
we  can  interpolate  an  angle  with  less  and  less  accuracy  correspond- 
ing to  a  given  secant.  For  instance  sec  11°  28'  and  sec  11°  29' 
differ  by  600  x  10~7.  Hence  here  we  can  find  angles  to  within  -f^ 
of  a  second  corresponding  to  secants  given  correctly  to  7  places. 
Again  sec  3°  13'  and  sec  3°  14'  differ  by  160  x  10~7.  Hence  here 
we  can  interpolate  an  angle  correctly  to  within  only  §  of  a 
second.  And  so  on. 

On  the  other  hand  as  we  approach  90°  we  find  the  following 
results.  The  difference  in  the  secants  for  1'  is  at  first  about 
2xlO~7,  and  at  ,33°  about  2000  x!0~7;  at  63°,  1200  x!0~6; 
at  77°,  600  x  10-5  ;  at  84°,  250  x  10~4  ;  and  so  on. 

Hence  we  can  find  angles,  when  the  secants  are  given  correctly 
to  7  decimal  places  from  1'  to  33°,  with  an  accuracy  increasing 
from  30"  to  ^  of  a  second;  when  the  secants  are  given  correctly 
to  6  decimal  places  from  33°  to  63°,  with  an  accuracy  increasing 
from  i  to  -^  of  a  second  ;  when  the  secants  are  given  correctly 
to  5  decimal  places  from  63°  to  77°,  with  an  accuracy  increasing 
from  |  to  j-1^  of  a  second  ;  when  the  secants  are  given  correctly 
to  4  decimal  places  from  77°  to  84°,  with  an  accuracy  increasing 
from  1  to  J  of  a  second;  and  so  on. 

575.  The  secondary  ratios  cosine,  cotangent,  and  cosecant  of 
an  angle  being  simply  the  sine,  tangent,  and  secant  respectively 
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of  the  complementary  angle  need  not  be  treated  separately.  As 
the  secondary  ratios  vary  incongruently  with  the  angle,  their 
differences  will  be  negative  when  the  difference  in  the  angle 
is  positive.  Thus  approximately 

cos      (a  +  8)  —  cos     a  =  —  8  sin  a, 
cot      (a  +  8)  —  cot     a  =  —  8  cosec2  a, 
cosec  (a  4-  8)  —  cosec  a  =  —  8  cosec  a  cot  cu 

Precisely  similar  limits  of  accuracy  attach  to  these  equations 
as  to  those  of  the  primary  ratios;  if  we  substitute  0  for  90% 
greater  angle  for  less  angle,  and  so  on. 

576.  To  find  the  difference  in  the  log  sines  of  two  angles 
in  terms  of  the  difference  of  the  angles. 

Here  we  have 

log  sin  (a  +  8)  -  log  sin  a  =  log  (cos  8  +  cot  a  sin  8). 
Now  cos  8  <  1  and  sin  8  <  8. 

Hence  the  difference  of  the  log  sines  is  <  log  (1+8  cot  a) 
<  ft  (8  cot  a  —  |S2  cot2  a  +  . . .)  if  8  cot  a  <  1. 

This  series  has  terms  alternate  in  sign  and  decreasing  in  magni- 
tude. Hence,  a  fortiori,  the  difference  in  log  sines  is  </x8  cot  a. 

Again 

log  sin  (a  +  8)  -  log  sin  a  =  log  cos  8  +  log  (1  +  cot  a  tan  8). 
Now  cos  8  >  1  -  J82  and  tan  8  >  8. 

Hence  the  difference  of  the  log  sines  is 
>  p.  {8  cot  a  -  J82  (1  +  COt2  a)  +  J83  COt3  a  -  |84  (J  4-  cot4  a)  +...}. 

Thus  log  sin  (a  +  8)  -  log  sin  a  differs  from  /x8  cot  a  by  a 
quantity  which  is  <  -J/x,S2  cosec2  a. 

This  quantity  decreases  as  a  increases. 

Now  if  8  measures  an  angle  not  greater  than  1',  i/iS2  is- 
not  greater  than  2 .  10~8. 

Now  it  will  be  found  on  examining  the  tables  that  approxi- 
mately cosec2a  =  5  when  a  is  27°;  —50  when  a  is  8°;  =500 
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when  a  is  .2^°  ;  =  5000  when  a  is  48'  :  and  so  increases  more  and 
more  rapidly  down  to  0  where  it  is  infinite. 

Hence  the  log  sine  difference  formula  is  less  and  less  accurate 
as  we  approach  0. 

577.  Hence,  to  interpolate  a  log  sine  corresponding  to  a  given 
angle  between  a  and  a  +  1',  the  equation 

log  sin  (a  +  8)  —  log  sin  a  =  /x8  cot  a 

holds  for  7  places  down  to  27°;  for  6  places  down  to  8°;  for  5 
places  down  to  2^°  ;  for  4  places  down  to  48'  ;  and  so  on. 

578.  Conversely,   to   interpolate   an   angle   corresponding  to 
a  given  log  sine,  in  the  log  sine  difference  formula  put  for  8  the 
circular  measure  of  1'.     Thus 

log  sin  (a  +  1')  -  log  sin  a=  -.0       c°t  a  =  •&  •  10~7  say. 


Here  N  varies  as  cot  a  and  therefore  increases  as  a  decreases. 
Hence,  as  we  approach  zero,  we  find  the  difference  in  the  log 
sines  for  1'  is  at  27°  about  2478  x  10~7;  at  8°,  900  xlQ-6; 
at  2^°,  300  x  10~5;  at  48',  90  x  10~4. 

Hence  we  can  find  angles,  when  the  log  sines  are  given 
correctly  to  7  decimal  places  down  to  27°,  with  an  accuracy  that 
increases  up  to  ^  of  a  second  ;  when  the  log  sines  are  given 
correctly  to  6  places  from  27°  down  to  8°,  with  an  accuracy  that 
increases  from  J-  to  ^  of  a  second  ;  when  the  log  sines  are  given 
correctly  to  5  places  from  8°  down  to  2^°,  with  an  accuracy 
that  increases  from  ^  to  i  of  a  second;  when  the  log  sines 
are  given  correctly  to  4  places  from  2J°  to  48',  with  an  accuracy 
that  increases  from  2  to  §  of  a  second  :  and  so  on. 

As  we  approach  90°,  cot  a  decreases  ;  hence,  we  can  inter- 
polate angles  from  their  log  sines  with  continually  less  and  less 
accuracy  as  the  angle  increases  to  90°.  Thus 

The  difference  in  log  sines  for  1'  is  at  64°  35'  about  600  x  1G~7; 
at  81°  54'  about  180xlO~7;  at  84°  34'  about  120  xlQ-7;  at 
87°  19'  about  GO  x  10~7;  and  so  on. 


408       CONSTRUCTION  OF  TABLES  AND   INTERPOLATION. 

Thus  when  the  log  sines  are  given  correctly  to  7  decimal 
places,  we  may  find  the  corresponding  angle  at  64°  35'  within 
y1^  of  a  second;  at  81°  54'  within  J  of  a  second;  at  84°  34' 
within  J  a  second ;  at  87°  19'  within  1  second ;  and  so  on. 

579.  Since  approximately 

log  sin  (a  +  8)  -  log  sin  a  =  />t8  cot  a    I. 

.*.  changing  a  into  \TT  +  a, 

log  cos  (a  +  8)  —  log  cos  a  =  -  fj.8  tan  a .  .II. 

.'.  subtracting  II.  from  I, 

log  tan  (a  +  8)  —  log  tan  a  =  2/x8  cosec  2a  III. 

Again,  since  log  (1  -f-  x)  =  —  log  x, 

from  III,         log  cot  (a  +  8)  —  log  cot  a  =  -  2yn8  cosec  2  a IV. 

from  II,  log  sec  (a  +  8)  —  log  sec  a  =  /x8  tan  a  V. 

from  I,  log  cosec  (a  4-  8)  -  log  cosec  a  =  —  yu,8  cot  a  VI. 

Similar  limits  of  accuracy  attach  to  these  latter  equations  as 
to  I. 

580.  We  have  seen  that  as  the  angle  decreases  to  zero,  the 
degree  of   accuracy  with  which   we    can   interpolate   from    the 
log  sine  difference  formula  decreases  rapidly.     Hence  it  is  im- 
portant to  overcome  this  difficulty.     The  method  is  explained  in 
the  following  articles. 

581.  We  have  log  sin  6  =  log  ^—  +  log  0  1. 

sin  (0  +  8)  sin0  sin  (0  +  8)  0  +  8 

MOW  log  ~ — ~     '  —  log  — —  =  log    ; — ^—^  —  log  — . 

-  log  ( 1  +  8  cot  0  -  iS2  +...)-  log  ( 1  +  ^ 

\      0/ 


The  terms   in    this    series   after   the   first   are   alternate   in 
sign  and  diminishing  in  magnitude.     Hence  the  difference  of  the 
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functions  log  —  ^—  differs  from  /*S  (cotO-^]  by  a  quantity  less 
than 


Now  when  0  is  small  cosec2  9  is  nearly  equal  to  ^  ;  hence,  8 

being  less  than  the  circular  measure  of  1',  the  above  quantity  is 
less  than  10~7. 

Hence  a  table  of  functions  of  the  form  log  (sin  0  -r  0)  for 
every  minute  would  be  one  in  which  we  could  use  the  formula  of 
proportional  differences  correctly  to  7  decimal  places. 

It  is  necessary  to  explain  how  such  a  table  could  be  used. 

582.  To  explain  how  a  table  of  functions  of  the  form 
log  (sin  0  -r  6)  could  be  used. 

Let  6  contain  n  seconds.  Then  equation  I.  of  last  article 
may  be  written 

Lsinn"  =  log  —  z  —  h  10  +  logcr  +  logn  ..........  II. 

u 

where  a-  denotes  the  circular  measure  of  1"  =  4*848137  x  10~6. 

By  reference  to  the  table  of  logarithms  we  shall  find  that 
logo-  =  6-6855749. 

Hence  a  table  might  be  constructed  in  which  the  constant 
4-6855749  is  added  to  the  value  of  log  (sin0-  0)  for  every  minute 
(or  smaller  interval)  of  small  angles. 

Then  to  find  the  log  sine  corresponding  to  an  angle  of  n",  we 
should  add  to  this  tabulated  value  the  logarithm  of  n  found  from 
the  table  of  logarithms.  Moreover  since  n  would  not  be  more 
than  100000  we  could  interpolate  for  fractional  values  of  n  if 
required  to  find  log  n. 

Conversely,  to  find  the  angle  corresponding  to  a  log  sine,  we 
should  first  interpolate  in  the  ordinary  tables  to  find  an  approxi- 
mate value  of  the  angle.  We  should  then  use  this  value  to  find 
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log  —  -r  —  h  10  +  log  cr  from  the  tables  :  and  subtract  this  from  the 

given  Zsin  in  order  to  find  logn  by  equation  II.  The  error 
arising  from  using  this  approximation  would  be  proportional  to 
/A  (cot0—  I/O),  which  is  a  very  small  quantity  compared  with 
/x,  cot  0,  to  which  the  error  in  log  sin  6  is  proportional. 

The  above  method  is  known  as  Delambre's  Method. 

583.  A  modification  of  Delambre's  Method  is  applicable  to 
the  log  sines  and  also  to  the  log  tangents  of  small  angles.  It  is 
called  Maskelyne's  Method. 

We  have 

L  sin  n"  =  log  —=—  +  10  +  log  o-  +  log  n  .........  II. 

7-  j        it     i      tan  8     .,  ~     ,  ,  -I-I-T 

L  tan  ft  =log  —  ^  —  +  10  +  logo-  -flog  ft  .........  111. 

Now  sin0  =  0-J03  and  tan0  =  0  +  £03  aftd  cos0=l-J02 
approximately  for  small  angles. 

••  .   sin0     .          i        _  tan0  m_| 

=  (cos  0)     ana  —  —  =  (cos  0)      approximately. 


.    ,      sin0 
.  .  log  —  -T—  =  J  log  cos  0  emd   log  —  ^—  =  -  f  log  cos  0. 

Hence  the  equations  II.  and  III.  may  be  used  by  employing 
the  ordinary  tables  of  the  log  cosines. 

584.  The  method  of  argument  in  this  section  may  be 
summed  up  as  follows  : 

By  expanding  f(x  +  d)  -J  (x)  in  powers  of  d,  we  find  that  it 
is  approximately  equal  to  a  quantity  involving  d.  It  differs, 
however,  from  this  quantity  approximately  by  a  second  quantity 
involving  d2. 

The  limit  of  the  term  involving  d2  assigns  the  limit  of  accuracy 
with  which  the  formula  of  proportional  differences  may  be  used. 
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Thus,  in  interpolating  a  value  of  f(x)  when  the  value  of  x  is 
given,  the  degree  of  accuracy  varies  inversely  with  this  second 
term  which  involves  d2. 

But,  in  interpolating  a  value  of  x  when  the  value  of  f(x)  is 
given,  the  degree  of  accuracy  varies  directly  with  the  first  term 
which  involves  d. 

585.  When  the  term  involving  d2  is  so  large  as  to  incon- 
veniently restrict  the  degree  of  accuracy  with  which  a  value  of 

f(x)  may  be  interpolated,  then  the  differences  in  f(x)  are  said  to 
be  irregular. 

When  the  term  involving  d  is  so  small  as  to  inconveniently 
restrict  the  degree  of  accuracy  with  which  a  value  of  x  may  be 
interpolated,  then  the  differences  in  f(x)  are  said  to  be  in- 
sensible. 

586.  In  the  preceding  two  articles  it  is  essential  to  note  that 
the  possibility  of  applying  the  formula  of  proportional  differences 
depends  primarily  upon  the  smallness  of  the  second  term  in- 
volving d2. 

Hence  the  absolute  smallness  of  this  term  measures  the 
accuracy  for  interpolating  f(x)  from  x. 

And  the  relative  smallness  of  this  term  as  compared  with  the 
first  term  measures  the  accuracy  for  interpolating  x  from /"(#). 

587.  The  general  conclusions  are  summed  up  by  using  the 
terms  irregular  and  insensible. 

I.  The  differences  in  sin  a  are  insensible  as  a  approaches  90° : 
hence  the  accuracy  for  interpolating  a  from  sin  a  diminishes  as  a 
increases. 

II.  The  differences  in  tan  a  and  in  sec  a  are  irregular  as  a 
approaches  90°;    hence  the   accuracy  for  interpolating  tana   or 
sec  a  from  a  diminishes  as  a  increases  :    and  the  differences  in 
tan  a  and  sec  a  are  insensible  as  a  approaches  zero ;    hence  the 
accuracy  for  interpolating  a  from  tana  or  sec  a  diminishes  as 
a  diminishes. 
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III.  The  differences  in  log  sin  a  and  log  tan  a  are  irregular  as 
a  approaches  zero ;  hence  the  accuracy  for  interpolating  log  sin  a 
or  log  tan  a  diminishes  as  a  diminishes :  and  the  differences  in 
log  sin  a  and  log  tan  a  are  insensible  as  a  approaches  90° ;  hence 
the  accuracy  for  interpolating  a  from  log  sin  a  or  log  tan  a 
diminishes  as  a  increases. 


Errors  in  measurement.  ' 

588.  The  determination  of  a  required  length  or  angle  by 
means  of  trigonometrical  formulae  illustrates  the  value  of  the 
investigations  of  .this  chapter. 

Thus  the  required  magnitude  is  a  certain  function  of  magni- 
tudes directly  measured.  But  any  magnitude  directly  measured 
is  subject  to  an  error,  whose  limit  is  generally  known.  Hence  it 
becomes  important  to  evaluate  the  possible  error  in  the  derived 
magnitude. 

A  few  examples  will  illustrate  this  point. 

Example  1.  Tho  height  A  of  a  tower  is  determined  by  measuring 
a  horizontal  line  a  from  its  base  and  the  angle  of  elevation  6  of  the  top 
of  the  tower  at  the  ei^d  of  the  line.  Find  the  possible  error  in  the 
height  h  due  to  the  posfcible  error  8  in  the  angle  6. 

Here  we  have  h=a  tan  6  for  estimated  height 
and  h'  =  a  tan  (6  +  5)  for  real  height. 
.-.  possible  error,  i.e.  Ji  -  h  =  a  (tan  (6  +  8)  —  tan  6} 

—  a8  sec20  approximately. 

Hence  the  absolute  possible  error  varies  as  sec20,  and  therefore 
increases  as  6  increases. 

But  the  relative  possible  error,  i.e.  the  ratio  of  the  absolute  possible 
error  to  the  whole  height  =  ,  G°  „  =  2d  cosec  20  :  which  is  least  when 


Example  2.  The  height  h  of  a  hill  is  determined  by  measuring  the 
angles  of  elevation  a  and  /3  of  the  top  and  bottom  of  a  tower  of  height 
b  on  the  top  of  the  hill.  Find  the  possible  error  in  h  due  to  a  possible 
error  §  in  the  angle  a. 
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Here  we  have  (h  +  b)  cot  a  =  h  cot  /3, 
6  cot  a 


cot  /3  -  cot  a     tan  a  cot  /3  -  1 ' 
b 


and  h'  =  r 


A-A'_tan(g  +  ft)  cot/3-1 
h'  tan  a  cot  /3  - 1 

S  sec2  a  cot  8 

=  .-  .  .     ,  approximately, 

tan  a  cot  /3  - 1    rr  * ' 


=  8{cot(a- 
which  gives  the  relative  error. 


EXAMPLES   XX. 

1.  Show  that  the  equation  sin  0  =  0  may  be  used  with  the 
following  degrees  of  accuracy  : 

From  zero  to  18'  up  to  7  places :  from  zero  to  52'  up  to 
6  places;  from  zero  to  95'  up  to  5  places;  from  zero  to  164'  up  to 
4  places. 

Hence  calculate  the  sines  of  7'  12";  30'  15";  1°;  and  2°  11'  2" 
as  accurately  as  is  possible  from  the  formula  sin  0  =  6. 

2.  Given  that  the  moon  subtends  at  the  earth  an  angle  of 
half  a  degree,  find  the  distance  at  which  a  circular  plate  of  six 
inches  diameter  must  be  placed  so  as  just  to  conceal  it. 

3.  Given  that  the  radius  of  the  earth  is  3960  miles,  show 
that  the  number  of  miles  in  the  visible  horizon  from  a  point  of 
observation  at  a  given  number  of  feet  above  the  ground  may  be 
found,  approximately,  by  adding  to  the  number  of  feet  its  half 
and  taking  the  square  root  of  the  result. 

4.  Given  that  the  tangents  of    32°    11',    32°    12',    57°   48', 
57°  49' are  respectively -6293274,  -6297336,  1-5879731,  1-5889979, 
find  the  cosecant  of  64°  22'  26". 
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5.  Given    that    sin  (45°  +  A)=  '71,    show    that    A    is,    ap- 
proximately, 14'  or  89°   46',   the  circular  measure  of   1'  being 
•0002909. 

6.  Given  that  — ?1—  =  T»tn  )  show  that  0  is  the  circular  mea- 

u         17o4: 

sure  of  3°  22'  approximately. 

7.  Given   that   the   tangents   of   21°    20'   and   34°   20'  are 
•3905541     and     -6830066     respectively,    find    the    tangent    of 
55°  40'. 

8.  From  a  table  of  tangents  calculated  for  every  minute, 
show  that  an  angle  may  be  determined  to  within  about  F^th  part 
of  a  second  when  the  angle  is  about  30° :  and  to  within  about 
•^th  part  of  a  second  when  the  angle  is  about  60°. 

9.  From  a  table  of  log  sines  calculated  for  every  minute, 
show  that  an  angle  may  be  determined  to  within  about  f  of  a 
second  when  the  angle  is  about  88°  or  about  3J°. 

10.  Find  L  sin  1°  40'  15"  by  interpolating  in  the  table  of 
log  sines  directly.     Then  find  its  value  by  Maskelyne's  method  : 
and  hence  compare  the  degrees  of  accuracy  of  the  two  methods. 

11.  Find  the  angle  whose  log  sine  is  2'7523456. 

12.  If  the  angle  C  of  a  triangle  be  very  obtuse,  the  number 
of  seconds  in  its  defect  from  180°  is  very  nearly 


206265 


'f 


ab 

13.     An  angle  a  +  8  is  found  by  interpolating  in  the  table  of 
logarithmic  sines  given  for  every  minute. 

Show  that  the  circular  measure  of   the  error   involved   is, 
approximately, 


where  /x,  is  the  circular  measure  of  1'. 

Hence  show  that  the  maximum  error,  in  calculating  an  angle 
between  a  and  a+  1',  is  about  0"'00435  cosec  2a. 
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14.  If  the  area  of  a  triangle  is  calculated  by  measuring  two 
sides   and   the   included    angle    as     197  ft.,    2030  ft.,    and    60° 
respectively,  and  if  there  is  an  error  of  2"  in  the  measurement  of 
the  angle,  show  that  this  will  involve  an  error  of  about  1  sq.  ft. 
in  the  area. 

15.  If   the  angles  B  and  C  of   a  triangle  are  found  from 
A,  &,  c:  and  if  there  is  a  small  error  8  in  A  ;  show  that  the  errors 
in  B  and  C  are  to  one  another  as  tan  B  to  tan  C  :  and  hence  that 
they  are,  respectively, 

—  8  sin  B  cos  C  cosec  A  and  —  8  sin  C  cos  B  cosec  A. 

16.  If  errors  a,  b',  c'  are  made  in  the  measurement  of  the 
three  sides  a,  b,  c  of  a  triangle,  show  that  the  error  in  A  is 

-  Ja (V  cos  C  +  c'cosB-  a')/S. 

17.  If  an  error  a'  is  made  in  a  and  no  errors  are  made  in  b 
and  c ;  then  /,  r/,  R',  the  errors  involved  in  r,  rlt  R  respectively, 
will  be  given  by 

r^a'CR/a-K);  r/  =  ^/«-Jr); 
Rf  =  a  cot  B  cot  C  cosec  A. 

18.  The  height  h  of  an  object  is  estimated  by  measuring  its 
angles  of  elevation  a,  {3,  y  at  three  points  A,  B,  C  in  a  straight 
line,  such  that  J3C  =  a,  AC  =  b,  AB  =  c.     If  a',  /?',  y  be  the  errors 
in  a,  /?,  y,  show  that  the  error  in  h  is 


h3  /a  cos  a     ,     b  cos  ft  ccosy     ,\ 

a&c  \  sin3  a  ' '        sin3  B  '          sin3  y       / 


CHAPTER  XXI. 
IMAGINARY  AND  COMPLEX  QUANTITIES. 

§  1.     GENERAL  THEOREMS. 

589.  IT  was  pointed  out,  in  the  introduction  to  Chap.  XL, 
that  the  square  of  every  positive  or  negative  quantity  is  positive. 
Hence,  a  quantity  whose  square  is  negative,  is  neither  positive  nor 
negative.     Such  a  quantity  is  usually  called  Imaginary;   while 
positive  or  negative  quantities  are  called  Real. 

In  this  chapter  we  shall  exhibit  the  use  of  Imaginary 
quantities.  By  their  means  the  results  of  the  preceding  ten  chapters 
may  be  systematised  and  extended.  We  shall  not  interpret 
imaginary  quantities  at  present,  but  shall  merely  use  them 
symbolically:  i.e.  we  shall  deduce  results  by  their  use  which 
involve  only  real  quantities.  To  accomplish  this  it  is  necessary 
to  postulate  that 

Imaginary  quantities  shall  be  governed  by  the  same  laws  of 
operation  as  real  quantities. 

In  the  same  way  (as  was  indicated  in  the  introduction  to  Chap.  XI.) 
negative  quantities  may  be  introduced  symbolically  without  interpreta- 
tion, by  assuming  that  they  follow  the  same  laws  as  positive  quantities. 
It  was  afterwards  shown  that  the  relation  of  negative  to  positive  could 
be  used  to  represent  oppositeness  of  direction. 

590.  In  confining  ourselves  to  positive  and  negative  quantities, 
we  confine  ourselves  to  quantities  which  have  the  same  or  the 
opposite  sign :    i.e.  the  addition  of  two  such  quantities  is  always 
equivalent  to  addition  or  subtraction. 
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So  in  introducing  imaginary  quantities,  these  may  be  either 
positive  imaginary  or  negative  imaginary.  That  is,  we  shall 
imply  that  the  addition  to  any  imaginary  of  a  negative  imaginary 
is  equivalent  to  the  subtraction  of  the  corresponding  positive. 

Thus  we  have  four  affections  of  quantity ;  viz.  positive  real, 
negative  real,  positive  imaginary,  and  negative  imaginary. 

591.  If   a   is   any    positive    real    quantity,    J(  —  a)    is    an 
imaginary  quantity,  to  which  we  may  attribute  either  sign. 

But  since  we  postulate  that  all  our  symbols  shall  obey  the 
same  laws,  we  have  (see  Art.  233) 

N/(-«)  =  N/{«x(-l)}  =  N/«xN/(-l). 

Hence  the  square  root  of  any  negative  number  can  be  expressed 
as  the  product  of  a  real  number  into  the  square  root  of  —  1. 
Thus  the  only  symbol  we  need  use  is  x/(  —  1). 

The  symbol  i  will  be  used  as  the  equivalent  of  the  positive 
value  of  the  x/(  — 1);  and  —  i,  therefore,  as  the  negative  value  of 
the^-l). 

592.  Wholly  imaginary  quantities.     A  real  number   x  i   is 
called  a  wholly  imaginary  quantity. 

Wholly  imaginary  quantities  are  incomparable  with  wholly 
real  quantities. 

Thus,  if  a  and  b  are  both  real  quantities,  the  equation  a  =  bi 
involves  a  contradiction,  unless  a  =  0  and  6  =  0. 

Thus,  the  one  equation 

a  —  bi 

is  interpreted  to  mean  the  same  as  the  two  equations 
a  =  Q  and  6  =  0. 

This  is  the  fundamental  principle  which  enables  us  to  make 
use  of  symbols  of  imaginary  quantities. 

593.  Complex  quantities.     The  sum  of  a  wholly  real  and  a 
wholly  imaginary  quantity  is  called  a  complex  quantity. 

J.  T.  27 
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Such  a  sum  cannot  be  interpreted  at  present ;  but  its  use  is 
explained  by  a  corollary  from  the  last  article.  Thus 

If  a,  b,  c,  d  are  wholly  real,  the  equation  a  +  bi  =  c  +  di  is 
equivalent  to  a  —  c  =  (d  —  b)i. 

Hence  it  is  also  equivalent  to  the  two  equations 

a  —  c  =  0  and  d  —  b  =  Q,  i.e.  a  =  c  and  b  =  d. 

Thus  if  one  complex  expression  is  equal  to  another,  we  may 
equate  separately  the  real  and  imaginary  terms. 

In  the  symbol  a  +  bi,  we  may  suppose  that  either  a  or  b  is 
zero :  so  that  complex  quantities  include  wholly  imaginary  and 
wholly  real  quantities.  The  remainder  of  this  chapter  deals 
mainly  with  complex  quantities. 

Conjugates,  Norms,  and  Moduli. 

594.  The   complex   quantities   y  +  zi  and  y  —  zi  are  called 
Conjugates  of  one  another. 

The  quantity  yz  +  z*  is  called  the  Norm  of  y  +  zi. 

The  positive  value  of  the  square  root  of  the  Norm  is  called 
the  Modulus. 

Thus  the  norm  of  either  of  two  conjugate  complex  quantities 
is  their  product. 

And  the  modulus  of  either  of  two  conjugate  complex  quantities 
is  their  geometric  mean. 

595.  The   necessary  and  sufficient  condition  that   a  complex 
quantity  should  vanish  is   that   its   norm    [or   modulus]    should 
vanish. 

For,  if  y  and  z  are  real  and  not  zero,  y2  and  z2  must  both  be 
positive.  Hence  yz  +  z*  cannot  vanish  unless  both  y  and  z  vanish. 
Thus,  if  y2  +  z2  =  0,  y  +  zi  =  0. 

Conversely,  if  y  +  zi  =  0,  we  must  have  y  =  0  and  z  =  0  ;  and 
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596.     The  norm  [or  modulus]  of  the  product  of  two  complex 
quantities  is  equal  to  the  product  of  their  norms  [or  moduli]. 

For  (a  +  bi)  (c  +  di)  =  ac  —  bd  +  (ad  +  be)  i, 

and  (ac  -  bdf  +  (ad  +  be)*  _  aV  +  b*d?  +  a?&  +  6V 


COR.  The  norm  [or  modulus]  of  the  nih  power  of  a  complex 
quantity  is  the  nih  power  of  its  norm  [or  modulus]. 

597.  If  the  product  of  two  complex  quantities  vanishes  one  of 
the  factors  must  vanish. 

For,  by  Art.  595,  in  order  that  (a  +  bi)  (c  +  di)  may  vanish,  its 
norm  must  vanish. 

That  is,  by  Art.  596,  (a-  +  62)  (c2  +  dz)  must  vanish. 

.".  either  a2  +  b2  or  c2  +  d?  must  vanish. 

.".  by  Art.  595,  either  a  +  bi  or  c  +  di  must  vanish. 

Theorems  on  Equations. 

598.  The  theorems  on  factors  in  Arts.  412,  413,  414  may  be 
expressed  as  theorems  on  equations,  and  thus  be  applied  to  any 
complex  (including  real)  quantities. 

Thus,  if  «!,  «2,  %...  are  (complex)  roots  of  the  equation 
f(x)  =  0  (oj,  Og,  a3  being  all  different),  then  f(aj)  =  0,  f(aa)  =  0, 
f(as)  =  0,  and  so  on.  Thus,  for  all  values  of  x, 

f(x)  =  <{>(x)(x-a1)(x-a2)(x-as)  ...... 

If  f(x)  is  of  the  nih  degree,  pxn  being  its  highest  term,  and  if 
«!,  a*3...an  are  n  roots  of/(aj)  =  0  ;  then,  for  all  values  of  aj, 
f(x)=p(x  -  oj)  (a:  -  a2)...(a-  »„). 

599.  Hence,  an  equation  of  the  nth  degree  cannot  have  more 
than  n  roots. 

For,  if  possible,  let  an+l  be  an  (n  +  1th)  root  of  the  above 
equation  f(x)  =  0  :  so  that/(«B+1)  =  0. 

Then,  putting  x  =  an+1  in  the  above  identity, 


27—2 
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But  the  factor  p  is  not  zero,  because,  by  hypothesis,  the 
equation  is  of  the  nili  degree.  Hence  one  of  the  factors  an+l  -  a,, 
an+i~ &2>---  must  be  zero  by  Art.  597.  That  is,  an+1  must  be 
equal  to  one  of  the  roots  al}  a2,...an. 

600.  The  complex  roots  of  an  equation  with  real  coefficients 
enter  in  conjugate  pairs. 

Let  f(x)  be  any  integral  function  of  x,  in  which  the  co- 
efficients of  the  several  powers  of  x  are  all  real. 

Then  writing  y  +  zi  for  #,  the  real  terms  must  be  those  which 
involve  even  powers,  and  the  imaginary  terms  those  which 
involve  odd  powers  of  z.  Hence 

If f(y  +  zi)  =  P  +  Qi,  then  f(y -zi)  =  P-  Qi. 

Therefore,  if  y  +  zi  is  a  root  of  f(x)  =  0 ;  we  have  P  =  0  and 
Q  =  0 ;  and  /.  f(y  -  zi)  =  0.  That  is 

If  y  +  zi  is  a  root  of  f(x)  —  0,  then  y  —  zi  is  also  a  root  of 
f(x)  =  0. 

601.  To  express  the  product  of  any  number  of  factors  of  ilie 
form   cos  a  +  i  sin  a.   as  a  complex  quantity. 

We  have  shown  geometrically,  that 

cos  (a  +  /?)  =  cos  a  cos  ft  —  sin  a  sin  ft, 
and  sin  (a  +  ft)  =  sin  a  cos  (3  +  cos  a  sin  (3. 

Hence,  since  i2 _=  —  1,  (cos  a  +  i  sin  a)  (cos  ft  +  i  sin  ft) 
=  cos  a  cos  (3  +  i  sin  a  cos  ft  +  i  cos  a  sin  ft  —  sin  a  sin  ft 
=  cos  (a  +  ft) '  +  i  sin  (a  +  ft). 

Hence  again  (cos  a  +  i  sin  a)  (cos  ft  +  i  sin  ft)  (cos  y  +  i  sin'y) 
=  {cos  (a  -f  ft)  +  i  sin  (a  +  ft)}  (cos  y  +  i  sin  y) 
=  cos  (a  +  ft  +  y)  +  i  sin  (a  +  ft  +  y). 

And  so  on.     Thus  the  product  of  any  number  of  factors 
(cos  a  +  i  sin  a)  (cos  ft  -f-  i  sin  ft) . .  .(cos  £  +  i  sin  £) 
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602.  To.find  the  cosine  and  sine  of  the  sum  of  any  number  of 
angles  in  terms  of  the  cosines  and  sines  of  the  angles. 

Multiply  out  the  product  on  the  left-hand  side  of  the  above 
equation:  and  equate  the  real  and  imaginary  parts.  Then; 
observing  that 

i2  =  —  1  ;  i3  =  -  i  ;  i*  =  +  1  ;  $  =  i]  and  so  on  • 
we  have 

cos  (a  +  ft  +.  .  .+  |)  =  cos  a  cos  /?.  .  .cos  £  —  2  sin  a  sin  ft  cos  y  ...  cos  £ 
-f  2  sin  a  sin  ft  sin  y  sin  8  cos  c.  .  .cos  £  —  .  .  . 


4-  ... 

where  the  symbol  5  denotes  'the  sum  of  all  terms  of  the  form 
obtained  by  interchanging  the  letters  a,  /?,  y...£  in  the  product  to 
which  it  is  attached.' 

This  conclusion  is  the  same  as  that  obtained  in  Art.   350. 
The  two  methods  of  proof  should  be  carefully  compared. 


De  Moivre's  TJieorem. 

603.     As  in  Art.  601  we  have,  for  all  real  values  of  m  and  ny 
(cos  mO  +  i  sin  mO)  (cos  nO  +  i  sin  nO)  =  cos  (m  +  n)  0  +  i  sin  (m  +  n)  0. 

That  is,  calling  cos  mO  +  i  sin  mO,  f(m\ 
f(m)xf(n)=f(m  +  n). 

Hence,  by  the  Index  Theorem  of  Art.  463,  m  and  n  being 
real, 

f(n)  is  one  value  of  {/(I)}*1, 

i.e.  cos  nO  +  i  sin  rc#  is  one  value  of  (cos  0  +  i  sin  6)n, 
for  all  positive  and  negative  values  of  n. 

This  result  is  so  important  that  we  will  give  a  proof  of  it 
without  introducing  the  index  theorem  in  its  general  form. 

It  is  usually  known  as  De  Moivre's  theorem. 
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604.      Whatever  positive  or  negative  value  n  may  have, 
cos  nO  +  i  sin  nO  is  one  of  the  values  of  (cos  0  +  i  sin  0)n. 

We  have  cos  (0  +  <f>  +  ^  +...)  +  i  sin  (0  +  <f>  +  \j/  +  ...) 

=  (cos  6  +  i  sin  0)  (cos  <£  +  i  sin  <£)  (cos  \f/  +  i  sin  i^)  .  .  .. 

Now  let  6  =  <£  =  ^  =  .  .  .  and  let  there  be  n  of   these  angles. 
Thus,  if  n  is  a  positive  integer, 

cos  nO  +  i  sin  nO  =  (cos  0  +  i  sin  0)71  ..............  (1). 

Next  let  n  be  a  negative  integer  =  —  m  say.     Then 
cos  w0  +  i  sin  n0  =  cos  mO  -  i  sin  m0 
cos2  7710  -  i2  sin2  m& 
cos  mO  +  i  sin  ra0 


-m  ........................  (2). 

Lastly,  let  n  be  a  fraction  =  -  say,  where  p  and  #  are  integral. 

Then    (cos  n6  +  i  sin  nO)*  =  f  cos  -  0  +  i  sin  ^  0  ) 
V       ?  ?    / 

=  cos/?0  +  isinj90  by  (1)  and  (2) 
=  (cos  0  +  i  sin  8)p  by  (1)  and  (2) 

.'.  cos  nO  +  i  sin  nO  is  one  of  the  values  of  ^/(cos  0  +  i  sin  0y  :  or 
cos  n0  -f  i  sin  nO  is  one  of  the  values  of  (cos  0  +  i  sin  0)n. 

P 
605.     To  find  q  values  of  (cos0  +  isin0)«  where  p  awe?  q  are 

prime  to  one  another. 

We  have  cos  0  +  i  sin  0  =  cos  (0  +  2A.7J-)  +  i  sin  (0  +  2A7r)  where  X 
has  any  integral  value. 

K\  ty\ 

:.  any  one  of  the  values  of  cos  -  (0  +  2A.7r)  +  i  sin  -  (0  +  2Air)  is 

? 
a  value  of  (cos  0  +  i  sin  0)". 

Giving  to  X  any  two  values  JJL  and  //,  the  expressions 
cos  -  (0  4-  2/x,7r)  +  i  sin  -  (0  +  2//jr) 


GENERAL   THEOREMS.  423 

and  cos  ^  (6  +  2/AV)  +  i  sin  ^  (9  +  2/7r) 

would  be  equal,  only  if  cos  -  (0  +  2ju7r)  =  cos  -  (0  +  2/x.V) 
and  sin^  (6  +  2/>wr)  =  sin  ^  (0  +  2//7r) ; 

nf\  an 

i.e.  if  the  angles  —  (0  +  2^i7r)  and  -  (0  +  2^/7r)  were  equi-cosinal  and 
equi-sinal ; 

ie.  if  £  (0  +  2fjLir)  -¥-(0  +  2//7r)  were  a  multiple  of  2ir ; 

i.e.  if  p  (/u,  -  /A')  were  a  multiple  of  (7. 

If  then  p  and  g'  are  prime  to  one  another,  this  condition 
becomes  '  if  /*  ~  /u'  is  a  multiple  of  q.'  A y 

Hence,  if  we  give  to  X  the  #  values  0,  1,  2...4J^i7'we  shall 

^n 

nf\  /v-\ 

obtain  q  different  values  of  cos  -  (6  +  2\Tr)  +  i  sin  —  (6  +  2\7r) :  and, 

if  we  give  to  \  higher  values,  the  values  of  this  expression  will 
simply  recur. 

Hence  q  values  of  (cos  6  +  i  sin  0)q  are  given  by  the  q  values  of 
cos  -  (0  +  2\7r)  +  i  sin^  (6  +  2X7r). 

606.     To  find  q  values  of  the  qth  root  of  any  complex  quantity. 
Let  a  +  bi  be  any  complex  quantity :    and  let  p  denote  the 
positive  value  of  ^/(a2  +  62).     Then  p  is  the  modulus  of  a  +  bi. 

Since  a/p  and  b/p  are  each  numerically  less  than  unity,  and 
are  such  that  the  sum  of  their  squares  is  equal  to  unity,  therefore, 
there  is  one  and  only  one  angle  between  0  and  2?r  whose  cosine  is 
a/p  and  whose  sine  is  b/p.  Let  this  angle  be  9. 

Thus  a  +  bi  =  p  (cos  0  +  i  sin  0). 

Now,  since  p  is  positive,  there  cannot  be  more  than  one 
positive  <?th  root  of  p.  And  there  is  one  positive  <?th  root  of  p, 
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whose  value  can  be  approximately  determined  by  the  Binomial 
Theorem. 

Let  p?  denote  this  positive  value  of  ^Jp. 

Then,  by  the  proposition  of  the  last  article,  q  values  of  the 
qih  root  of  cos  6  +  i  sin  0  are  given  by  the  q  values  of 

0+2A.7T         .     .       0+2\TT 

cos  —  --  h  ^  sin  -  :  —  . 
9  ^i 

Hence  q  values  of  the  qih  root  of  a  +  bi  are  given  by  putting  X 
successively  equal  to  0,  1,  2,,..q-  1  in  the  expression 

cos  -  +  ^  sin 


^07.     There  is  one  point  in  the  above  result  that  requires 
special  attention. 

In  the  theory  of  indices,  we  use  the  symbol  afl  as  the  equivalent 

of     «*  or    a. 


p  rp 

Now,-  by  the  theory  of  fractions,  cfl  =  arq.     Is  it  then  legiti- 


mate to  infer  that   <J(aP)  =  r^ 

By  the  above  proposition  f/(ap)  has  q  values;  and,  by  Art.  599, 
it  cannot  have  more  than  q  values.  Similarly  ^/(a**)  has  rq 
values  and  no  more. 

Hence  %J(ap)  and  ^(0,^)  have  not  the  same  number  of  values  : 
and,  therefore,  cannot  be  said  to  have  the  same  meaning. 

The  q  values  of  jj(ap)  are,  however,  all  contained  amongst  the 
rq  values  of  ^(a**)  :  as  the  student  may  show  for  himself. 

The  roots  of  +  1  —  1,  +  i,  and  —  i. 

608.     In  De  Moivre's  theorem,  Art.  605,  let  p  =  1. 

Now  put  0  =  0.     Thus  cos  0  =  1,  and  sin  0  =  0. 

Hence  the  q  qth  roots  of  unity  are  given  by  the  q  values  of 

2A.7T  2A7T 

cos  -  --  h  ^  sin  -  . 

q  q 
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Next  put  6  =  if.     Thus  cos  6  =  -  1  and  sin  0  =  0. 

Hence  the  q  <?th  roots  of   minus  unity  are  given  by  the  q 


values  of 


2X+1        .   .    2X+1 

TT  •\-^  sin L  TT. 


Next  put  6  =  JTT.     Thus  cos  0  =  0  and  sin  0  =  1. 
Hence  the  q  qih  roots  of  i  are  given  by  the  q  values  of 


4X  +  1    TT         .    4X+1 
cos  —          •  K  +  *  sin 


•  K  -  .  -  . 

q          2  02 

Next  put  0  -  |TT.     Thus  cos  0  =  0  and  sin  0  =  -  1  . 
Hence  the  q  <?tb  roots  of  -  i  are  given  by  the  q  values  of 

4X+3    TT  4X  +  3    TT 

cos  -      -  .  -  +  «  sin  —      -  .  -  . 
q         2  #2 

609.     Again,  in  Art.  606,  put  0  =  0.     Then  a  +  bi  reduces  to 
«,  i.e.  p,  a  real  positive  quantity. 

Hence  the  qih  roots  of  a  are 

2X7T  2X7T\ 

cos  --  +ism  -  -  T, 


i 

where  the  expression  in  the  bracket  represents  the  <?th  roots  of 


Again  put  0  =  ir.     Then  a+fo*   reduces   to  a,  i.e.  -p,  a 
negative  quantity. 

Hence  the  qih  roots  of  a  are 

i/       2X+1  ,    2X+1    \ 

(—<•)•(  cos  -  TT  +  i  sin  —     -  TT  )  , 

v       ^  r     / 

where   the  expression  in   the   bracket  represents  the   qih   roots 
of  minus  unity. 

We  may  illustrate  the  important  result  of  Art.  606  by  showing  that 
the  ratio  of  any  two  q&  roots  of  a  quantity  is  a  g"h  root  of  unity. 

Thus  giving  to  X  any  two  values  /*  and  /,  the  ratio  of  the  two 
corresponding  qih  roots  of  a  +  bi  is 

cos  (6  +  2^n}/q  +  i  sin  (6  +  2fMrr)/q 
cos  (0  +  2p.'n)/q  +  i  sin  (0  +  2fiir)/q  ' 
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Multiply  numerator  and  denominator  of  this  fraction  by 

cos  (6  +  VT)/?  -  *  sin  (0  +  V'O/S'- 
The  new  denominator  becomes  unity. 
And  the  new  numerator  becomes 


COS 


7T\         .     .       / 

1  +  1  sin  I 

/ 


e 


2u-2u'        .   .    2/H-2/*'  f      ., 

i.e.  cos  — ~  TT+I  sin  -£ ~  TT,  a  <?    root  of  unity. 

610.     To  express  xn  —  1  in  real  factors,  n  being  integral. 
Solving  the  equation  xn  =  1,  i.e.  =  cos  2X?r  +  i  sin  2A.7T,  we  have 

^>\7T          ,      •       juA/TT 

a?  =  cos h  i  sin . 

w  n 

This  expression   has  w   values  obtained   by   putting   X   suc- 
cessively equal  to  0,  1,  2...n  —  1. 

.     T.  L     eno  i          n\=n-l  (  2X-7T        .     .      2X7T\ 

. .  by  Art.  598,  xn  -  1  =  P.          ( x  -  cos ^  sm ) . 

A=o      \  n  n  J 

Putting,  here  X  =  0,  we  have  for  the  first  factor  x—  1. 
The  other  factors  may  be  paired  thus  : 

(X  -  cos  -  2?r  —  i  sin  -  2?r  )  (  x  —  cos 2-jr  —  i  sin STT  ) 
n                   n      J  \                n                         n         J 

(  X0  \2      /.   .    Xn  \2  2X7T 

-(x  —  cos  -  ZTT  }  —  [i  sin  -  ZTT  )  =  or  —  2.T  cos  — -  +  1. 
\  n      J       \         n      J  n 

If  n  is  even,  the  value  X  =  \n  is  unpaired,  and  gives 
x  —  cos  TT  —  i  sin  TT  =  #  +  1. 

Hence,  if  n  is  even,  xn  —  1  =  (x2  —  1)  x 

/2  27T\/  4-7T\/  W-2  \ 

\  »        /  \  n        J "  \  n  J' 

And,  if  n  is  odd,  xn  -  1  =  (x  —  1)  x 

(as2  — 2a:cos  —  +  1  )  (  as2  —  2#cos  —  +  1  ) ...  (  x2  —  2a;cos ?r  +  1 V 
n        J\                     n        J      \                       n  J 
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611.     To  express  xn+  1  in  real  factors,  n  being  integral. 
Solving  the  equation  xn  —  —  1,  i.e.  cos  (2X  +  l)ir  +  isin(2X  +  !)TT, 

2X+1  2X  +  1 

we  have  x  —  cos  —      -  TT  +  I  sin  -      —  TT. 
n  n 

This  expression  has  n  values  obtained  by  putting   X   suc- 
cessively equal  to  0,  1,  2...W  —  1. 

DA=»-I/  2X+1  .    2X  +  1    \ 

/.by  Art.  598,  xn+l  =  P,          (a-cos  --  7r-ism-     -IT). 
*=o      \  n  n        ) 

The  factors  here  may  be  paired  thus  : 

/  2X+1  .  2X+1  \/  2w-2X-l  .  2w-2X-l  \ 
(  x—  cos  -  TT—  ^sm  -  IT  )[  £C-cos  -  TT—  tsin  -  IT  I 
\  n  n  J\  n  n  J 

2X  +  1    \2      /.   ,    2X+1    \2  2X+1 

2XCOS—       —  7T+1. 


(     2X  +  1  \2   /.  ,  2X+1  \2 

=  (03  -COS—   -  7T)  -(iPin  -   -  ir)  =X2- 

\       n    )   \     n   ) 


n 
If  n  is  odd,  the  value  X  =  J  (n  —  1)  is  unpaired,  and  gives 

x  —  cos  TT  -  i  sin  TT  =  x  +  1. 
Hence,  if  n  is  even,  xn  +  1  = 


TT+ 
And,  if  n  is  odd,  xn  +  1  =  (x  +  1)  x 


612.     To  resolve  x211  -  2xn  cos  n0  +  1  into  factors,  where  n  is 
integral  and  cos  n0  is  not  +  1  nor  —  1. 

Solving  the  equation  a271  -  2xn  cos  ro0  =  -  1, 
we  have     a271  -  2jcn  cos  n0  +  cos2  w0  =  -  (  1  -  cos2  nO)  =  -  sin2  nO. 
.'.  a;"  =  cos  n6±i  sin  710  =  cos  (nO  +  2X?r)  ±  i  sin  (w0  +  2X?r) 

(  n        2\7T\  /..        2\7T\ 

.'.  x  —  cos    t/  H  ---    ±i  sin    ^  H  ---    . 
V         n  J  \         n  J 

If  to  X  we  give  different  values  /x  and  /x',  then  the  two  values 
of  x  will  be  different  unless 


428  IMAGINARY  AND   COMPLEX  QUANTITIES. 

either  (0  +  2/«r/n)  +  (6  +  2p!ir/n)  or  (6  +  2/xrr/ra)  -  (6  +  2/xV/n) 
is  a  multiple  of  2?r  ; 

i.e.  unless  either  nO  is  a  multiple  of  TT,  or  /x  ~  //  is  a  multiple 
of  w. 

If  nO  is  a  multiple  of  TT,  cos  n#  =  ±  1  :  which  has  been  excluded. 

Hence,  giving  to  X  the  n  values  0,  1,  2...n—l  we  have  2n 
values  of  x. 

Hence 

a*  -  2x-  cos  *0  +  1  =  Pf  f1  {x  -  cos  (o  +  *—}  =P  i  sin  (W^l 

A=°    I         \      »  /         \      »  // 


where  the  two  factors,  obtained  by  taking  the  upper  arid  lower 
signs  before  i,  are  multiplied  together. 

613.     Put  cos  6  +  1  sin  0  =  x. 
Multiply  by  cos  6  —  i  sin  0.     Thus 

1  =  x  (cos  0  —  i  sin  0)  or  cos  0  —  i  sin  0  =  x~l. 
Also,  by  De  Moivre's  theorem,  n  being  integral 

cos  nO  +  i  sin  nO  =  xn  and  cos  nO  —  i  sin  nO  =  x~n. 
Moreover  by  addition  and  subtraction 

2  cos  0  =  x  +  X'1  ;  2i  sin  6  —  x  —  x~l. 

2  cos  n0  =  xn  +  x~n  •  2i  sin  nO  =  xn  -  x~n. 

These  are  extremely  useful  transformations. 
We  showed,  in  Arts.  416,  418,  that 

xn  +  x-n 


are  respectively  the  same  functions  of  x  +  x~*  as  2  cos  nO  and 
2  sin  nO/2  sin  0  are  of  2  cos  6.  But  we  did  not  there  equate 
the  corresponding  expressions.  To  do  this  we  must  implicitly 
introduce  imaginaries.  For  2  cos  0  must  be  <  2  for  any  real  angle, 
and  x  +  or1  must  be  >  2  for  any  real  value  of  x  (  •/  x  -  2  +  x'1  is 
a  square  quantity). 
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614.     In  Art.   610,   where  n  is  even,   write  2m  for  n  and 
divide  both  sides  by  xm.     Thus 

/  TT\/  27r\       /  m-1    \ 

(  x  +  x~l  —  2  cos—  }(x  +  x~i  —  2  cos  —  ) ...  ix  +  x'1  —  2  cos  —    —  TT  ). 
\  im/\  m>/       \  m       / 


Now  put  x  +  x~1  =  2cosO'}  then  x  —  or1  =  2isin0;  and 

xm  —  x~m  =  2i  sin  mO. 
Thus  sin  mO  =  sin  6  x 

2  cos  6  -  2  cos  -\  (2  cos  0  -  2  cos  —V . .  f  2  cos  6  -  2  cos  ^— ^  iA . 
m/\  m/      \  m       J 

Again,  in  Art.  611,  where  n  is  even,  write  2m  for  n^  and 
divide  both  sides  by  xm.     Thus 

xm + x-m  = 


Now  put  a;  +  x~l  =  2  cos  0 ;  then  xm  +  x~m  =  2  cos  mO.     Thus 
2  cos  m0  = 


2  cos0  -  2  cos  •£-}( 2  cos  0-  2  cos  ^V.  Y2cos0-2cos  ^—  TT  ). 
2m/ \  2m/      \  2m       J 

Again  in  Art.  612,  divide  both  sides  by  xn.     Thus 

xn  +  x~n  —  2  cos nO  =  (x  +  x'1  -  2cos0)  \x  +  x~l—  2  cos  (  6  -{ \\  .. 

'  (  \        nj] 

jiC  +  rC-1-2cOS^  +  -     -27T^|. 

Now  put  x  +  x~l  -  2  cos  a ;  then  xn  +  x~n  =  2  cos  na.     Thus 

2  cos  Tta  —  2  cos  nO  —  (2  cos  a  —  2  cos  0)  K  2  cos  a  —  2  cos  (  0  +  —  H . . , 

I  \       nj) 

J2cosa-2cos(<9+  —  -  2ir^|. 


These  6  results  are  the  same  as  those  obtained  in  Arts.  419 
420,  421. 
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§  2.     EXPANSIONS  BY  DE  MOIVRE'S  THEOREM. 


615.  In  the  following  propositions  we  shall  require  to  make 
use  of  the  Principle  of  Continuity. 

DBF.  A  function  of  a  variable,  whose  value  may  be  made  to 
change  by  as  small  a  quantity  as  we  please,  by  making  the 
change  in  the  variable  sufficiently  small,  is  said  to  be  con- 
tinuous. 

PROP.  An  endless  series  in  ascending  integral  powers  of  x  is 
a  continuous  function  of  x,  for  all  values  for  which  it  is  con- 
vergent. 

For  let,/(a;)  =  c0  +  c&  +  c#?  +  ...  4-  cnxn  +  ... 
Then  changing  x  into  x  +  d,  we  have 
f(x  +  d)  =  c0  +  c1(x  +  d)  +  c2  (x  +  d)2  +  ...  +  cn  (x  +  d)n  +  ... 
Here  the  first  term  in  cn  (x  4-  d)n  is  cnxn. 
.'.  f(x  +  d)-f(x)  =  d.  S  where  S  is  finite,  since  f(x  +  d)  is 
convergent. 

Now,  if  a  is  any  assignable  quantity  not  zerOj  we  can  make 
d  less  than  a  +  S,  since  S  is  not  infinite.  Hence  f(x  + d) —f(x) 
may  be  made  less  than  assignable  quantity  a  by  sufficiently 
diminishing  d.  That  is,  f  (x)  is  continuous. 

The  above  proposition  is  required,  when  we  know  the  value  of 
a  series  for  some  particular  value  of  x,  but  cannot  otherwise 
determine  which  of  a  number  of  different  forms  must  be  assigned 
to  its  general  value.  The  proposition  shows  that  we  must  assign 
such  a  form  to  the  general  value  of  the  series  as  will  make 
it  change  continuously  from  its  known  value  when  x  changes 
continuously. 

616.  In  deducing  expansions  involving  complex  quantities, 
pur  results  are  based  on  the  Binomial  Theorem. 

We  have,  then,  first  to  examine  whether  the  expansions 
are  convergent.  This  will  require  that  both  the  series  of  real 
terms  and  the  series  of  imaginary  terms  are  convergent. 
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We  have,  secondly,  to  show  how  the  proof  of  the  Binomial 
Theorem  is  to  be  applied  to  complex  quantities.  The  student  will 
notice,  then,  that  the  index  theorem  required  that  the  index 
m  involved  should  be  real  (positive  or  negative)  and  that  f(m) 
should  be  single-valued.  If  these  conditions  are  fulfilled  f  (m) 
may  be  itself  complex.  Then,  if  /(ra)  xf(n)  =f(m  +  n),  f(n)  is 
one  of  the  values  of  f(l)n.  This  theorem  applies,  as  shown  in 
Arts.  465,  466,  to  any  series  of  the  form  of  the  Binomial  Ex- 
pansion, whether  x  be  complex  or  real,  provided  n  is  real.  It 
will  remain,  therefore,  to  determine  to  which  of  the  values 
the  series  must  be  equated,  when  n  is  fractional. 


617.     In  De  Moivre's  theorem,  let  n  be  a  positive  integer. 
Then  cos  nO  +  i  sin  nO  =  (cos  0  +  i  sin  6)n. 

Expanding,  by  the  binomial  theorem  for  a  positive  integer, 
and  equating  the  real  and  imaginary  terms,  we  have 

cos  nO  =  cos"  6  -  U  ^  ~  ^  cosw-2  6  sin2  0  +  .  .  . 
1  .  2i 

sin  nO  =  n  cos"-1  0  sin  0  -  ro(M"  **  (w~  2)-  cosn-3  e  sin3  e  +  <  > 

1.2*9 

Dividing  we  have 

nt&nO-lnfn-  1)  (n  -  2)  tan3  0  -f  ... 
tan  nu  =  -  =  —  ^  —  ^  -  =-r  -  r-r  - 


cot*0-in(w-l)cotB-a0  +  ... 

cot  n0  = 


These  results  have  already  been  obtained  (Art.  359). 

618.     Let  n  be  a  negative  integer,  =  —  m  say. 
(1)     Lettan0<l.     Then 

cos  nO  +  i  sin  nO  =  (cos  0  +  i  sin  6)n  =  cos71  6  (1  +  i  tan  0)n. 

We  may  expand  in  ascending  powers  of  tan  0,  since  tan  6  is 
1.     Thus,  equating  real  and  imaginary  terms, 


where  n  is  negative.     Or 
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cos  mO  =  sec™  0  {  I  -  \m  (m  +  1  )  tan2  0  +  .  .  .  } 
sinmO  =  secm  0  {m  tan  B-\m  (m  +  l)(m  +  2)  tan3  0  +  .  ..} 
where  m  is  positive. 

(2)     Lettan0>l.     Then 

cos  nO  +  i  sin  nO  —  (cos  0  +  i  sin  6)n  —  sin71  0  (i  +  cot  6)n. 
.'.  i~n  cos  n6  (n  even)  or  i~n+1  sin  nO  (n  odd) 

=  sin7l0{l  -%n(n 
2;-»+2  sin  nO  (n  even)  or  i~n+1cos  n6  (n  odd) 

=  sinTC0{rccot0-^(ra-l)( 
where  n  is  negative.     Or 

771  TO—  1 

(-  1)2  cos  m6  (m  even)  or  (-  1)"*"  sin  mO  (m  odd) 

=  cosecm0{l-|w(m+l)cot20+...} 

m+2  m-1 

(—  1)  2   sin  w0  (m  even)  or  (—  1)  2   cosm0  (m  odd) 

=  cosecm  0  {m  cot  0  -  |ra  (m  +  1)  (m  +  2)  cot3  6  +.  .  .  } 

where  m  is  positive. 

619.     Let  n  be  fractional  =p/q  say. 

Then,  by  De  Moivre's  theorem,  the  q  values  of  (cos  0  +  i  sin  0)«~ 

.          /v\  rr\ 

are  given  by  cos  -<f>  +  i  sin  -  </>   where  <£   is    any   angle    whose 
cosine  =  cos  0  ar^d  whose  sine  =  sin  6. 
Now  suppose  tan  0  <  1. 

Then,  by  the  binomial  theorem,  since  p/q  is  real  so  that  the 
argument  of  Art.  466  holds  although  cos#  +  isin0  is  complex, 

the  q  values  of  (cos  0  +  i  sin  6)q  are  given  by  the  series 
•/(cos?  0)  h  -.P&^l)  /tan  0\2  ]p(p-q)(p-  2g)  (p  -  3g)  /tan  0y 

1  2\<?/  4:  V^/ 


p  (»  -  q)  (p  -  2q) 
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where,  by  Art.  606,  the  multiplier  «J(cosp  6}  has  q  values;  and 
the  series  into  which  it  is  multiplied  is  finite  and  single-valued, 
since  tan  0  <  1. 

Now  suppose  cos  6  is  positive. 

Then  f/(cosp  0)  has  one  real  positive  value.  Using  this  value 
in  the  above  series,  the  upper  line  is  wholly  real  and  the  lower 
line  is  wholly  imaginary. 

Hence  the  upper  line  =  cos  -  <j>  and  the  lower  line  =  i  sin  -  <£, 

where  <£  is  some  angle  whose  cosine  =  cos  0  and  whose  tangent 
=  tan  6. 

It  remains  to  determine  which  of  the  alternative  values  of  <£  is 
to  be  taken.  To  do  this  we  apply  the  principle  of  continuity. 
Thus 

As  cos  6  approaches  the  limit  +  1  and  tan  0  the  limit  0,  the 
upper  line  approaches  the  limit  +  1  and  the  lower  line  the  limit  0. 

0 

Hence,  in  the  limit,  the  upper  line  =  cos  -  0  and  the  lower  line 
=  isin^0.  Hence  the  general  values  of  the  upper  and  lower 

line  are,  respectively,  cos^  0  and  i  sin  -  6,  where  0  is  the  (positive 

or  negative)  acute  angle  whose  cosine  =  cos  6  and  whose  tangent 
=  tan  0. 

For,  if  any  other  values,  e.g.  cos  -  (2ir  +  0)  and  i  sin  -  (2?r  +  0) 
were  given,  then  as  0  approached  the  limit  0,  the  two  series 


-  2?r  and  isin  - 
reached  its  limit,  the  two  series  would  be  1  and  0  respectively. 


would  approach  the  limits  cos  -  2?r  and  isin  -  2?r,  and  yet  when  6 


This  would  involve  a  breach  of  continuity,  which  we  have 
shown  to  be  impossible  in  a  convergent  series. 

J.  T.  28 
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Hence  we  conclude  as  follows  : 

If  n  is  fractional,  and  if  tan  0  <  1,  and  if  cos  6  is  positive,  then 


where  0  is  acute,  and  cos11  0  has  its  real  positive  value. 

620.  Next  let  cos  0  be  negative,  and  let  q  be  odd. 

Then  taking  the  real  negative  value  of  £/(cosp  0)  if  p  is  odd, 
and  the  real  positive  value  of  ^(cos*  0)  if  p  is  even,  the  upper 
line  is  wholly  real  and  the  lower  line  wholly  imaginary. 

Now  as  cos  0  approaches  the  limit  —  1  and  tan  0  the  limit  0, 
the  upper  line  approaches  the  limit  +1  or  —  1  according  as  p  is 
even  or  odd,  and  the  lower  line  the  limit  0.  Hence,  in  the 

limit,  the  upper  line  =  cos  -  q-ir  and  the  lower  line  =  i  sin  -  qn. 
Hence,  by  the  principle  of  continuity,  the  general  values  of  the 
upper  and  lower  line  are,  respectively,  cos  -  0  and  i  sin  -  0,  where 

0  is  the  angle  nearest  to  qir  whose  cosine  =cos0  and  whose 
tangent  ==  tan  0. 

621.  Next  let  cos  0  be  negative  ;  and  q  even,  but  ^q  odd. 

Then  p  and  q  being  supposed  prime  to  one  another,  p  is  odd. 
Then,  by  Art.  608, 


-  COS*  0)  .  ( 


cos  TT  +     Sn 


where  X  has  any  integral  value.     Put   2A  +  1  =  %q.     Then  one 

P-I 

value  of    */(cos*0)  is  ^(-Cos*<9)  .  (-  1)  2  ,  where  «/(-co$P6)  has 
its  real  positive  value. 

Giving  to  */(cos*  0)  this  value,  the  upper  line  becomes  wholly 
imaginary  and  the  lower  line  wholly  real. 

Thus 
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where  <j>  is  some  angle  whose  cosine  =  cos  0  and  whose  tan  =  tan  0. 
Now  as  cos  0  approaches  the  limit  -  1  and  tan  0  the  limit  0, 
the  upper  line  here  approaches  the  limit  1  and  the  lower  line  the 
limit  0. 

Hence,  in  the  limit,  upper  line  =  (—  1)  2  sin  -  .  ^~  ; 

q     2 

—        p    air 

and  lower  line  =  (—  1  )  2   cos  -  .  —  r  . 

q      2 

Hence  the  general  values  of  the  upper  and  lower  line  are, 

P-\       p  P+I        p 

respectively,    (-  1)  2  sin-  0  and  (-  1)  2  cos-  0,  where  0  is  the 

angle  nearest  to  ^qir,   whose  cosine  =  cos  0  and  whose  tangent 
=  tan0. 

622.     Let  cos  0  be  negative,  and  p  and  q  have  any  values 
prime  to  one  another.     Then,  by  Art.  608, 

=  £/(-  cos  0)p  (cos  —     -   pir  +  i  sin 


pir 


Hence  giving  to  ^/(—  cos  0)p  its  real  positive  value,  we  have 


-  sin- 


=  cos  -  6  ;  and 


Sill 


=  sm  -  ^, 
^ 

58—2 
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where  9  is  the  angle  nearest  to  (2r+l)7r  whose  cosine  =cos# 
and  whose  tangent  =  tan  0. 

This  result  includes  those  of  the  preceding  two  articles. 


For,  if  q  is  odd,  we  may  put  2r  +  1  =  q,  so  that  cos  —    —  prr  =  (  -  1)*, 

and  sin  —    -  p*r  =  0.     Hence  the  series  for  cosp0/q  and  sin  p6/q  reduce 
to  the  forms  given  in  Art.  620. 


And,   if  q  is  even  and  %q  odd,  we  may  put  2r  +  l=^,  so  that 

cos  —     "»7r  =  0andsin prr=(  — 1)~*~.     Hence  the  series  reduce 

q  q 

to  the  forms  given  in  Art.  621. 

Moreover,  if  q  and  \q  are  both  even,  we  cannot  make  either 
cosp(2r  +  l)7T/q  or  sin^>  (%r  +  I)ir/q  vanish,  so  that  cos  pd/q  and 
sinpd/q  cannot  be  expressed  in  a  single  series. 

623.  The  result  of  the  last  article  follows  immediately  from 
Art.  619. 

For,  if  0  —  (2r  +  1)  TT  is  acute,  the  multipliers  of 
cos  (2r  +  1)  pir/q  and  sin  (2r  +  I)p7r/q 
in  the  series  of  Art.  622  are,  by  Art.  619,  respectively 

cos  {0  -  (2r  -f  1)  IT}  p/q  and  sin  {0  -  (2r  +  1)  TT}  p/q. 

Hence  the  expressions  given  for  cospO/q  and  smp6/q  are 
equal  respectively  to 

/2r+l         p,>     2r+l      \        ,  .    /2r+l          p       2r+l 
cos  (  pTr-f-tlfl PTT  }  and  siu  [  -      ~pir  +  -6 —  »TT 

\<?         q        Q       /  V?          q 

624.  Lastly  suppose  tan  0>  1. 

p  P 

Then         (cos  0  +  i  sin  0) « =  (i  sin  0) « (1  -  i  cot  0) 

If  sin  0  is  positive,  by  Art.  608, 
~Jt 


/i\  .   . 

=  !/(su&6)    ™s  —        .      -  +  tain 


If  sin  6  is  negative,  by  Art.  608, 

4r  +  3 

where  ^  (sinp  0)  and  ^  (-  sin  0)**  are  taken  as  real  positive. 


.  -e  m-/       4r  +  3     JOTT         ,    4r  +  3     »TT\ 

(i  sin  $)*  =  $  (-  sin  0)P  f  cos  -  '  %  +  *  sm  --  •  %  )  » 
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Write  0  for  the  series  1  _^rf(cot*Y  +  .. 

1.2      \    q    J 

j  o  e     -LU         •         cot  ^     P(p  —  y)(p  —  2?)      /cot  0V 
and  £  for  the  series  p       ---  i    no  -  —  •  I        -)+:.. 

-q  1.2.3  V    q    ) 

Here,  when   cot  0  =  0,  (7=1  and  S  =  0.     This  gives  us  the 
clue  for  discovering  their  general  value. 

Thus,  if  sin  0  is  positive, 

ix  /  ^  4r  +  1      PTT      n          4r  +  1      PTT\  p  . 

$  (sua?  9)(C  .  cos  -   .  £5-  +  S.  sin  -  .  *~J  =  cos  -  0, 

*i  ni  i  •   n  ,\\  (  n     -    4r  +  1      »TT  4r  +  1      »TT\        .    p  ~ 

and  «/  (sin*  9)(G  .  sm  -  .  y—  -  S.  cos  -  .  ^-J  =  sin^-  (9, 

where  0  is  the  angle  nearest  to  J  (4r  +  1)  TT  whose  sine  =  sin  0  and 
whose  cot  =  cot  0. 

But,  if  sin  9  is  negative, 

-.in  e       <7.  cos 


and        -Si 


where  6  is  the  angle  nearest  to  J  (4r  +  3)  TT,  whose  sine  =  sin  0  and 
whose  cot  =  cot  9.     Thus 

(A)     If  p  is  even,  <?  of  the  form  4r  +  1,  and  sin  9  positive, 


(B)  If  jt?  is  even,  g  of  the  form  4r  +  3,  and  sin  9  negative, 

C  !  i«/  (-  sin  By  -  (-  1)^  cos^  9  and  S  .  «/  (-  sin  0)^  =  (-  1)  ^  sin  ^  0. 

(C)  If  p  is  odd,  q  of  the  form  4r  +  1,  and  sin  9  positive, 
C.  y  (sin*  (9)  =  (-  1)^  sin^  (9  awrf  S.  $  (sin^  0)  -  (-  l)^cos^  9. 

(D)  If  p  is  odd,  g  of  the  form  4r  +  3,  and  sin  9  negative, 

€.#(-  sin  Oy  =  (-  1  )  '^  sin  ^  (9  awd  S  .  «/  (-  sin  (9)^  -  (-  lp  cos  ^  (9. 

#  i  5 

In  (A),  (B),  (C),  (D),  0  is  the  angle  nearest  to 
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625.  In   the  following  article,  an  important  application  is 
made  of  the  Binomial  Theorem..    The  proof  given  is  equivalent  to 
establishing  an  equation  involving  the  first  and  second  differential 
coefficients  of  the  function  to  be  expanded. 

626.  To  expand  {(1  +  x2)*  +  x}n  in  powers  ofx,  where  x  <  1. 
We  may  write 

1  +  7ix  +  a2x2  +  a3x9  +  ...+  araf+...=  {(I  +  x*)*  +  x}n  ...(I), 
the  first  two  terms  being  immediately  derivable  from  the  bi- 
nomial theorem. 

Now  write  x  +  h  for  x.     The  left-hand  becomes 

1  +  n  (x  +  h)  +  a2  (x  +  hf  +  .  .  .  +  ar  (x  +  h)r  +... 
The  right-hand  becomes 


Thus,  equating  the  coefficients  of  A,  after  substituting  from 

(1), 

(l+0!2)*(w+2a2a5+.  .  .+rarxr~l+.  .  .}=n(l+nx+a^+.  . 

Again  in  (II)  write  x  +  h  for  x.     Then 


a^(x  +  Jif+...+  ar(x  +  h)r  +  ...}. 
Equating  the  coefficients  of  h  again,  we  have 


=  n  n 

=  n2(l+x?)~*(l  +  nx  +  a.j(?+...+  arxr+...)  by  (II). 
Multiply  by  (1  +  x2)*.     Thus 


...)     .  ........  (Ill) 

In  (III)  equate  the  coefficients  of  of.     Thus 

(r  +  2)  (r  +  1)  ar+2  +  r(r—I)ar  +  rar  =  ri*ar  ; 
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Putting  r  in  succession  0,  1,  2,  3....  we  have 


(n  —  r  -4-  2)  (n  —  r  +  4)  .  .  .(n  +  r  —  2) 
+  -  -  —  -  :  -  -  —  *  --  '  nxr  +  .  .  .. 

t 

Also  substituting  for  az,  %...  in  (II),  we  have 


(n-r+l)(n-r  +  S)...  r 


jr 


1 


627.     In  these  two  expansions,  the  multiplier  of  the  alternate 

r2-  n2 
terms  is  —  ;  -  =-—.  -  ^  a-2,  the  limit  of  which  is  —  x2.     Hence,  if 


x  is  wholly  real  and  lies  between  +  1  and  —  1,  or  if  a;  is  wholly 
imaginary  and  if  ix  lies  between  +  1  and  -  1,  the  series  are 
convergent. 

628.  The  above  formulae  may  be  transformed  in  many  ways. 
If   x  is  wholly  real  and  less  than  1,  the  series  are  positive 

(as  the  student  may  show) :  hence  the  real  positive  values  of  the 
fractional  powers  must  be  taken. 

629.  A.     Let  (1  +  a2)*  +  x  =  z ;  then  (1  +  x^  -  x  =  z~\ 

and  2x  =  z  —  z~l. 

If  x  lies  between  -  1  and  +  1,  z  lies  between  ^2-1  and  J2  +  1 ; 
and  we  have 

nf       1\        n2    /       l\a      w(^2-l2)/       T 


nf       1\        n 
H(3--)  +-— 

2\      «/      2. 


--  - 

2.4.6 


Hence  any  power  of  z  may  be  expressed  in  ascending  powers 
of  z  --  in  a  series,  which  is  convergent  if  z  lies  between  v/2  -  1 

and  J2  +  1. 

It  would  thus  appear   that,    by   expanding   the   powers   of 
z  -  z~l  by  the  binomial  theorem,  we  could  expand  any  power  of  z 
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in  positive  and  negative  integral  powers  of  z.  And  this  is  in  a 
sense  true.  But  the  resulting  series  would  be  divergent,  unless 
we  took  the  terms  in  groups  corresponding  to  the  integral  powers 
of  s  -  z-\ 


630.    B.  Let  x  =  cot  6;  then  ^(l+x^  +  a 

If  then  x  lies  between  -  1  and  4- 1,  we  may  take  6  between 

and  |TT,  so  that  cot  |0  is  positive.     Thus 

2  /     2         1 S 

=—  cot'0  + 


cot30+.... 


631.  To  expand  cos  nO  and  sin  nO  in  powers  of  sin  6,  when  n 
has  any  real  value. 

In  the  formulae  of  Art.  626,  put  x  =  i  sin  0.  Then  J(l  +  x2)  +  x 
=  cos  0  +  i  sin  0.  Hence  the  series  represent  some  value  of 
(cos  6  +  i  sin  Q)n,  i.e.  of  cos  n^>  +  i  sin  n^  where  $  is  some  angle 
whose  cosine  and  sine  are  equal  to  those  of  6  respectively. 

If  B  =  0,  x  =  0  ;  and  the  series  become  =  1  =  cos  nO. 

Hence,  by  the  principle  of  continuity,  if  6  is  acute, 


Sn 


_.  m  m=s  CQS  n6  . 


. 
n  sm  0 


I3 


. 
sin3  6  + 


. 
sin5  0  -  .  ..  =  sm  nO, 


[2 


|4 


n  sin  0  — 


n 


...  . 

[3  |5  cos  ^ 

The  first  and  last  of  these  series  terminate  only  if  n  is  an 
even  integer  ;  the  middle  two  terminate  only  if  n  is  an  o(/c? 
integer.  For  these  special  cases,  the  above  formulae  were  proved 
in  Art.  375. 

632.  To  show  that,  if  n  is  positive,  the  series,  obtained  by 
multiplying  all  the  terms  in  the  expansion  of  (1  —  I)71  by  any 
positive  or  negative  finite  quantities,  is  convergent. 
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As  soon  as  r  becomes  greater  than  n,  the  terms  in  the  ex- 
pansion of  (1  —  l)m  after  the  rth  have  all  the  same  sign. 

If  n  is  positive,  the  series  is  convergent  by  Art.  461,  and  is 
in  fact  equal  to  zero.  Hence  the  sum  of  the  terms  after  the  rth  is 
finite,  being  numerically  equal  but  opposite  in  sign  to  the  sum  of 
the  terms  up  to  the  rth. 

Hence,  if  all  the  terms  after  the  rth  are  multiplied  by  any 
positive  finite  quantities,  the  resulting  series  will  be  conver- 
gent by  Art.  453.  And  if  any  of  the  signs  are  then  changed, 
the  resulting  series  will  still  be  convergent  by  Art.  445. 

Hence,  the  series  obtained  by  multiplying  all  the  terms  in 
the  expansion  of  (1  —  l)re,  where  n  is  positive,  by  any  positive 
or  negative  finite  quantities  is  convergent.  Q.  E.  D. 

633.  To  expand  (2  cos  6)n  in  ratios  of  multiples  of  0,  where  n 
has  any  (integral  or  fractional)  positive  value. 

The  general  value  of  (2  cos  6)n  is  given  by  the  expression 

(2  cos  6)n  (cos  2X?r  .  n  +  i  sin  2X?r  .  n). 
Again      (2  cos  0)n  =  {cos  0  +  i  sin  6  +  (cos  6  +  i  sin  6)~l}n. 

Expanding  by  the  binomial  theorem,  the  general  value  of  the 
above  is 


where,  though  each  of  the  expressions  (cos  9  +  i  sin  0)n~2r  is  many- 
valued,  yet  each  is  obtained  from  the  preceding  by  dividing  by 
the  single-valued  expression 

(cos  6  +  i  sin  0)2,  i.e.  cos  '20  +  i  sin  20. 
Hence,  by  De  Moivre's  theorem,  the  above  expansion 
=  cos  nO  +  n  cos  (n  —  2)  0  +  J  n  (n  —  1)  cos  (n  -  4)  0  +  .  .  . 
+  i  sin  nO  +  in  sin  (n  -  2)  6  +  \  in  (n  -  1)  sin  (n  -  4)  9  +  .  .  . 
where  6  must  have  the  same  value  throughout. 

Since  n  is  positive,  this  series  is  convergent  by  the  last  article. 
Hence   also,  by  making   a  sufficiently  small  change  in   the 
value  of  0,  we  may  make  the  change  in  the  value  of  the  series  as 
small  as  we  please. 
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Now  suppose  0  =  2r7r,  where  r  has  any  specified  integral 
value.  Then  the  series  becomes 

(cos2r7r.  n  +  ismSrir.  n){l  +  n  +  ^n(n  -  1)  +  ...} 
=  (cos  2rir .  n  +  i  sin  2r?r .  n)  (positive  value  of  2n) 
by  the  binomial  theorem,  n  being  greater  than  -  1.     (Art.  462.) 
Thus,  if  cos  0=1,  we  have 

(cos  2r?r .  n  +  i  sin  2rir .  n)  {positive  value  of  (2  cos  0)n}, 
—  cos  710  +  n  cos  (n  —  2)  0  +  \n  (n  —  1)  cos  (n  -  4)  0  +  . . . 
+  i  sin  nO  +  in  sin  (n  -  2)  0  +  \in  (n  -  1)  sin  (n  -  4)  0  +  . . . 
where  6  =  2r7r. 

If  then  0  changes  continuously  from  2r?r  to  (2r=fcJ)7r,  cos  0 
remains  positive,  the  positive  value  of  (2  cos  0)n  also  changes  con- 
tinuously, and  the  above  series  changes  continuously.  Hence 
the  multiplier  cos  2r-7r  .n  +  i  sin  2nr .  n  must  not  change  dis- 
continuously  into  cos  2rV  .n  +  i  sin  2r'rr  .  w. 

Thus,  if  cos  0  has  cwy  positive  value,  the  above  equation  still 
holds  if,  in  the  series,  we  take  0  to  be  the  angle  nearest  to  2nr 
whose  cosine  =  cos  0. 

Next  suppose  0  =  (2r  +  l)?r,  where  r  has  any  specified  value. 
Then  the  series  becomes 

{cos  (2r  +  1)  TT  .  n  +  i  sin  (2r  +  1)  TT  .  n}  (positive  value  of  2"). 
Thus,  if  cos  0  =  -  1,  we  have 

{cos  (2r  +  1)  TT  .  n  +  i  sin  (2r  +  1)  IT  .  n}  {positive  value  of  (—  2  cos  0)"}, 
=  cos  nB  +  n  cos  (n  —  2)  0  +  |w  (n  -  1)  cos  (n  —  4)  0  +  ... 
+  i  sin  n0  +  in  sin  (n  —  2)  0  +  ^w  (n  —  1)  sin  (n  —  4)  0  +  ... 
where  0  =  (2r  +  1)  TT. 

As  before  then,  if  cos  0  has  rm?/  negative  value,  this  equation 
still  holds,  if,  in  the  series,  we  take  0  to  be  the  angle  nearest  to 
(2r  +  1)  TT  whose  cosine  =  cos  0. 

634.  In  the  first  result  of  the  last  article  suppose  0  is  acute. 
Then,  r  =  0  ;  and,  equating  real  and  imaginary  terms,  we  have 

cos  nO  +  n  cos  (n  —  2)  0  +  ^n(n—  1)  cos(w  —  4)  0+... 
and  sin  nO  +  n  sin  (n  -  2)  0  +  \n  (n  —  1)  sin  (n  -  4)  0  +. . . 
equal,  respectively,  to  the  real  positive  value  of  (2  cos  0)n  and  to  0 
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A.  If  however  0  is  not  acute,  but  differs  from  2r?r  by  an 
acute  angle,  the  above  series  are  equal  to  the  real  positive  value 
of  (2  cos  6)n  multiplied,  respectively,  by  cos  2r;r .  n  and  sin  2r?r .  n. 

Thus,  if  n  =  p/q,  where  q  is  even,  we  may  put  2r  =  q,  and  the 
above  series  become  equal  respectively  to  the  real  value  of 
-  (2  cos  6)n  and  to  0. 

If  further  ^q  is  even,  we  may  put  2r  =  ^q,  and  the  above 
series  become  equal,  respectively,  to  0  and  to  the  real  value  of 

(-lp~(2cos(9)ra. 

B.  If  0  differs  from  (2r+  I)TT  by  an  acute  angle,  the  above 
series  are  equal  to  the  real  positive  value  of  (-  2  cos  6)n  multiplied, 
respectively,  by  cos  (2r  +  1)  TT  .  n  and  sin  (2r  +  1)  TT  .  n. 

Thus,  if  n=p/q,  where  q  is  odd,  we  may  put  2r  + 1  —  q }  and 
the  above  series  become  equal,  respectively,  to  (-  If  (-  2  cos  0)n 
and  to  0. 

If  q  is  even  and  \q  is  odd,  we  may  put  2r  +  1  =  \q ;  and  they 

P^I 
become  equal,  respectively,  to  0  and  (-  1)  2   (—2  cos  0)n. 

635.  To  extend  the  above  results  to  the  case,  when  11  is 
negative. 

Let  (n)r  represent  the  coefficient  of  xr  in  (1  +x)n. 
Then,  as  shown  in  Art.  464, 

(»)r-i*(*)r-(*t-*)r- 

This  formula  follows  at  once  from  the  fact  that  (1  +  x)n+1 
must  be  obtainable  from  (1  +  x}n  by  multiplying  by  1  +  x. 

Now  let 
f(n)  =  cos  nO  +  (n^  cos  (n  —  2)  0  +  . . .  +  (n\  cos  (n  -  2r)  0 

+  i  sin  n&  +  i  (n)^  sin  (n  -  2)  6  +  . . .  +  i  (n\  sin  (n  -  2r)  0 
where  the  coefficients  are  those  of  (1  +  x)n  and  the  series  termi- 
nates at  (n)r.  Multiply  by  2  cos  0,  and  resolve  each  product 
2  cos  0  cospO  into  the  sum  of  cos  (p  +  1 )  0  and  cos  (p-l)O,  and 
2  cos  0  sinpO  into  sin  (p  +  1)  0  +  sin  (p  -  1)  6.  Thus,  by  the  above 
relation  between  the  coefficients  of  the  binomial  expansions, 
2o6s0./(n)=/(n+l) 

+  (ri)r  cos  (n  -2r-l)0  +  i  (n)r  sin  (n  -2r-l)0. 
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If  then,  when  r  is  indefinitely  increased,  (l)f(n  +  1)  remains 
finite,  (2)  (n)r  remains  finite,  (3)  cos  6  is  not  zero,  then  f(n)  will 
be  finite. 

Now  it  was  shown  in  Art.  519  (and  also  in  Art.  462),  that, 
when  r  is  infinite,  (n)r  is  zero  or  infinite  according  as  n  is  greater 
or  less  than  —  1.  If  n  =  -  1,  (n)r  becomes  ±  1. 

If  then  n  lies  between  0  and  -  1,  the  series  f(n)  is  convergent 
and  =  (2  cos  6)n  provided  cos  0  is  not  zero. 

If  n  =  —  1,  the  series  f(n)  is  finite,  but  indeterminate. 

If  n<—l,  the  series  f(n)  is  infinite  for  all  but  certain 
special  forms  of  r,  when  r  is  infinite. 

636.  In  the  expansions  of  the  ratios  of  nO  in  terms  of  the 
ratios  of  0,  we  may,  by  putting  n  =  cc,  obtain  expansions  of  the 
ratios  of  6  in  terms  of  0.     This  has  been  done  in  Art.  501. 

637.  But,   by   putting   n  =  0,    we   obtain   expansions  of   0 
in  terms  of  the  ratios  of  6. 

The  results  are  true,  in  each  case,  only  if  0  represents  the 
circular  measure  of  an  acute  angle. 

Thus,  from  Art.  619,  we  have,  if  tan#<l, 


-••• • 

1.2.3.4  n  cos71 6 

Putting  n  =  0,  and  observing  that  the  expansion  of  cosra  0  in 
powers  of  n  gives  1  +  n  log  cos  0  +  t?  (n  log  cos  0)2  -f  . . .,  we  have 

tan  0-i  tan3  0  +  *  tan5  0-...=  0    (1), 

Itan26>-itan4<9  +  itan60-...=logsec<9    (2). 

[The  latter  result  follows  at  once  from  the  equation 
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Again,  from  Art.  631,  we  have 

!2  .  (^2  -  I2)  (w2  -  32)   .  sinn0 

sm30  +  -^  -  ^  -  'Sin50-...=  —     -, 


sm 


.  l-cosw'0 

sm«0-...= 


... 

Putting  n  =  0,  we  have 

sin3(9      1.3sinB0 


sin2  0     2  sin4  (9      2  .  4  sin6  0         _0_2 

"2~  +  3"~T~  +  375~6~         ~"2  ............  V 

Again,  from  Art.  634,  we  have 


sin  w0 


0... 
1  .  J  1  .  J  .  o 

_  (2  cos  0)n-cosnO 

~rT 
Putting  w  =  0,  we  have 

sin  20-  J  sin  40  +  J  sin  60-  ...  =  0  ..................  (5), 

cos20-Jcos40  +  |cos60-..,=log2cos0  ......  (6). 

Other  results  may  be  obtained  on  the  same  principle. 

§  3.     COMPLEX  OR  IMAGINARY  INDICES. 

638.  The  use  of  complex  expressions  of  the  form  a  +  bir 
where  a  and  b  are  real,  is  explained  for  symbolical  purposes  by 
the  understanding  that  the  equation  a  +  bi  =  c  +  di  shall  be 
interpreted  to  mean  that  a  =  c  and  b  —  d. 

It  remains  then  to  examine  what  use  can  be  made  of 
imaginary  or  complex  indices. 
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639.  DBF.  Let  f(x)  be  some  single-valued  algebraical 
function  of  x,  not  containing  x  as  an  index,  such  that  for  any 
complex  values  of  x  and  y, 


then,  if  f(x)  =  X  and/(l)  =  a, 

X  is  said  to  be  a  value  of  the  xih  power  of  a  ;  and  x  is  said  to 
be  a  logarithm  of  X  to  base  a. 

Thus  the  several  forms  o£f(x)  which  will  satisfy  the  conditions 
that  f(l)  =  a,  and  f(x)xf(y)=f(x  +  y),  will  be  the  several 
values  of  ax. 

And  the  several  values  of  x,  which  will  satisfy  the  equation 
f(x)  =  X  for  any  of  the  above  forms  of  f,  will  be  the  values  of 
for  that  particular  form  of/! 


640.     To  find  the  forms  of  f  (x). 
Suppose  that 

f(x)  =  c0  +  cx 

Since  the  relation  f(x)  *f(y)  —f(x  +  y)  requires  that/(0)  =  1, 
we  see  that  c0  =  1.     The  same  relation  gives 

1  +  c  (x  +  y)  +  c.2  (x  +  yf  +  ...  +cr(x  +  y)r+  ... 
=  (1  +  ex  +  C&?  +  .  .  .  +  cr_!  xr~l  +...)(  1  +  cy  +...). 

By  multiplying  out  the  term  cr  (x  +  y}r,  the  coefficient  of  y  is 
clearly  rc^xr~l.     Hence  equating  the  coefficients  of  yxr~\ 


_ 
rcr  —  c  .  cr_i  ,      .  .  cr  — 


Putting  r  successively  equal  to  1,  2,  3,...  we  have 
_<f 

Hence 

^"*.&*'l«*.":  *.£*"• 

The  coefficient  c  is  obtained  from  the  condition  that  f(l) 
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shall   have   any  given    value  a  ;    i.e.   c  is  any  solution  of   the 
equation 

i+'+5+|+.  ..+£+...=«. 

If  c  is  any  root  of  this  equation,  the  several  values  of  ax  are 
the  several  corresponding  values  of 


And  the  several  values  of  logaX  for  each  value  of  c,  are  the 
several  values  of  x  found  from  the  equation 


641.     To  find  the  nature  of  the  roots  of  the  equation  f  (x)  =  1, 
where 

or  3?  xr 

f*+TT2  +  n273  +  -+F  +  "' 

I.  f  (x)  =  1  has  no  real  root,  except  x  —  0.     For,  if  05  is  real, 
f(x)  is  the  real  positive  value  of  {/(!)}*.     But  /(I)  >  1.     Hence 
all  real  positive  powers   of  f(l)  are  >  1  •  and  all  real  negative 
powers  of  /*(!)  are  <  1.     Hence  f(x)  cannot  =  1,  for  any  real 
value  of  x,  other  than  zero. 

II.  f(x)  —  1  has  no  complex  root. 

For,  since  the  coefficients  in  f(x)  are  real,  if  a  +  bi  were  a 
root  of  /(a?)  =  1,  a  —  bi  would  be  a  root. 
But  /(a  +  bi)  x/(a  -  bi)  =/(2a). 

If  then  both  /(a  +  6i)  and  f(a  -  bi)  were  equal  to  1,  /(2a) 
would  be  equal  to  1  ;    .'.  by  L,  a  must  be  zero. 

Hence  all  the  roots  oif(x)  =  1  are  wholly  imaginary. 

III.  Any  integral  multiple  of  the  common  measure  of  any 
two  roots  otf(x)  —  1  must  also  be  a  root. 

Let  rfjii  and  r'p.i  be  two  roots  having  the  common  measure  pi, 
so  that  r  and  r  are  integers. 
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Then,  since  f(x)  *f(y)  —f(&  +  2/),  an(^  since  f(rpi)  =  1  and 
f(r'(jii)  =  1 ,  therefore 

f(pr~p'r')  fii=lt  where  p  and  p'  are  any  integers. 
But,  by  the  theory  of  numbers,  we  may  make  pr~p'r'  =  1. 

Hence  \d  is  a  root  of  f(x)  —  1 ;  and  .'.  any  multiple  of  pi  is 
a  root. 

IY.  All  the  roots  of  f(x)  =  1  must  be  integral  multiples  of 
some  common  root. 

For,  if  pi  and  any  root  outside  the  series  rpi  have  any 
common  measure,  all  the  multiples  of  this  common  measure  will 
be  roots.  And  these  will  include  the  series  rpi. 

Hence,  as  long  as  we  take  two  commensurable  roots,  all  the 
roots  will  be  included  in  the  multiples  of  their  common  measure. 

But,  if  two  roots  \i  and  \'i  were  incommensurable,  we  could 

find  a  fraction  -  as  near  as  we  please  to  -7 ;  so  that  p\'i  —  q\i, 
q  A 

which  would  also  be  a  root,  could  be  made  as  small  as  we  please. 
And  since  any  multiple  of  this  root  would  be  a  root,  it  would 
follow  that  any  wholly  imaginary  value  whatever  would  be  a 
root.  That  is,  writing  x  =  iy,  the  equations 

l_^+^l_2'6+      =i 

II      I*      I* 

and  ,,_|  +  J_  |7  +  ...=0 

would  be  true  for  all  real  values  whatever.  But  this  is  im- 
possible since  the  coefficients  of  these  equations  are  not  zero. 

Hence 

The  roots  of  f(x)  =  1  are  all  the  positive  and  negative  integral 
multiples  of  some  wholly  imaginary  root  which  we  may  call  2iri.* 

*  The  introduction  of  the  symbol  w  will  be  justified  later  by  showing  that 
it  has  here  its  usual  value. 
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642.     To  find  the  general  form  of  the  values  oflogab. 
The  general  values  of  loga&  are  the  roots  of 


CSX3 

--  +  ..  •=&  .................  (1), 


where  c  is  any  root  of 


Let  \ea  be  any  one  of  the  roots  of  this  equation  :  and  \ea  +  k 
any  other  root.     Then,  the  left  hand  being  ./(c),  we  have 
f(\ea)xf(k)=f(\ea  +  k); 
.'.     axf(k)  =  a,          /.     /(*)=!. 

.'.  &  is  any  solution  of  the  equation/  (#)  =  1  ;  i.e.  k  =  2mri. 
.".     the  roots  of  f(x)  =  a  are  Aea  +  Imri, 
and  the  roots  of  f(x)  —  b  are  Xeb  +  2rmri. 

Hence  the  roots  of  (1)  are  —  —         —  ,  where  c  =  \ea  +  2mri. 

That  is, 

r  ,       7  \eb 

the  general  values  of  loga&  are 


\ea  +  2ni 
This  means  that  there  is  some  function  of  x,  viz.  : 

(\ea  + 
* 


</>  (as)  =  1  +  (Xea  +  2n*t)  a:  + 

such  that 

(1)  ^(a:) 

(2)  <^  (!)  =  «. 

(3)  *(«)  =  », 


X2         X3 

where  Ae  (^)  is  any  solution  of  1  +  x  +  .^  +  ^  +  .  .  .  =  t. 

Particular    cases   of   this   result    should    be   carefully   noted. 
Thus  we  will  put 

..114 

l  +  l  +  \2+\3  +  -±+'~=e' 

J.  T.  29 
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Then  for  a  write  e.     Then  one  value  of  \ee  is  1.     Thus 
the  general  values  of  loge&  are  -^ — ^ 


Or  again,  put  6=1.     Then  one  value  of  \eb  is  0.     Thus 
the  general  values  of  logal  are  r 

Aea  +  1 

Here  put  a  =  e.     Thus 

Irmri 
the  general  values  of  logel  are  •= —     — . . 

1  +  Znitfi 

Putting  m  and  n  equal  to  .0,  we  see  that  Xeb  is  a  special 
value  of  Ioge6.  Putting  n  -  0,  we  see  that  2rmri  is  a  value 
of  logel. 

And  in  general  we  find : 

Each  logarithm,  such  as  loga&,  has  a  double  infinity  of  values, 
which  is  obtained  by  giving  a  single  infinity  of  values  to  Ioge6  and 
to  logea. 

643.      To  find  the  general  values  of  ax. 
The  expansion  1  +x+  ~+  -^  +  ... 

may  be  called  the  expansional  value  of  ex. 
Thus,  since  the  general  value  of  ax  is 


where  c  =  \ea  +  2mri  ;  we  have 

The  general  values  of  a®  are  the  expansional  values  of 
e(Xea+ 2niri)x,  for  all  integral  values  of  n. 

Assuming  then  that  a  may  be  complex,  we  will  apply  this  to 
the  three  cases  according  as  x  is  wholly  real,  wholly  imaginary,  or 
complex. 

(1)     Let  x  be  wholly  real  =p/q  say. 

Then  the  expansional  values  of  e<A**+2n«>*'/9r  are  those  of 
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Here  putting  n  —  0,  1,  2...g  —  1,  we  get  q  different  values, 
since  2?ri  is  the  smallest  value  of  x  for  which  the  expansional 
value  of  e°  is  1.  After  this  the  values  recur.  Hence 

If  x  —  —  ;  p  and  q  being  real  integers  prime  to  one  another, 
ax  has  q  different  values  ;  which  form  a  geometrical  progression, 

2pni 

whose  common  ratio  is  a  qib  root  of  unity,  viz.  e  ^    . 

(2)  Let  x  be  wholly  imaginary  =  yi. 

Then  the  expansional  values  of  e^a+2^i)yi  are  those  of 
eiy^a  ^  e-2nyn^  ij.n-g  gjves  a  different  value  for  every  value  of  n. 

Hence,  if  x  is  wholly  imaginary,  ax  has  an  infinite  number 
of  values,  which  form  a  geometrical  progression  whose  common 
ratio  is  the  expansional  value  of  e2x7Tl. 

(3)  Let  x  be  complex  =  y  +  zi. 

Then  the  expansional  values  of  e(A«*+2»™)^+z;)  are  those  of 

eykea  .  eizXea  .  e~2nzir  .  e2nyni.  The  factor  e~2nzir  has  an  infinite  number 
of  values  in  geometric  progression  :  and  the  number  of  values  of 
the  denominator  of  y. 


644.     To  trace  the  changes  in   the  expansional  value  of  exi, 
where  x  is  real. 

Writing/(£ci)  =  the  expansional  value  of  e**, 
we  have 


Let  x  (x)  and  ity  (x)  be  the  real  and  imaginary  parts  of  f(xi). 
Then 

ix  (*)  +  ^  (»)}  ix  (y)  +  ty  (y}\  =  x(x  +  y)  +  ty(x  +  y)- 

Hence  equating  the  real  and  imaginary  terms 


(2). 

29—2 
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Now  since  x  (x)  contains  only  even  and  ^  (x)  only  odd  powers 
of  x, 

.'.      x(-a)=x(a)  and  f  (  -x)  =  -  f  (x)  ..............  (3), 

also  X(°)  =  1         and 

and         x(x-y)  =  x(x)-x(y) 

*l>(x-y)  =  t(x).x(y)-x(x).t(y)  .................  (6;. 

From  (1),  (2),  (5),  and  (6)  we  have 


-*)}  .........  (8). 

Putting  in  (5)  y  =  x,  we  have 


Hence  x  (#)  and  ^  (a?)  are  arithmetically  not  greater  than  1. 
Now/(27ri)  =  1,  .'.  f(xi  +  27ri)  =/(xi)-}  i.e.  the  values  oif(xi) 
recur  whenever  as  is  increased  by  2-n-. 
Again,  since 

/(2**)  =  1,  .:/(iri)-,Jl  =  +  lor-l. 

But  f(iri)   cannot  be  +  1,   because,  by  definition,   2;r  is  the 
smallest  value  of  x  for  which  f(xi)  =  1. 

.*.    /(™)=-l;         i.e.  x  («•)  =  -!  and  ^r(ir)  =  0, 

•'•      ~7r:=-1  and      -7r  =  0- 


i.e.      X  (^  +  7r)  —  ~  X  (ir)  and  ^  (X  +  TT)  =  -\j/  (x). 

.'.      X(7r-x)=-x(x)  and  ^  (TT  -a;)  =  if/  (x). 
Again,  since 

/(in)  =  -  1,         /.  /(ITTI)  =  ^(  ~  1)  =  +  *  ™  ~*  5 
so  that  x  (i77")  =  0  and  ^  (i71")  =  +  *  or  "  '  *• 

We  must  show  that,  from  aj  =  0  to  x  =  JTT,  x  (*)  and  \]/  (x)  are 
both  positive.  If  tc  is  a  small  positive  quantity,  x  (x)  an(i  'A  (^) 
are  clearly  positive.  Hence,  being  continuous,  they  cannot 
become  negative  without  passing  through  the  value  zero. 

If  possible,  let  x  (y}  or  ^  (y}  —  0  for  some  value  of  x  between 
0  and  J?r.  Then,  since 
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+  ty  (yW  -  1  and/(yi)  =  X  (y)  4-  ty  (y), 

would  equal  ±  1   or  ±i.     Hence  f(%yi)  would  be  ±  1   and 
i)  would  be  1.     But/(a»)  is  not  1,  until  ic  =  2ir,  .'.  neither 
\l/  (y)  nor  x  (y)  can  vanish  if  ?/  is  between  0  and  ^TT. 

.'.  \l/(x)  and  x  (#)  are  always  positive  from  ce=  0  to  x  =  JTT. 
»;          i.e.      X(l7r)=0    and   ^(-l-7r)  =  l. 

/.       -      =  o  and      -      =  -i- 


Jr)  =  -  ^  (x)  and  ^  (*  +  i73")  =  X  ( 

-x  =     x  and 


.'.     x  (J7r)  —  'A  (r71")  =  ~/n  since  {x  (#)}2  +  {i^  (x)}2  =  1 :  and  so  on. 

ij'-1 

Finally,  by  (7)  and  (8),  as  long  as  J  (x  +  y)  and  J  (x  —  y)  lie 
between  0  and  JTT,  ^  (a:)  must  increase  and  x  (#)  must  decrease  as 
x  increases. 

Thus,  between  0  and  JTT,  i//-  (x)  continually  increases  from  0  to 
1 ;  and  x  (x)  continually  decreases  from  1  to  0. 

Hence  the  values  of  \lr  (x)  and  x  (#)  cannot  be  repeated  as  x 
passes  from  0  to  JTT. 

645.  To  find  a  value  for  Xe(l+y),  i.e.  a  root  of  the 
equation 

yS.  rfi 

The  value  of  \e  (1  +  y)  has  to  satisfy  the  condition 

^e  (i  +  y)  +  -^- 


/.    when    Xe  (1  +  y)  =  0,  y  =  0  and  ^  =  1. 

If  then         Xe  (1  +  y)  =  c0  +  Cjy  +  c^2  4-  Cg^/3  +  . . . , 
we  must  have  c0  =  0,  and  cl  =  1  ;  so  that 

Ae(l  +y)  =  y  +  Ciy~  +  c3ys+  ...  +cryr+  ... 
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Writing  f(x)  for  the  series  1  +  x  +  \xz  +  ^x3  +  ...,  we  have 

f(x)xf(x')=f(x  +  *); 

.'.  if  a  is  a  root  of  f(x)  =  1  +  y  ;  and  a'  of  f(x)  =  I  +  z  ;  then 
a  +  a  is  a  root  oif(x)  =  (1  +  2/)  (1  +  z)  =  1  +  y  +  (1  +  «/)  z. 

That  is,  we  may  write 


Equating  the  coefficients  of  »,  we  have 

1  -  1  +  y  +  ...  +  rcr  yr~l  (l+y)  +  (r  +  1)  cr+1  2/r  (1+  y) 
Equating  to  zero  the  coefficient  of  2/r,  we  have 


Putting  r  successively  equal  to  1,  2,  3...  we  have 


which  is  a  convergent  series  if  mod.  ?/  is  not  greater  than  1.     [For, 
by  Art.  596,  mod.  yn  =  (mod.  y)n.     See  also  Arts.  616,  453,  445.] 
We  must  here  distinguish  the  cases  according  as  y  is  wholly 
real,  wholly  imaginary,  or  complex. 

(1)  Let  y  be  wholly  real. 

Then  the  series  for  A.e  (1  +y)  is  real  ; 

.*.  y  -  \y"  +  iy3  —  ^2/4  +  .  .  .  =  the  one  real  value  of  loge  (1  +  y). 

(2)  Let  y  be  wholly  imaginary  =  zi  say. 


Thus  Xe  -  --  .  is  wholly  imaginary.     Now  when  z  equals  0,  the 
1  —  zi 

series  =  0  ;  hence  as  z  varies  from  0  to  1  or  from  0  to  —  1,  the 
series  changes  continuously. 
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Now  between  -  JTT  and  +  \ir  there  is  only  one  value  of  x  for 
which  the  expansion  of  e™  has  any  given  value. 

Hence  the  series  2i(z  —  ^2?  +  \£  —  ...)  =  the  value  of  \e^  —  —. 

which  lies  between  -  JTT  and  4-  JTT. 

.'.  \e  (1  +  zi)  =  J  the  real  value  of  loge  (1  +  z2) 

+  the  value  of  iX  ---     -.  which  lies  between  —  ITT  and  +  4?r. 
1  -zi 

(3)     Let  y  be  complex  =y  +  zi  say.     Then 


which  reduces  to  cases  (2)  and  (3). 

646.  Hence  we  can  find  an  expansion  for  TT. 
Thus/(i«)  =  i  =  i±i  .     /.  Xe  l±i  =  J«. 

Hence  putting  2=1  in  (2)  of  last  article, 
l,r=l-^-!+... 

Other  expansions  for  \TT  may  be  found  by  observing  that 
1  +  x         1+y          l+flj  +  y  +  icy 

\f   -  -    +  A,,    _  --    =:  A,,  ^r—  —    . 

1-cc          \-y          I  -x-y  +  xy 
Thus  putting  x  =  ^i  and  y  =  J*,  we  have 

1  +  U         1  +  |i          1  +  i     .    . 

^i-^^rryr^rrr^- 

647.  The  indeterminateness  of  the  powers  and  logarithms 
of    quantities,    which    arise    from    our    introducing    imaginary 
indices,   gives  rise  to  some  difficulties  in   the    management   of 
equations. 

Thus  given  that  a  =  6,  we  have 

The   general   values   of   ax   are    the   expansional    values    of 
e  (Xe6+2njrt'>r)  for  the  several  integral  values  of  n. 

And  the  general  values  of  loge  a  are  -y  —  ^  —  r  . 
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In  these  expressions  Xeb  means  any  solution  of  the  equation 
obtained  by  equating  the  expansional  value  of  ex  to  b :  i.e.  \eb 
represents  some  logarithm  of  b  to  the  base  e. 

648.  The   indeterminateness   of   these   operations    may    be 
diminished  however  by  the  following  conventions  : — 

(1)  The   written   symbol   of    the   form    ex   shall   mean    the 
expansional  value  of '  &". 

(2)  The  written  symbol  of  the  form  loge  a  shall  mean  any 
value  of  x  for  which  the  expansional  value  of  ex  =  a. 

Then  from  the  equation  a  =  6,  we  should  deduce 

a  —& 
and  loge«  =  loge  b  +  2mri. 

In  this  way  the  logarithm  to  the  base  e  would  be  reduced  to 
a  single  indeterminateness.  But  those  to  any  other  base  would 
have  to  remain  doubly  indeterminate. 

649.  Illustrations  may  be  given  of    the  confusions  arising 
from  neglecting  the  nature  of  the  indeterminateness  of  powers 
and  logarithms. 

(1)     We  have  1*  =  eil°s<1  =  e«  =  I. 

But  e***  =  1.     .'.  (e2nj  =  I1;  i.e.  e~2ir  =  1. 

This  result  is  apparently  absurd. 

It  must  be  amended  as  follows : 

1«  =  /logel  =  the  expansional  value  of  ei(0+*niri) 
=  the  expansional  value  of  e~2nir. 

This  is  an  indeterminate  result  one  of  whose  values  is  1,  viz. 
when  n  =  0. 

Next  we  have  a  value  of  e2nl  is  1 ;    .'.a  value  of  e~2rr  is  e~2nu 


~ 


for  some  value  of  n',   i.e.  the  expansional  value  of  e~  "  is  the 
expansional  value  of  e~2nn  if  n  —  1. 


(2)     We  have  e2mrri  =  I  :    /.  el+2m7ri  =  e. 
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Raise  both  sides  to  the  power  1  +  2mri,  then 

l-4mnir2+2(m+n)iri  _    l+Znni  _ 
6  —  0  —  Q* 

for  any  integral  values  of  m  and  n. 

This  process  might  be  repeated  ad  infinitum. 

It  must  be  amended  as  follows  : 

For  simplicity  we  may  understand  that  ex  means  the  ex- 
pansional  value  of  ex.  Then  we  may  write  el+'  lrr*=-  e,  for  any 
assigned  value  of  m. 

Raising  both  sides  of  this  equation  to  the  power  1  +  2mri  and 
still  understanding  expansional  values,  the  left  hand  becomes 


Assigning  to  m!  its  several  values  we  obtain  the  several 
values  required.  Amongst  these,  viz.  when  m'  —  -m,  we  have 
the  value  e. 

Applications  to  Trigonometrical  Formulae. 

650.  Having  worked  out    a  purely   algebraical   theory    of 
imaginary  indices  or  logarithms  we  may,  by  means  of  De  Moivre's 
Theorem,  apply  the  results  to  Trigonometry. 

651.  To  find  a  series  for  cos  A  +  i  sin  A. 

By  De  Moivre's  Theorem,  if  A  is  a  real  angle  and  x  a  real 
quantity,  the  general  values  of  (cosJ.  +  isiuA)x  are  given  by  the 
expression  cos  x  (A  +  n  .  360°)  +  i  sin  x  (A  +  n  .  360°),  where  n  is 
any  integer. 

But,  by  the  theorems  above  discussed,  the  general  values  of 
(cos  A  +  isin  AY  are  the  values  of 


where  c  is  any  root  of  the  equation 

c2       c3 
1  +  c  +  -^  +   -+...=  cos  A  +  i  sin  A ( 1 ). 
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Hence,  if  c  satisfies  (1), 

rV2 

-~   +  ...  (2). 


Now  x,  being  fractional,  may  be  indefinitely  diminished. 
In  the  limit 

cos  x  (A  +  n  .  360°)  -  1  2  sin2  %x(A+n.  360°) 

x  x                   ~    ' 

,       sin  x  (A  +  n.  360°) 

and       -  '-  =  circular  measure  of  A  +  n  .  ooO  ; 
x 

.'.  from  (2),  i  x  (circular  measure  of  A  +  n  .  360°)  =  c. 

Let  0  and  2?r  be  the  circular  measure  of  A  and  360°  respec- 
tively. Then  by  (1), 

The  expansional  value  of 

e^^^cosO  +  ismO    ..................  (3). 

This  result  justifies  the  introduction  of  the  symbol  TT  in  Art. 
641. 

652.  If  we  understand  by  ex  its  expansional  value,  we  have 
cos  6  4-  i  sin  6  —  eie  and  .'.  cos  0  —  i  sin  0  =  e~li  \ 

:.  cos  <9  =  1  (eie  +  e~ie)  and  i  sin  0  =  \  (eie  -  e~ie). 

These  are  usually  called  the  Exponential  values  of  the 
sine  and  cosine. 

It  would  be  more  correct  to  call  cos  6  and  i  sin  6  the  Ex- 
pansional values  of  J  (el&  +  e~'lB)  and  J  (el&  -  e~*e]  respectively. 
For  these  latter  are  at  first  sight  uninterpretable,  and  are  in  any 
case  indeterminate  ;  while  cos  0  and  sin  6  are  both  interpretable 
and  determinate. 

653.  We  have  already  (Art.  508)  given  the  following  defini- 
tions : 

cosh  0  =  the  expansional  value  of  ^  (e   -i-  e~  ),  and 
sinh  0  =  the  expansional  value  of  \  (/  —  e~e). 
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Hence  we  may  introduce  imaginary  angles,  by  the   defini- 
tions :  — 

cos  iO  =  cosh  0  and  sin  iO  =  i  sinh  6  ; 

which  will  result  from  our  writing  16  for  0  in  the  values  of  cos  0 
and  i  sin  6. 

Thus  a  wholly  imaginary  angle  has  a  wholly  real  cosine,  but  a 
wholly  imaginary  sine. 

654.     To  find  the  expansion  for  tan"1  a;. 
We  have 

cos  0  +  i  sin  0  =  ete  and  cos  0  —  i  sin  0  =  e~t9. 
1  +  i  tan  6       o,-0 


But  since  here  e"  means  the  expansional  value  of  e85,  we  may 
use  loge  a  to  mean  a  value  of  x  for  which  the  expansional  value 
of  ex  is  a.  Hence,  if  tan  0  <  1, 

2iO  =  log€  (l+i  tan  6)  -  loge  (1  -  i  tan  0), 

=  2mri  +  2i  (tan  0  -  $  tan3  0  +  i  tan5  0.  ..)  ; 
.'.  0  =  TiTT  +  tan  0  -  i  tan3  0  +  £  tan5  6  -  ... 

But  the  series  after  mr  is  equal  to  the  value  of  0  between  —  \TT 
and  +  JTT  by  Art.  645.  Or,  immediately  by  the  principle  of  con- 
tinuity, since  tan  0  =  0;  we  have 

x-lx*  +  ±x*-... 
-  the  circular  measure  of  the  acute  value  of  tan"1  x. 

655.  The  exponential  expressions  for  the  sine  and  cosine 
enable  us  to  use  very  compendious  proofs  of  propositions  (which, 
of  course,  are  otherwise  provable). 

They  have  two  important  uses  : 

(1)  In    the    interpretation    of    functions    involving    complex 
expressions  :  i.e.  the  reduction  of  these  functions  to  the  form  of  a 
complex  expression. 

(2)  In  the  summation  of  series  and  conversely  the  develop- 
ment of  functions  into  series. 
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656.     Example  of  the  interpretation  of  a  complex  function. 

Eeduce  (a  +  bi)p+qi  to  the  form  A  +  Bi. 

Let 

a  +  bi-r  (cos  0  +  i  sin  0),  so  that  r2  =  a?  +  b2  and  tan  0  —  b/a. 

Then 

=       .          .         pei 
~qe 


(a  +  bi)p+qi  =  rp+qi  .  e(p+qi)ei  =  rp  .  e~q9  .  rqi  e 


=  r    .  e 

~rp  .  e~gd  {cos  (qlogr  +pO)  +  isin  (q\ogr+p6)\. 
.'.  A=rp  .  e~qe  cos  (q  logr  +pO)  and  B  =  rp  .  e~^sin  (q  logr  +pO). 

The  indeterrninateness  of  this  result  should  be  examined. 

We  take  r  to  be  the  positive  value  of  >/(a2  +  62)  :  so  that  to  log  r  we 
may  give  its  real  value.  Then  6  is  the  angle  whose  cosine  is  b/r  and 
whose  sine  is  a/r.  Hence  6  is  indeterminate  —  its  values  differing  by 
2?r.  Hence  the  magnitude  of  the  coefficient  e~q3  has  an  infinite  number 
of  values;  and  the  expression  cos  (q  logr  +p&}  +  i  sin  (q  logr  +p&)  has 
values  equal  in  number  to  the  denominator  of  p. 

657.     Example  of  the  Summation  of  Series. 
To  find  the  two  sums  :  — 

C=  1  +OJCOS0  +  a;2cos  20  +  #3cos30+  ... 
S  =  0  +  x  sin  0  +  cc2  sin  20  +  a8  sin  36*  +  ... 
We  have 

!+«  (cos  0  +  i  sin  0)  +  v?  (cos  20  +  i  sin  20)  +  .  .  . 


1  1  1  -  x  cos  0  +  ix  sin  0 


I  -  xe"1      l-x  (cos  6  +  i  sin  0) .     (I  -  x  cos  0)2  -  iV  sin2 

^,  1  -  a?  cos  0  a  sin  0 

.  .  0  =  q — s — — ^ „  and  o  = 


1  -  2tc  cos  0  +  x2  I  -2x  cos  0  +  x2  ' 

658.     Example  of  Development  in  a  Series. 

To  expand  loge  (1  —  2x  cos  0  +  x2)  in  powers  of  x. 


J  loge  (1  —  2#  cos  0  +  x-)  -  x  cos  0  +  \x-  cos  20  +  ±x3  cos  30  +  ... 
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659.     To  expand  6  in  powers  of  x,  when  sin  0  --  x  sin  (6  +  a). 
Here  eei  -  e~ei  =  xe(&+*»  -  a*-<«+«>', 


l-xe~ai 


.'.  (the  acute  value  of  20)  i 

=  expansion  of  {log  (1  —  xe~al)  —  log  (1  -  xf)} ; 
.'.  0  =  x  sin  a  +  ^x?  sin  2a  -f-  ^x3  sin  3a  +  ... 

Bernoulli's  Numbers. 

660.  The   following   is   an   application   of   the  exponential 
theorem,  which  is  extensively  used  in  the  expansion  of  functions. 

661.  In  the  expansion  of  (x  +  l)n  —  x",  for  integral  values  of 
11  greater  than  1,  substitute  Ar  for  xr  and  equate  the  result  to  zero. 

Thus  put  n  =  2  ;  then  2 A^  +  1  =  0  ;   /.  At  =  -  J  : 

Put  n  =  3  ;  then  3A2  +  3^  +  1  -  0  ;    .'.  A2  =  +  £  : 
and  so  on. 

The  suhstitutive  function  (x  +  l)n  —  xn  may  be  simplified  by 
subtracting  its  values  for  different  values  of  n ;  since,  after 
substituting,  the  result  has  to  be  equated  to  zero. 

Thus  take  (x  +  If  -  xn  from  (a;  +  l)n+1  -  xn+l ; 
take  the  remainder  i.e.  x  (x  +  l)n  —  xn  (x  —  1) 

from  x(x+l)n+l-xn+1(x-l); 
take  the  remainder  i.e.  x2  (x  +  l)n  -  xn  (x  -  I)2 

from  y?  (x  +  1)B+1  -  xn+l  (x-l)2 ; 
and  so  on. 

Thus  the  substitutive  function  becomes  xm(x  +  l)n  -xn(x-  l)m. 
(1)     Here  put  m  —  n;  then  we  have  xn  (x  +  l)n  -  xn  (x  —  l)n. 
Here  all  the  terms  involving  even  powers  of  x  cancel ;  hence 
the  odd  terms  between  An  and  A»n  alone  remain. 
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Put  n  —  2  ;  thus  A3  =  0.     And  since  every  increase  of  n  by  1 
brings  in  one  new  odd  term,  we  see  that 

After  Aj  all  the  coefficients  with  odd  suffixes  vanish. 

(2)     Now  put  n  =  m  +  1 ;  then  we  have 

xm(x+l)m+l-xm+l(x-l)m. 

In  this  expansion  we  may  omit  the  odd  powers  of  x  since  the 
substitutes  for  them  are  zero. 

The  term  involving  y?™-™  in  xm  (x  +  l)m+1  is 
(m  +  1)  m  . . .  (m  —  2n  +  1 )    2TO_2n 

\2n-t-l  ~ X 


IS 


i.e. 


The  term  involving  x*m~*n  in  -xm+l  (x-l)m  is 

\2n+l          "^ 

Hence  in  the  substitutive  function  the  term  involving  X2m~2n 
A  +  m  -  2n\  x  jterm  .n  ^  ^  +  ym+i}9 

9*w  _  Q»i  _i_  1 

x{terminxm(a;  +  l)m+1}. 


m  +  1 
Let  us  write  then  G^  —  (2r  +  1)  A%r. 

Then  the  values  of  C2r  ma^/  be  found  by  substituting  C^  for 
x2r  m  «Ae  expansion  of  xm(x  +  l)m+1  equated  to  zero,  the  odd 
coefficients  being  dropped. 

We  have  (72  =  3-4  2  ==  ^- 

Put  m  =  2 ;  then  3C4  +  C2  =  0 ;   .*.  (74  -  -  -J. 

Put  m  =  3  ;  then  4(76  +  4(74  =  0 ;   /.  C9  =  J. 

Put  w  =  5  ;  then  6(710  +  20C8  +  6(76  =  0 ;   /.  (710  =  |. 
Put  m  =  6  •  then  7(712  +  35(710  +  21C8  +  C6  =  0  ;   /.  (712  =  -  fJ-J. 
Put  m  =  7  ;  then  8^14  +  56(712  +  56(710  +  8C8  =  0 ;    /.  Cu  -  *-£-. 
And  so  on. 
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In  the  above,  write  Br  =  (-  l)^1^;  then  B^  B2,  £3...  are 
called  Bernoulli's  numbers. 

The  relations  between  the  three  sets  of  coefficients  here  intro- 
duced should  be  carefully  noted.     Thus 


The  introduction  of  the  ^-coefficients  leads  to  the  simplest 
definition  ;  while  that  of  the  (7-coefficients  simplifies  the  calcula- 
tions. 

x 

662.      To  expand  —  —  -  in  powers  ofx. 

[It  should  be  observed  that  if  e*=l+y;  this  expression  becomes 
—  -  —  which  (if  y  <1)  can  be  expanded  in  powers  of  y.~\ 

y 

When  x  =  0,  the  given  expression  =  1  ;  for  ex—l+x+... 
Hence  we  may  write 

x  A#?     A3x*  Anxn 

—  -  =  1  +  AjX  +  —  —  +  _  —  +  ...+  -^—  +  ,,. 
e*-l  [2          [3  \n 


Hence  multiplying  and  equating  the  coefficient  of  xn  (where 
n  >  1)  to  zero  \  we  have 

An  i             An  o            An                        Al  1 

n~l L  M~2 I *T3 L  J -\ r=  0. 

|w-l  |1      |w-2  (2      |n-3  |3             [1  |^-1  \n 
Multiply  by  \n_.     Thus 

n(n-l)              w(TO-l)(n-2)^  _  ^+1  =  0. 


That  is,  Jr  may  be  found  by  substituting  Ar  for  xr  in  the 
expansions  of  (x  +  l)n-xn  and  equating  the  results  to  zero. 

Hence  the  coefficients  Alt  A2)  A3...  are  those  found  in  the 
last  article. 
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Since  A-^  =  —  J  ;  and  after  Al  the  odd  coefficients  vanish,  while 
Br  —  (—  l)r+1  AZ,.,  we  may  write 


663.     ^To  derive  other  expansions  from  the  above. 
We  have 


a;          x  _  x 
^"-1  +  2  =  2  ' 


SB        ,,    SB 


x    e*  +  e  *      x 


2'    ? 


X6 


, 


.(1). 


Now  cosech  a?  =  coth  \x  —  coth  x. 


~s-  -(2). 


/>»  /y* 

Again  J  tanh  ^  =  coth  x  —  \  coth  ^  . 


Writing  here 

x  =  iy  '}  cosh  ^x  =  cos  ^  an(i  sinh  ^x  =  i  sin  |^/, 

'   2C°   2=     ~    J]2  ~     2i4~~     3  J6  ~ 


•w, 


(5), 


664.     Now  we  have  (Art.  526) 


ycoty-l     9 
cot     - 
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If  y  <  27T,  all  the  terms  can  be  expanded  in  ascending  powers 
of  y2  by  division.     Hence 

|  cot  |=1-  2£,  where 


Equating  coefficients  of  fr  in  the  two  expansions  for  |  cot  |  , 

J         J 

we  have 

_!_      J_      j_ 

+  2*'  +  3*:+45?  + 

Hence  the  limit  of  the  ratio  of  each  term  to  the  preceding  in 
the  expansion  of  |  cot  |  is  f£\  :  so  that  the  series  is  convergent 
if  y  <  27T. 


EXAMPLES   XXI. 

1.  The  quantities    1,  i,  -  1,  -  i,  1,  i,  &c.  form  a  geometric 
series.     Hence  deduce  the  rules  of  signs  in  their  multiplication. 

2.  Show  that  the  addition,  subtraction,  multiplication,  and 
division  of  complex  quantities  yields  always  a  complex  quantity. 

3.  If  (a  +  bi)  (c  +  di)  is  wholly  real,  a,  b,   c,   and  —  d  must 
form  a  proportion ;  if  it  is  wholly  imaginary,  a,  6,  d,  c  must  form 
a  proportion. 

4.  If  the  ratio  of  two  complex  quantities  is  wholly  imaginary, 
then  the  norm  of  their  sum  is  equal  to  the  sum  of  their  norms. 

5.  The  modulus  of   the   sum   of   any   number   of   complex 
numbers  is  never  greater  than  the  sum  of  their  moduli. 

J.  T.  30 
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6.     Show  that  the  square  root  of  x  +  yi  is 


M  +  ;  V{  W<<*  +  f)  -  Ml 


according  as  y  is  positive  or  negative,  where  the  positive  values 
of  the  square  roots  are  understood. 

7.  From  the  above  find  the  fourth  roots  and  the  eighth  roots 
of  +  1  and  —  1. 

8.  If  (o  be  one  of  the  complex  cube  roots  of  +  1, 

1  +  <o  +  o>2  =  0  ;  and  or  —  xy  +  yz  =  («#  +  u?y)  (uPx  +  or?/). 

9.  If     cos  2a  +  i  sin  2a  =  A  and  cos  2ft  +  i  sin  2ft  =  .5,  then 

and 


10.  If  C  and  D  are  defined  in  the  same  way  as  A  and  B 
above, 

AB  +  CD  =  2  cos  (a  +  ft  -  y-  8) .  {cos  (a  +  ft  +  y  +  8) 

+  i  sin  (a  +  ft  +  y  +  8)}, 
(A  +  B)  (C  +  D)  =  4  cos  (a  -  ft)  cos  (y  -  8) .  {cos  (a  +  ft  +  y  +  8) 

+  i  sin  (a  +  /?  +  y  +  8)}. 

11.  If  A,  B,  C  are  the  angles  of  a  triangle, 
cos  3A  +  cos  3.6  +  cos  3(7  +  3 

=  (cos  .4  +  cos  B  +  cos  C)  (cos  .4  +  cos  B  +  cos  (7  —  4  cos  A  cos  5  cos  (7) 
+  (sin  A  +  sin  B  +  sin  (7)  (sin  A  +  sin  5  +  sin  (7  —  4  sin  .4  sin  B  sin  (7). 

12.  If  we  may  put  2  cos  A  =  x  +  -  ,  2  cos  B  =  y  +  -  and  so  on ; 

show  that  2  cos  (J.  +  j5  +  (7  +...)  =  as-z/s. ..  + . 

xyz... 

13.  Find  the  fifth  roots  of  —  1,  first  by  Algebra,  and  secondly 
by  Trigonometry.  •  . 

14.  Express   1+i;    ^/3  +  i;    1—1^/3;     -1— i;     1  +i  +  J2, 
i  +  2  —  ^3  in  the  form  p  (cos  6  +  i  sin  6)  where  p  is  positive. 
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15.  Find  the  general  values  of  the  sixth  roots  of  1,  —  1,  i 
and   —  i. 

16.  Evaluate 

(3  ^3  +  3t  ^3)* ;  (81  ^3  -  81 1)* ;  (32  ^3  +  32»)*. 

17.  Expand    cos  70  and  sin  70  in  homogeneous   terms   in- 
volving cos  0  and  sin  0. 

18.  Expand    64  cos7  0   and    64  sin7  0  in    cosines   and   sines 
respectively  of  multiples  of  0. 

19.  28  sin3  0  cos6  0  =  6  sin  0  +  8  sin  30  -  3  sin  70  -  sin  $6. 

20.  28  sin5  0  cos4  0  =  6  sin  0  +  4  sin  30  -  4  sin  50  -  sin  70  +  sin  90. 

21.  it-'1  +  x~n  —  yn  —  y~n  -  (if  n  is  even) 
{a;  +  ar1  +  y  +  y~l)(x  +  x~l  —  y  —  y~l)  x 

cos— +/  +  2/~2  +  4cos22nr 
?fc  n 

22.  a;71  +  aTw  —  yn  —  y~n  =  (if  ^  is  odd)  (x  +  x'1  —  y  —  y~l)  x 

l) (y +y-1)oos  —  +2/2+2/~2+4  cos2  ^ 
?*  ** 

23.  cosh  na  -  cosh  71^8  =  (if  n  is  even) 
(cosh  a  -  cosh  /?)  (cosh  a  +  cosh  (3)  x 

fcosh  2a  _  4  cosh  a  cosh  /?  cos  —  +  cosh  2^  +  2  cos2  -rw~\  . 


n-l 

24.  cosh  na  -  cosh  n/3  =  (if  n  is  odd)  2  2    (cosh  a  —  cosh  /3)  x 

pl(*-V\  cosh  2a  —  4  cosh  a  cosh  B  cos  ^—^  +  cosh  28+2  cos2  — 

L  n  n  J 

25.  If  w  is  a  positive  integer,  and  tan  0  <  1, 
cos'1 0  cos ?i0=l  —  Jw(w+l)tan20  +  — j-n  (n  +  l)(n  +  2)(', 
cosre  0  sin  n0=rc  tan  B-\n  (n  +  1)  (n  +  2)  tan3  0  +  ... 

26.  2»=l+^+-?^  + 


4.8        4.8.  12        4.8.  12.  16 

30—2 
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/3\»          5n       25rc2 

I  _  I    —  1  J  ___  L  .    __ 

\2/  ~        12      12.2 


j 


_ 

24       12.24.36       12.24.36.48 


4. 


28.     eny  =  1  +  n  sinh  y  +  —  sinh2  y 


3 — sinh3  v  +  — j4r 


.  ,. 
sinh4  ?/ 


if  2/  lies  between  loge  (^2-1)  and  loge  (^2  +  1). 

29.     Hence 

1     sinh3  y      1.3    si 


2/2  _  sinh2  y     2     sinh4  y      2.4    sinh6  2/ 
"2  =  ~^         3  '  ~T~^  +  3T^  '      6 


if     sinh3^/      !2+32   . 


30.       ^r  = 


,-     !2+32  +  52  .  ,. 
i50  +      — = sin7  0+... 


31.     If  ar+1=l+l  +  |  +  i+  ...+-,  then 

01og  sec  0  =  ^as  tan3  6  -  ±a5  tan5  0  +  fa  tan7  0  -  ... 


32.     If  x  =  tan  j-  (4fc-f  1),  where  k  and  w  are  integers, 


33.     If 


?n 

a.  +  fii  +  a  4  @i 


...ad  inf.  —  cos  <f>  +  i  sin  6,  then 


34.     Put  into  complex  form  : 

sin  (a  +•  bi)  ;  cos  (a  +  bi)  ;  tan  (a  +  bi)  ;  sec  (a  +  6i)  ;  cot  (a  +  bi)  ; 
cosec  (a  +  bi)  ;    loge  (a  +  bi)  ;    loge  (1  +  xl)  ;    tan-1  (a  +  bi)}    a?  \    i°", 
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sm 


35.     log  =  2t  tan-1  (cot  x  tanh  y). 

0  sm  (a!  -  yi) 


36.  log 

&  cos  (x  -  y^ 

37.  tan'1  (e6i)  =  \mr  +  >  -  \i  log  tan  (Jrr  -  J0). 

38.  Find  -.  cosec-1  (  ^]  ;  and  (a 

ai  \fl^/ 


40.     Ifta 

-^-"2^ 

* 


(e~    +  V2)2 

41.  If  i*1'"  to  an  infinite  number  of  exponents  be  represented 

A  +  Bi,  then  tan  ^  =  -.  and  A*  +  &  -  e~'*. 

A        A 

&xn  ft5      ^^      n?r 

42.  cos  x  cosh  a;  =  2    -^-  z2  cos  -r-  cos  -7-  . 

o  |w  2  4 

Sum  the  following  series  (43  —  50). 

43.  cos  a  +  x  cos  (a  -f  /?)  +  ar2  cos  (a  +  2)8)  +  .  .  . 

sin  2a      sin  3a 

44.  *• 


cos  a  cos  ft     cos2  a  cos  2/3     cos3  a  cos  3/8 

46.  sin  a  cos  ft  —  ^  sin2  a  cos  2/3  +  ^  sin3  a  cos  3/3  —  .  .  . 

47.  as  sin  a  —  |a;3  sin  3a  +  ^x5  sin  5a  —  .  .  . 

48.  sin  (a  +  /3)  -  J  sin  (a  +  20)  +  J  sin  (a  +  3/3)  -  ... 
49. 
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50.      1  +     cos  a  sin  ft  +     ftg-  cos2  a  sin  2/2 


J3.  jr 

Sum  the  following  series  to  ri  terms  (51  —  54). 

51.  1  -f  cos  a  cos  y3  +  cos2  a  cos  2/3  +  cos3  a  cos  3/2  +  .  .  . 

52.  tfsina-^sin(a  +  £)  +  arJsin(a  +  2£)-.... 

53.  sin  a  +  2  sin  2a  +  3  sin  3a  +  .  .  .  . 

54.  I2cosa+  22  cos  2a  +  32  cos  3a  +  .... 

55.  Find 


'  n(n-l)(n-2) 
2a+-^—  —  'cos3a-l-..., 


1  .  A  o 

where  n  is  a  positive  integer. 

Expand  in  ascending  powers  of  x  the  following  (56  —  61). 
56.     (1  -  2x  cos  a  +  a2)-1^  -  or2).         57.     e^  coste. 
58.     ea:cos^cos(a  +  icsin^S).  59. 


g^       sin  a  -  x  sin  (a  -  (3)  I  +  x  cos  0 

l-2x  cos  £  +  x2    '  '     I  +  2x  cos  B  +  ic2  ' 

62.  If  tan  x  =  n  tan  y,  then  a  value  of  a?  is 

y  —  m  sin  2y  +  Jra2  sin  4y  —  ^m3  sin  6y  +  .  .  . 

1-n 

where  m  =  —  —  . 

1+71 

63.  The  side  c  of  a  triangle,  whose  sides  a,  b  (b  <  a)  and 
angle  C  are  known,  is  given  by- 

log  c  =  log  a  —  cos  C  —  A-  —  L  cos  2(7  —  i  —  ,  cos  3(7  -  .  . 
a  2  a2  3  a3 

64.  The  fraction  -  -  —  -  —  is  equal  to  the   sum   of   three 

xs-  1 

^ 

fractions  of  the  form  -  r—  --  —  —  r—  —  ,  where  r  has  any 
.  x  —  cos  ^  2,-jrr  —  ^  sin  £  ZTrr 
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three   consecutive   values  :    and    two    of    the    numerators    are 
imaginary,  unless  a  =  b  =  c  in  which  case  both  =  0. 

65.     If  a,  ft,  y...  be  the  n  roots  of  the  equation 


then,  for  any  values  of  9  and  x, 

a  sin  0  8  sin  6  y  sin  0 

tan-1-  -  +  tan-1-^- — +  tan-1  —*—     — +  ... 

a  cos  V  —  x  p  cos  6  -  x  y  cos  0  -  x 


_  t     _i   Pi  sin  Oxn~l  +  p2  sin  26xn-*  +  .  .  .  +  pn  sin  nO 

xn  +P!  cos  Oxn~l  +p2  cos  2&xn~-  +  .  .  .  +  pncosnO  ' 

66.  If  p  and  n  be  any  integers  and  o^,  <o2,  ...  w^.j  be  the  nih 
roots  of  unity,  excluding  unity  itself,  then  the  remainder  when 
p  is  divided  by  n  is 

n—\  <DI  o>2  WM-I 

—=-   +  <    -----  +<  =—    -   4-  ...  +  u>n_^  —       -. 

Z  1  —  Wj  1  —  0)2  1—  &)„_! 

67.  By  making  cc  complex  in  the  expansion  of  since  into 
factors,  show  that 

tan-1  -3  4-  tan-1  —  +  tan'1  ^—  2  +  .  .  .  ad  inf. 


68.  From  the  equation  log  sec  (x  +  d)  =  log  sec  x  +  d  tan  x  +  .  .  . 

2271  /22»  _  ]\ 

show  that  log  sec  x  =  2        ,      _  -  '  ^cc271. 

2n  j2?4 

69.  Hence  since  log  (2x  cosec  2a?)  —  log  (x  cosec  #)  =  log  sec  x, 

(gun 

show  that  log  (#  cosec  x)  =  2  9  "*        Bnx*n. 

70.  Hence  since  log  (tan  #  +  a?)  =  log  sec  x  -  log  (a  cosec  «), 


CHAPTER  XXII. 
GEOMETRICAL  INTERPRETATION  OF  IMAGINARIES. 

VECTORS. 

665.  IN  Chap.  XII.  the  symbol  (LM)  was  used  to  represent 
the  line  LM,  regarded  as  drawn  from  L  to  M.  It  was  called  a 
directed  length. 

In  that  chapter,  the  operation  of  adding  directed  lengths  in 
the  same  line  was  explained  so  as  to  lead  to  the  formula 


for  any  points  Z,  M,  T  in  the  same  line. 

A  directed  length  could  thus  be  represented  by  an  algebraical 
number,  affected  by  a  plus  or  minus  sign. 

666.  We  now  extend  the  use  of  directed  lengths,  so  as  to 
combine  in  operation  directed  lengths  in  different  directions. 

Here  our  symbols  are  bound  down  to  a  particular  direction  in 
space  as  well  as  to  a  particular  length. 

The  symbols  in  Chap.  XII.  should  rather  have  been  called 
(merely)  affected  lengths  than  directed  lengths  :  but  Vector  is  the 
term  used  to  express  directed  lengths  in  the  extended  sense  to 
be  now  explained. 

667.  We  may  give  the  following  definition  : 

DBF.  The  position  of  any  one  point  in  space  with  respect  to 
any  other  is  called  a  Vector. 
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Now  the  position  of  any  point  B  with  respect  to  any  point  A 
is  determined  by  (1)  the  length,  (2)  the  direction  of  the 
line  AB. 

The  vector  involves,  therefore,  both  length  and  direction. 

The  symbol  (AB)  may  be  extended  to  represent  the  vector  AB. 

668.  If  the  line  AB  moves  always  parallel  to  itself,  then  its 
vector  remains  the  same. 

In  other  words,  if  (AB)  and  (CD)  are  equal,  parallel,  and  in 
the  same  sense, 

Vector  (AB)  =  Vector  (CD). 

669.  The  extended  use  of   directed  lengths  will  of   course 
involve  the  formulae  : 

Vector  (AB)  =  -  Vector  (BA). 
Vector  (AA)  =  0. 

Addition  of  Vectors. 

670.  In  Art.  340,  it  was  shown  that  MA,  B,  C  be  any  three 
points  in  space,  the  sum  of  the  projections  of  (AB)  and  (BC) 
upon  any  line  in  the  plane  ABC  is  equal  to  the  projection  of 
(AC)  upon  that  line. 

For  this  reason  it  is  convenient  to  define  addition  of  vectors 
by  the  equation 


This  of  course  includes  the  special  case  when  A,  B,  C  are  in 
the  same  line.  In  other  cases,  the  equation  cannot  be  directly 
interpreted  arithmetically,  but  only  indirectly  :  i.e.  by  projecting 
upon  any  line  in  the  plane  ABC. 

671.  The  above  addition  of  vectors  shows  that  the  sum  of 
two  vectors  drawn  to  and  from  a  common  point  is  the  vector 
drawn  from  the  initial  point  of  the  first  to  the  final  point  of  the 
second. 
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It  follows  at  once  that 

The  vector-sum  of   the  sides  of   any  closed  figure,  directed 
from  point  to  point  round  the  figure,  is  zero. 
This  is  equivalent  to  Prop.  II.  Art.  341. 

672.  If  two  vectors  are  expressed  by  lines  drawn  from  the 
same  point,  e.g.  (AB),  (AD) ;  then  the  sum  of  (AB)  and  (AD)  is 
found  by  drawing  (BC)  equal,  parallel,  and  in  the  same  sense  as 
(AD),  so  that  we  have 

(AB)  +  (BC)  =  (AC), 
but  (Art.  668)  (BC)  =  (AD), 
:.  (AB)  +  (AD)  =  (AC). 
In  other  words, 

The  sum  of  two  vectors,  drawn  from  the  same  point,  is  a  vector 
drawn  from  that  point  and  represented  by  the  diagonal  of  the 
parallelogram  of  which  the  two  given  vectors  are  adjacent  sides. 

673.  If  three  non-coplanar  axes  be  drawn  from  any  point  O, 
any  vector  (OP)  can  be  resolved  into  the  sum  of  three  vectors  in  tJie 
direction  of  these  axes. 

For,  let  OX,  0  Y  be  any  two  axes  in  the  plane  of  the  paper : 
and  OZ  any  axis  not  in  this  plane.  Then  from  any  point  P  we 
may  draw  PN  parallel  to  OZ,  cutting  the  paper  in  N.  And 
from  N  we  may  draw  NM  parallel  to  OY,  cutting  OX  in  M. 
Thus 

(OP)  =  (OM)  +  (MN)  +  (NP), 

where    (OM)    is   along    OX,  (MN)  parallel  to   OY,  and  (NP) 
parallel  to  OZ. 

674.  In  the  above  result,  the  lengths  of  OM,  MN,  NP  are 
entirely  determined  by  the  length  and  the  direction  of  OP :  and 
vice  versa. 

That  is ;  The  vector  (OP)  depends  on  three  numbers. 

Hence  to  equate  one  vector  with  another  involves  our 
equating  each  of  three  lengths  with  the  corresponding  parallel 
length. 
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675.  If  we  are  confined  to  a  single  plane,  then  any  vector 
may  be  resolved  into  the  sum  of   two  vectors  in  the  direction 
of  any  two  axes  drawn  in  the  plane  from  a  point. 

Hence  in  this  case  to  equate  any  one  vector  with  another 
involves  our  equating  each  of  two  lengths  with  the  corresponding 
parallel  length. 

Division  of  Vectors. 

676.  Since  equal  and  parallel  lines  drawn  in  the  same  sense 
have  equal  vectors,  we  may  represent  any  vector  by  a  line  drawn 
from  an  arbitrarily  chosen  point  0. 

Again,  since  any  two  straight  lines  drawn  from  a  point  will 
lie  on  one  plane,  we  may  represent  any  two  vectors  by  two  lines- 
(OA),  (OB)  drawn  in  the  plane  of  the  paper. 

677.  Draw  (OA),  (OB)  in  the  plane  of  the  paper  to  represent 
any  two  vectors. 

Now  a  certain  operation  must  be  performed  upon  (OA)  in 
order  to  change  it  into  (OB). 

This  operation  may  be  called  the  division  of  (OB)  by  (OA)  : 
i.e. 


means  the  operation  of  changing  (OA)  into  (OB). 

(UA) 

678.  If  (OA)  and  (OB)  were  in  the  same  line  and  in  the  same 
sense  the  quotient  of  (OB)  by  (OA)  would  be  the  ratio  of  (OB) 
to  (OA):  i.e.  the  number  by  which  the  length  of  OA  would  have 
to  be  multiplied  to  give  the  length  of  OB. 

In  this  particular  case,  then,  the  above  definition  of  division 
would  coincide  with  the  ordinary  definition. 

679.  But  if  (OA)  and  (OB)  were  in  different  lines,  then  we 
should  have 

(1)  To  increase  or  decrease  the  length  of  OA  to  the  length 
of  OB  :  and  then 

(2)  To  revolve  the  changed  length  through  an  angle  AOB  in 
the  plane  AOB. 
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These  two  operations  may  be  regarded  as  factors  of  the  total 
operation,  because  the  second  is  to  be  performed  upon  the  result 
•obtained  by  performing  the  first. 

Also  it  is  clear  that  the  two  operations  may  be  performed  in 
either  order. 

The  two  factors  of  the  operation  have  received  the  following 
names  : 

The  stretching  factor  is  called  the  Tensor  : 
The  turning  factor  is  called  the  Versor. 

680.  It  is  clear  that  the  Tensor  is  a  mere  abstract  arithmetic 
number. 

Thus  ;  if  the  length  of  OA  is  5  feet,  and  that  of  OB  3  feet  ; 


the  Tensor  of   ~  =  f  . 


In  other  "words  the  Tensor  is  signless,  directionless,  and 
lengthless. 

We  may  then  discuss  the  Versor  independently  of  the  Tensor. 

681.  The  Versor  or  turning  factor  requires  for  its  determina- 
tion a  knowledge  of  (1)  the  plane  in  which  the  rotation  takes 
place,  (2)  the  angle  which  measures  the  amount  of  rotation. 

682.  If  we  still  take  the  plane  of  the  paper  to  represent  the 
plane  in  which  the  rotation  takes  place,  we  may  place  this  plane 
in  an  infinite  number  of  directions. 

Now  the  direction  of  a  plane  is  assigned  by  the  direction  of  a 
perpendicular  to  it,  which  is  called  its  axis. 

This  axis  is  a  mere  direction  ;  not  a  vector. 

Just  as  in  ordinary  Geometry  we  abstract  from  the  direction 
of  a  line  and  consider  only  its  length,  so  here  we  abstract  from 
the  length  of  the  line  and  consider  only  its  direction. 

A  vector  may  in  fact  be  defined  either  as  a  directed  length  or  a 
lengthed  direction.  And,  conversely,  a  length  may  be  called  &  vector 
•divested  of  direction;  while  a  direction  may  be  called  a  vector  divested  of 
length. 
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To  fix  a  direction  we  require  to  know  two  angles,  viz.  :  (1)  the 
angle  which  the  direction  makes  with  any  arbitrarily  assumed 
direction,  and  (2)  the  angle  which  the  plane  containing  the  two- 
directions  makes  with  any  arbitrarily  assumed  plane  passing 
through  this  arbitrarily  assumed  direction. 

683.  We  thus  find  that   the  vector-quotient  involves  four 
abstract  numbers  : — 

(1)  The  ratio  of  the  lengths  of  the  two  vectors. 

(2)  The  measure  of  the  angle  between  them. 

(3)  The  measure  of  the  angle  between  the  perpendicular  to- 
them  and  any  assumed  direction. 

(4)  The  measure  of  the  angle  which  the  plane  containing 
this  perpendicular  and  the  assumed  direction  makes  with  any 
assumed  plane  containing  this  assumed  direction. 

For  this  reason  Sir  W.  R.  Hamilton  called  the  vector- 
quotient  a  quaternion. 

684.  We  may  now  mainly  consider  vector-quotients  which 
have  the  same  axis.     And  this  axis  we  may  take  to  be  perpen- 
dicular to  the  plane  of  the  paper. 

685.  On  the.  multiplication  of  operations. 

If,  upon  the  result  obtained  by  performing  one  operation,  we 
perform  a  second  operation ;  then  the  compound  operation  is 
called  the  multiplication  of  the  first  by  the  second. 

Thus,  if  01}  02  are  any  two  operations,  0.20^  i.e.  Ox  multiplied 
by  02,  means  *  performing  0.2  upon  the  result  obtained  by  per- 
forming Oi.' 

Similarly,  0^0^  i.e.  02  multiplied  by  Oly  means  '  performing 
Oj  upon  the  result  obtained  by  performing  02.' 

It  is  clear  that  such  multiplication  is  not  necessarily  commu- 
tative: i.e.  0Z01  does  not  necessarily  equal  O^o.  E.g.  sin  log  a; 
does  not  equal  log  sin  x. 
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686.     To  multiply  two  versors  having  the  same  axis. 

It  is  clear  that  the  operation  of  turning  a  line  through  an 
angle  6  in  any  plane  and  thence  through  an  angle  <j>  in  that 
plane  is  equivalent  to  turning  it  through  an  angle  0  +  <j>  in  that 
plane. 

The  multiplication  of  these  two  operations  is  therefore  com- 
mutative. 

If  OZ  is  the  axis  perpendicular  to  the  plane  of  revolution, 
the  above  result  suggests  that  we  might  represent  the  operation 
of  turning  a  line  in  a  plane  perpendicular  to  OZ  through  an 
angle  0  by  the  symbol  Ze. 

For  we  should  have  the  fundamental  equation 


Here  it  must  be  observed  that  Z  is  not  an  algebraical  symbol, 
but  a  symbol  of  operation.  Thus  Z  -  Z1  means  £  turning  a  line 
through  the  unit  angle  in  the  plane  perpendicular  to  Z.' 

[We  need  not  at  present  define  the  unit  angle.] 

687.  If  (OA)  and  (OB)  be  any  vectors  in  the  plane  perpen- 
dicular to  OZ  ;  and 

(1)  If  the  arithmetic  ratio  of  OB  to  OA  is  p  :  and 

(2)  If  the  angle  AOB,  with  its  positive  or  negative  sign  is  0, 

then  the  vector-quotient  /nAl  may  be  written  p  . 


688.  The  addition  of  vector-quotients. 

The  addition  of  vector-quotients  is  defined  so  that  the  dis- 
tributive law  shall  hold  ;  i.e. 

(pZ0  +  q  7*)  (OX)  means  p  Ze  (OX)  +  qY*  (OX), 

where  p  .  Ze  and  q  .  Y*  are  any  vector-quotients  and  (OX)  any 
vector. 

689.  To  show  that  the  distributive  law  holds  in  regard  to  the 
multiplication  of  the  sum  of  two  vectors  by  a  vector-quotient  in 
their  plane. 
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That  is,  to  show  that 

p  .  Ze  {(OA)  +  (OR)}  =p  .  Z6  (OA)+p  .  Z9  (OB). 
If  00  is  the  diagonal  of  the  parallelogram  A  OBC,  then 


Thus  the  left  hand  of  the  above  equation  represents  the  vector 
obtained  by  multiplying  (00)  by  p  and  turning  it  through  an 
angle  0. 

But  the  right  hand  represents  the  diagonal  of  the  parallelo- 
gram whose  sides  are  (OA)  and  (OB\  each  multiplied  by  p  and 
turned  through  0. 

This  new  parallelogram  is  clearly  similar  to  the  old,  but  on  a 
different  scale  and  shifted  through  an  angle. 

Hence  the  above  equation  is  proved. 

690.  Combining  the  definition  of  Art.  688  with  the  theorem 
of  Art.  689,  we  have  the  important  result  that 

The  multiplication  of  vector-quotients  in  the  same  plane  obeys 
the  distributive  law. 

That  is, 

p  .  Z*  (q  .  Z*  +  r  .  Z*)=pZ6qZ*  +  pZ9  rZ* 


For,  if  the  operations  indicated  are  performed  upon  any 
vector  in  the  plane  perpendicular  to  Z,  the  above  equivalence  of 
operations  follows  at  once  from  Arts.  688,  689. 

691.  To  express  the  versor  whose  angle  is  a  sub-multiple  of 
four  right-angles. 

Since,  the  operation  of  turning  through  four  right-angles  in 
any  plane  leaves  a  vector  unchanged,  we  have 

^  =  1: 

and  generally  Z^1""  '=  1,  where  r  is  any  integer. 

2rrr 

Now          Z2r7r  =  (Z  n  )n,  where  n  is  any  integer. 

2T7T 

Z  n   is  an  nth  root  of  1. 
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Putting  r  =  0,  1,  2, ...n-l  successively,  we  see  that  the 
versors  Z\  JZ27r'n,  Z^ln,  ZQ"ln .-..^("-1)2'/l1,  which  turn  the  vector 
through  the  angles  0,  '27r/n,  4:Tr/n...(n  —  1)  27r/n  respectively  are 
nih  roots  of  1. 

These  n  versors  are  clearly  all  different. 

But  giving  to  r  higher  values,  the  same  versors  are  repeated. 

Hence  we  have  a  geometrical  interpretation  of  the  alge- 
braical theorems : 

(1)  There  are  n  and  only  n  nth  roots  of  unity : 

(2)  The   n  nih  roots  are  integral  powers  of   some  one  nth 
root. 

Moreover  regarded  as  multipliers  the  roots  of  unity  do  not 
affect  magnitude,  but  merely  direction. 

692.  In  the  above,  let  n  =  2.     Then  Z*  and  Z*  are  the  two 
square  roots  of  1.     That  is,  Z»  =  1,  and  Z*  =  -I. 

That  is,  turning  a  vector  through  two  right-angles  is  equivalent 
to  changing  its  sign.  This  is  the  old  convention  with  respect  to 
affected  lengths. 

693.  Again,  put  n  =  4.     Then  Z\  ^"r/2,  Z" ,  ZSn/'2  are  the 
fourth  roots  of  1. 

Moreover  Zn^  is  a  square  root  of  Z",  i.e.  N/(  —  1). 
Taking  then  Z^  to  be  +  i  •  ZW  =  Z"  x  Z^  =  -  i. 
Thus  Z\  Z"1*,  Zn,  Z^1'2  are  respectively  1,  i,  - 1,  -i. 

694.  The  above  result  gives  us  an  interpretation  of  i.    Thus 
i  means  'the  operation  of  turning  a  vector  in  some  plane  through 
a  right-angle.' 

It  should  be  noticed  however  that  this  symbol  i  is  incapable 
of  indicating  in  what  plane  the  rotation  is  to  take  place. 

We  might  write  iz  to  indicate  a  rotation  whose  axis  is  OZ : 
so  that  iz  would  mean  Z"1'2 ;  iy  would  mean  Y"12  and  so  on.  [A 
different  notation  was,  however,  adopted  by  Hamilton,  which 
need  not  here  be  considered.] 
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695.     To  express  any  vector-quotient  as  a  complex  number. 
Let  (OH)  and  (OA)  be  any  two  vectors  perpendicular  to  the 
axis  Z. 

From  H  draw  HE  perpendicular  to  OA. 
Then  (Off)  =  (OB)  +  (BH). 


D  7? 

Let  the  abstract  algebraic  ratio  ^—  be  a  : 

OA 

7?  J-f 

and  the  abstract  algebraic  ratio  7  '-  be  b. 

(J  A. 

Then,  since  (OB)  is  in  the  same  line  as  (OA  )  ; 

.   (OB)_ 
•(OA)- 

But  since  (BH)  is  perpendicular  to  (OA), 

I        l/Ttft  -L- 


Here  a  and  b  are  real  :  i.e.  a  is  positive  or  negative  ac- 
cording as  (OB)  is  along  or  opposite  to  (OA)  :  and  b  is  positive 
or  negative  according  as  (BH)  makes  with  (OA)  an  angle 
+  |TT  or  —  JTT. 

,    (Off)  *. 


Now  the  above  construction  for   determining   a   and    b    is 
absolutely  unique.     Hence  any  equation  such  as 

a  +  biz  =  c  4-  diz 
requires  that  a  =  c  and  b  =  d. 

696.     Moreover,  if  0  =  angle  between  (OA)  and  (OH), 
OB  =  OH  cos  0,  and  BH=  OH  sin  0  ; 

Off  OH   . 

.  .  a  =  ^r-r  cos  0,  and  6  =  -TT  T  sin  0. 
OJ.  OJ. 

J.  T.  31 
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.'.  versor  of       -r  =  Z  =  cos  0  +  L  sin  0. 
(OA) 

697.  To  find  the  cosine  and  sine  of  the  sum  of  two  angles. 
Since  cos  0  +  iz  sin  0  and  cos  <f>  +  iz  sin  <j>  denote  respectively 

the  operations  of  turning  a  vector  through  angles  0  and  <£  in  the 
plane  whose  axis  is  Z, 

.'.  cos  (6  +  <£)  +  iz  sin  (0  +  <£)  =  (cos  0  4-  iz  sin  0)  (cos  <£  +  iz  sin  <£). 

But,  by  Art.  690,  we  may  use  the  distributive  law  in  the 
multiplication  of  these  versors.  Hence 

(cos  6  +  iz  sin  0)  (cos  <j>  +  iz  sin  <£) 

=  cos  6  cos  (f>  +  iz  sin  0  cos  <f>  +  iz  cos  0  sin  <£  —  sin  0  sin  <£, 

for  4  x  »„  i.e.  Z^  x  ^*/2  =  Z*  =  -  1.     Hence 
cos  (0  +  <#>)  +  *a  sin  (0  +  <£) 

=  cos  6  cos  <£  —  sin  0  sin  <j>  +  iz  (sin  0  cos  <£  4-  cos  0  sin  <£). 

Hence,  by  Art.  695, 

cos  (6  +  <j>)  =  cos  0  cos  <£  —  sin  0  sin  <£  : 
and  .       sin  (0  +  </>)  —  sin  0  cos  <£  +  cos  0  sin  <£. 

This  proof  is  in  principle  the  same  as  that  given  in  Art.  343. 

698.  If  in  the  above  we  put  <f>  =  —  6,  we  have 

(cos  0  +  iz  sin  6)  {cos  (-  6)  +  iz  sin  (-  0}}  =  cos  (0-6)  +  iz  sin  (B  -  0). 
But  cos  (-  6)  =  cos  B  ',  sin  (-  0)  =  -  sin  0  ;  cos  0  =  1  ;  sin  0  =  0. 
/.  cos2  0  +  sin2  0=1. 

This  is  a  proof  of  Euc.  I.  47.  For  the  reader  will  perceive 
that  this  proposition  has  not  been  surreptitiously  assumed 
anywhere. 

699.  From  the  above  result  De  Moivre's  theorem  follows  at 
once. 

For  cos  0  +  iz  sin  0  denotes  the  operation  of  turning  through 
an  angle  0. 
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.'.  (cos  0  +  iz  sin  0)n  denotes  the  operation  of  turning  through 
an  angle  0,  n  times  :  i.e.  through  an  angle  nO. 

.'.  (cos  6  +  iz  sin  0)n  =  cos  nO  +  iz  sin  nO. 

It  should  be  pointed  out,  however,  that  this  equation  of 
operations  has  no  value  for  the  purposes  of  expanding  cos  nO  and 
sin  nO,  unless  we  take  into  account  the  distributive  law  proved  in 
Art.  690,  by  means  of  which  we  may  'multiply  out'  the  power 
on  the  left-hand  according  to  ordinary  algebraic  rules.  The 
fundamental  proposition  upon  which  the  whole  of  analytical 
trigonometry  rests  is  the  'addition-theorem'  of  Art.  697,  from 
which  the  Demoivrean  expansions  algebraically  follow. 

700.     Turning  back  to  Art.  695,  we  have 


But,  by  Art.  698,  OH2  =  OB*  +  BE*. 
OH*     OB*     BH* 


and  the  versor  of  \  >y2\  =  Ze  =  cos  6  +  iz  sin  0. 
(OA) 

Thus  we  find 

(  1  )     Any  vector-quotient  is  represented  by  a  complex  number. 

(2)  Its  tensor  is  the  modulus  of  that  complex  number. 

(3)  Its    versor   is   the   Demoivrean  function   of   the  angle 
between  the  two  vectors. 

701.     Since  p.Ze  xq.Z(l>=pq.Z9+(i>,  we  have  the  fundamentally 
important  theorem  that 

The  modulus  of  the  product  of  two  complex  numbers  is  equal 
to  the  product  of  their  moduli. 

31—2 
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702.  To  expand  the  cosine  and  sine  of  an  angle  in  terms  of 
its  circular  measure. 

Let  (OA)  be  any  initial  vector. 

Let  a  moving  point  trace  out  the  path  (AB)  +  (BC)  +  (CD)  +  .  .  ., 
in  which  the  angles  OAB,  OBC,  OCD,...  are  all  right-angles,  and 
AB  BC  CD 

OA  =  OB  =  oc  =  "  '  =  some  constant  *  say- 


Thus,  if  M,  N  are  the  nth  and  (n  -  l)th  points,  respectively,  of 
the  series  A,  B,  C  ...,  then 

ON  =  pn.  OA  and  MN  =  kpn~l  .  OA. 

Thus  the  length  of  the  path  traced  by  the  moving  point  from 
A  to  N  is 


p-l 

Now,  let  k  =  0/n :    and  let  n  increase  indefinitely,   while   0 
remains  finite,  so  that  k  diminishes  indefinitely. 

Then  it  will  be  seen  that  limit  of  pn  =  1 ;  and  limit  of 

~P-1 

Hence  the  tracing  point  describes  a  circle  of  radius  OA,  and 
arc  AN  =6.  (radius  OA)  (1). 

Now  the  operation  to  be  performed  upon  each  of  the  vectors 
(OA),  (OB),  (OC)...  to  obtain  the  next  is  1  +ki. 

Hence   . .,  ..  =  (1  +  ki)n 
(OA) 

Increasing  n   indefinitely  and    expanding   by  the    binomial 
theorem,  we  have 

(OF)  _     ,  *  ,  W  .  ^  .        .  ^  . 


(OA)  |_2  n    [3 

=  expansional  value  of  el. 
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But  0  is  -the  circular  measure  of  the  angle  AON  by  (1),  and 
ON=  OA  : 

(OF)  *     •   •    * 

..   ——  —  =  cos  6  +  1  sin  v. 
(OA) 

.'.  cos  0  +  i  sin  0  =  expansional  value  of  e01. 

703.  In  the  above,  we  have  used  i  for  the  operator  which 
turns  a  vector  through  a  right-angle  in  any  fixed  plane. 

Let  Z  denote  the  operation  of  turning  an  angle  through  some 
undetermined  unit  of  angular  measurement  in  the  plane  whose 
axis  is  Z.  And  let  A  be  the  measure  of  0  in  terms  of  this  unit. 
Then 

ZA  =  cos  A+iz  sin  A  =  cos  &  +  iz  sin  0  =  e6lz. 
The  most  convenient  unit  to  take  will  be  the  right-angle.    Then 
A  right-angles  =  \TtA  radians  :  or  0  —  \trA. 
.'.  Z*  =  e**^  =  cos  JTT  +  iz  sin  JTT  =  iz  . 

704.  If  X,  r,  Z  be  three  axes  at  right-angles  to  one  another, 
the  operations  of  turning  through  a  right-angle  round  these  axes 
will    be    respectively   ixt    iy,    iz.      For   these   three   operations 
Hamilton  used  the  symbols  i,  j,  k. 

705.  If  we  have  a  fixed  plane  for  rotation,   and   a  fixed 
direction  in  that  plane  for  our  initial  vector,  then  the  operation  i 
upon  this  initial  vector  will  give  a  vector  fixed  in  the  plane  of 
rotation  at  right-angles  to  the  initial  vector. 

Thus,  since  \          =  a  +  bi, 

(OA) 

where   a   and    b   are   abstract   ratios,    having  therefore  neither 
length  nor  direction,  we  have 


Now,  if  a.(OA)  and  b  .  (OA)  be  represented  by  a  and  (3, 
respectively,  a  and  (3  will  stand  for  lengths  having  an  arbitrarily 
fixed  direction.  Thus,  since 


.'.  any  vector  in  the  fixed  plane  is  expressed  in  terms  of  its 
projection  and  erection  upon  any  fixed  line  in  that  plane. 
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In  this  way,  i  would  come  to  be  associated  with  the  direction 
which  the  rotation  produces,  instead  of  with  that  of  the  axis 
which  produces  the  rotation. 

706.  The  student  should  very  carefully  compare  the  equations 

775Tr~a*#  and  (OH)  =  a  +  pi. 
(UA) 

In  the  first  a  and  b  are  mere  algebraical  quantities ;  and  as 
such  are  incapable  of  containing  within  them  either  length  or 
direction.  But  if  these  quantities  be  applied  to  geometry,  we 
must  assign  an  arbitrary  (or  unit)  length  and  an  arbitrary  (or 
standard)  direction.  Taking  (OA)  as  our  unit  and  standard,  we 
may  write  a.  (OA)  =  a,  and  b  (OA)  =  /?.  Here  a  and  /3  are  not 
algebraical  quantities  at  all,  but  vectors. 

707.  The  method  of  interpreting  i  explained  in  the  last  two 
articles  was  historically  prior  to  the  method  upon  which  this 
chapter  has  been  based.     Wallis,  Buee,  Warren,  Argand  are  the 
chief  mathematicians  whose  names  have  been  associated  with  this 
interpretation.     Hamilton's  grand  invention  of  quaternions  may 
be  said  to  be  the  immediate  result  of  associating  the  direction  of 
i  with  the  axis  of  rotation,  instead  of  with  the  direction  produced 
by  the  rotation. 

The  following  article  may  be  read  by  the  student  who  wishes 
to  connect  the  study  of  Quaternions  with  the  interpretation  of  i 
as  explained  in  this  chapter. 

708.  Let   X,    Y,    Z  be   three   axes   perpendicular   to    one 
another.     Suppose  them  to  be  of  indeterminate  length,  but  having 
a  determinately  positive,  sense.     Let  them  be  so  placed  that  the 
rotation  from  X  to  T  is  left-handed  for   a   person   looking   at 
the  plane  of  XY  from  the  positive  side  of  Z.     Then  it  will  be 
found  that  the  rotation  from    Y  to  Z  is  also  left-handed  to  a 
person  looking  at  the  plane  YZ  from  the  positive  side  of  X ;  and 
the  rotation  from  Z  to  X  is  left-handed  to  a  person  looking  at 
the  plane  ZX  from  the  positive  side  of  Y. 

We  take  such  left-handed  rotation  to  be  positive. 
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Thus,  using  the  notation  explained,  we  have  the  following 
equations : — 

(1)  izX=Y-}  (6)     ixZ  =  -Y-) 

(2)  ixY=Z;  (5)     iyX=-Z- 

(3)  iyZ  =  X;  (4)     izY=-X. 

Substituting  for  Y  from  (1)  in  (2),  we  have 

ixizX  =  Z.  but  from  (5)  iyX  =  -  Z. 


if  these  operations  are  performed  upon  X. 

This  equation  should  be  compared  with  (6). 

By  the  same  process  we  shall  obtain  the  following  six  equations 
of  operation : 

(1)  izix  =  iy',  (6)  ixis  =  -iy'} 

(2)  ixiy  =  iz'}  (5)  iyix  =  -iz; 

(3)  iyiz  =  ix;  (4)  iziy  =  -ix. 

This  second  set  of  equations  is  immediately  obtainable  from 
the  first  by  substituting  ix  for  X  \  iy  for  Y ;  iz  for  Z. 

In  (1),  (2),  (3)  the  circular  order  x,  y,  z,  x  is  maintained; 
in  (4),  (5),  (6)  this  circular  order  is  reversed. 

It  should  be  noticed  that  to  prove  the  second  set  the  operand 
to  be  chosen  must  be  that  which  corresponds  to  the  operator 
which  stands  first. 

The  equivalence  in  form  between  the  first  and  second  set  of 
equations  led  Hamilton  to  use  the  same  symbol  to  denote  two 
things  ;  viz. : — 

(1)  An  undetermined  (or  unit)  vector  in  any  direction. 

(2)  The  operation  of  turning  a  line  about  this  vector  as  axis 
through  a  right-angle. 

It  is  essential  to  observe  that  the  multiplication  of  the 
operators  ix,  iy,  iz  is  not  commutative. 

Thus  ixiy  =  -  iyix ;  iyiz  =  -  iziy  •  izix  =  -  ixiz. 


MISCELLANEOUS    EXAMPLES. 

1.  Show  from  the  definitions  of  the  trigonometrical  ratios 
which  apply  to  angles  of  any  magnitude,  that  a  knowledge  of  the 
tangent  of  half  an.  angle  determines  all  the  trigonometrical  ratios 
of  the  angle  without  any  ambiguity. 

Also  write  down  the  value  of  each  ratio  of  an  angle  in  terms 
of  the  tangent  of  the  half-angle  in  order  to  illustrate  the  above. 

2.  If  A',  'B',  C'  be  the  external  angles  of  a  triangle  ABC, 
be  vers  A'  +  ca  vers  B'  +  ab  vers  Cf  =  J  (a  +  b  +  cf. 

3.  In  any  triangle  ABC, 

a2  cos  2(B-C)  =  b*  cos  2B  +  c2  cos  2C  +  2bc  cos  (B  -  C). 

4.  Show  that 

\ir  =  2  tan-1 1  +  tan-1  \  +  2  tan'1  i  ; 
sin-1  f  -  cos-1 1|  +  2  tan-1  i 

5.  If 

cos  A  cos  X  +  cos  B  cos  T  +  cos  C  cos  Z  =  cos2  A  +  cos2  B  +  cos2  C 

=  cos2  X+ cos2  F+  cos2^  =  1, 
then  cos  A  sec  X  =  cos  j5  sec  Y  =  cos  6*  sec  Z—\. 

6.  Eliminate  6  from  the  equations 

x  y 


sin  30  -  sin  0     cos  30  —  cos  0 

7.  Eliminate  <f>  and  <£'  from 

x  cos  <£  +  ?/  sin  <£  =  x  cos  <£'  +  ^/  sin  <£'  =  2a  : 
and  2  cos  |-^>  cos  J<£'  =  1. 

8.  Eliminate  0  from 

x  tan  0  =  y  tan  <£ 
and  (x  +  y]  cos  (0  -  cf>)  +  (x  -  y)  cos  (0  +  <f>)  =  2«. 
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9.  If  a  sin  a  =  b  sin  0;  and  a  sin  ft  =  b  sin  <£;  and  a  —  ft  =  0  -  <£ ; 
and  a  and  b  are  unequal  j  then 

a  =  ft  +  \7r  and  0  =  <£  +  A.TT 
where  A  is  any  integer. 

10.  If  x  cos  0  -  y  sin  0  =  2a  cos  20, 
and  x  sin  0  +  y  cos  0  =  2a  sin  20, 

2.  2.  2. 

then  (x  +  y)3  +  (as  —  yY  =  2a3. 

11.  Eliminate  0  from 

6  cos2  0  +  a  sin2  0-6  cos2  (0  +  <£)  +  a  sin2  (0  +  <£)  =  0. 

12.  Eliminate  0  and  <£  from 

oa:  sec  <j*  —  by  cosec  <{>  =  ax  sec  0  —  by  cosec  0  =  a2  -  62 ; 
and  0  —  <f>  =  i-Tr. 

13.  Prove  that  the  equations 

(x  +  or1)  sin  a  =  yz~l  +  zy~l  +  cos2  a, 

(z  +  z~l)  sin  a  =  xy~l  +  yx~l  +  cos2  a, 
are  not  independent,  but  are  equivalent  to 

x  +  y  +  z  —  or1  +  y~l  +  z~l  -  —  sin  a. 

14.  Solve  for  a  and  ft 

sin  a  cosh  /?  =  f-  and  cos  a  sinh  ft  =  ^. 

15.  If  a  and  /?  are  the  two  values  of  sin  0  which  satisfy  the 
equation 

a  cos  20  +  6  sin  20  =  c, 

($  -\~  ~H^  —  CLC 

prove  that  a2  +  /22  = 5 — ^ —  . 

ft       L  /) 

16.  If         a  cos  (0  +  <£)  +  6  cos  (0  -  <£)  +  c  =  0, 

a  cos  (<£  +  i/r)  +  6  cos  (<f>  —  \j/)  +  c  =  Q, 
a  cos  (i/r  +  0)  +  6  cos  (j/r  -  0)  +  c  =  0, 
and  if  0,  <£,  i/r  are  all  unequal,  then  a2  -  62  +  26c  =  0. 
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17.  Eliminate  0  from 

cos3  6  =  m  cos  (30  -  a)  and  sin3  0  =  -  m  sin  (30  —  a), 
showing  that  1  +  m  cos  a  =  2m2. 

18.  If  a,  /?,  y  be  unequal  and  each  less  than  2^, 

and  if     cos  (a  +  0)  sec  2a  =  cos  (ft  +  0)  sec  '2(3  =  cos  (y  +  0)  sec  2y, 
then  cos  (/?  +  y)  -f  cos  (y  +  a)  +  cos  (a  +  (3)  =  0. 

1 9.  Given     x  cos  a  -f  y  sin  a  +  z  +  cos  2a  =  0, 

x  cos  /?  +  y  sin  ft  +  z  +  cos  2/?  =  0, 
03  cos  y  +  y  sin  y  4-  z  +  cos  2y  =  0, 

then         x  cos  <£  +  y  sin  <£  +  z  +  cos  2<£  = 

8  sin  !  (a  +  /?  +  7  +  <W  sin  J  (0  ~  a)  gin  \  (<t*~P)  s^n  i  (<£  ~  7)- 

20.  If  a,  /?,  y  be  unequal   and  each  less  than  TT,  then  the 
system  of  equations 

sin  (2a  —  (3  —  y)  _  sin  (2/3  —  y  —  a)  _  sin  (2y  —  a  -  ft) 
COS  (2a  +  ^3  +  y)       COS  (2/2  +  y  +  a)       COS  (2y  +  a  +  ft)  ' 

is  equivalent  to 

cos  2  (0  +  y)  +  cos  2  (y  +  a)  +  cos  2  (a  +  /?)  =  0. 

21.  If  ^1  +  B  +  G  lie  between  0  and  27r, 

/I  +  cos  A  —  cos  B  -  cos  CV      /I  +  cos  B  —  cos  C  —  cos.4\2 


sin  Jj5  sin  J(7          /       \          sin  J(7  sin  \A          ) 

/I  +  cos  C  —  cos  A  —  cos 


sin  %B 

_nr»c  7?\ 

16. 


22.  The  area  of  ABC  -  s2 .  2^  cos  |0  cos  |0  cos  J^, 
where     cos  0  =  tan  ^B  +  tan  J(7 ;  cos  </>  =  tan  J(7  +  tan  \A  ; 

cos  i/f  =  tan  J^l  +  tan  \B. 

23.  If   Z,   Mt   JV  are  the  feet  of  the  perpendiculars  from 
A,  B,  C  on  the  opposite  sides,  and  plt  p2,  p3,  —p4  the  perpen- 
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diculars  from  A,   B,   C,   and  the  ortho-centre   on  the  sides  of 
L,  M,  jV,  then  pl,  p^  psi  p4  are  the  roots  of 


where  r'  is  the  radius  of  the  inscribed  circle  of  LMN. 

24.     The  sides  taken  in  order  of  a  pentagon  circumscribed  to 
a  circle  are  a,  b,  c,  d,  e:  prove  that  its  area  is  a  root  of  the 
equation 
x*  -  y?s  \$$a?  (b  +  e-c-d)-  J2a3  +  ^acd} 

+  (s  -  a  -  c)  (s  -  b  -  d)  (s  -  c  -  e)  (s  -  d  -  a)  (s  -  e  -  b)  s3  =  0. 
%     25.     The  roots  of  e*  =  I  being  2mri,  show  that 


26.  Show  geometrically  and  algebraically  that  the  sum  of 
the  operations  r  (cos  a  +  i  sin  a)  and  /  (cos  (3  +  i  sin  /?)  (which  have 
the  same  axis)  is  the  operation  p  (cos  0  +  i  sin  6),  where 

,  ,  -     r  cos  a  +  r'  cos  /3 

p-  =  r*  +  r  *  —  2rr  cos  (a  -  B)  and  tan  0  =  — -. —     — 1—. — -n . 

r  sin  a  +  r  sin  /? 

27.  From  the  proposition  that  the  diagonals  of  a  rhombus 
bisect  one  another  at  right-angles,  show  that  2  cos  A  and  2i  sin  A 
can  be  expressed  as  the  sum  and  difference,  respectively,  of  z9  and 
z ~e  where  0  is  proportional  to  A-,  and  z  is  some  undetermined 
quantity. 

28.  If  a2  +  62  +  c2  +  d?  be  called  the  norm  of  the  operation 
a  +  bix  +  ciy  +  diz,  show,  by  means  of  the  formulae  of  Art.   708, 
that  the  norm  of  the  product  of  two  such  operations  is  equal  to 
the  product  of  their  norms. 
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EXAMPLES  I.     pp.  15 — 17. 

1.  (1)  3".     (2)  25\     (3)  4«.     (4)  35s  60\      (5)  188s  80\ 
(6)  234258  78X  90".     (7)  5204*  6'  50"  -42003. 

2.  (1)  0"  -972.      (2)  13'  30".      (3)  3°  36'.      (4)  32°  2'  24". 
(5)  169°  55'  12".   (6)  21083°  12'  36"-36.   (7)  4683°  39'  30"-73608972. 

3.  (1)  -000004.       (2)  -007.        (3)  -0004.      (4)  -050245. 
(5)  -26463562.     (6)  -0001.       (7)  -00001.      (8)  -000001. 
(9)  -123.        (10)  -345.       (11)  -678. 

4.  (1)  Is  26X  19ff  \  (2)   3s  40'  96^'-  (3)   67s  80\ 

5.  (1)  3°.        (2)   40°  32' 42'' -972.         (3)    6°  22' 44"-796. 

9.  45°,  60°,  75°.  10.    36°.  11.    90°,  81°,  9°. 

13.  1170°,  7080°,  3300°.  14.     (8w  +  l)45°,  (8n  +  3)45°. 

15.  (1)   60°.  (2)  120°.  (3)   108°.  (4)    150°.  (5)   156°. 

16.  (1)   5ft.  (2)   5ft.  5  in.  (3)   6ft.  1  in. 

17.  (1)   2ft.  (2)   3ft.  9  in.  (3)   6ft.  5  in. 

18.  a2  +  62.  19.    If  OA  =  1,  then  OB=J2,  OC=J3,  0.0=^4  &c. 

EXAMPLES  II.     pp.  37,  38. 

1.  (1)  22yds.  to  within  about  3  in.  (2)  3m.  Ifur.  29yds.  7  in. 
to  within  about  3  in.            (3)    55yds.  to  within  about  6  in. 

2.  (1)   ^Tr0  or  0C-017453.  (2)   ^TTC  or  Oc'015708. 
(3)    iiu(7T2)c  or  Oc-054783.  (4)  ^(7r2)c  or  Oc-049348. 
(5)  -J|^TTC  or  Oc -035779.  (6)   $fo*-c  or  Oc- 270522. 

3.  (1)   180°.                  (2)  540°.  (3)   450°.                  (4)   19°  5' 54". 
(5)   171°  53'  31".            (6)   180°  4'  21". 

4.  Taking  ir  =  ^-,  (1)   5°  50'.  (2)   70°.           (3)   11°  40'.           (4)   210°. 

5.  162°,  90°.  6.     (1)    1-0472  ft.            (2)    1-7104  ft. 
(3)   2-4435  ft.          (4)  '7854  ft.  7.     4  sq.  yds.  2  sq.  ft.  70  sq.  in. 

8.     118|  sq.  in.  10.     (1)    l-2«.         (2)2-3c.  11.     £,  ^  f . 

12.     *V,  AT,  1^  HT,  ||TT. 
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EXAMPLES  III.     pp.  52—54. 


1.  sin  A  =  cos  B  —  iv/H  5  cos  -^  —  s^n  &  —  I  &c- 

2.  sin  ^l  =  cos  .B  =  £  ;  cos  ^1  =  sin  .5  =  i  ;  tan  4—  cot-B  —  f. 

3.  sec.i  =  cox.B  =  £;  cox^  —  secjB  =  T7TV/5  ;  cot^=T2rx/5 

9.  20°.         12.     (i)   cos40-4cos'20  +  4,     (ii)   8  -  12  sec2  0  +  6  sec4  0-  sec6  0. 

46.  (i)    ±W3-  (")    lorO-          ("i)   I-  (iv)   §.  (v)   W3  or  £. 

47.  if.  48.     £orf. 


1. 


(1)   cos^  = 

(3)   smA=j^/Q,  cos  .4  = 

B 
(5) 


EXAMPLES  IV.     pp.  71,  72. 


(2) 


2.     tan  A  = 

/ 

3. 


l 
"x/To* 

^(1-cosM) 
cos  A 


(4)   sin  .4  =  |,  tan^  =  : 
(6) 


see  ^4 
cox  A  =  —.-. — 


cot  A 
1 


J  (I -cos*  A) 


5. 

8. 
13. 
17. 
22. 
33. 
35. 


36. 


tan^l 


11.     45°.  12.     60°  or  45°. 

15.     45°  or  90°.  16.     60°. 

20.     18°.          21.    45°  or  67|°. 
25.     15°  or  75°. 


A)  sec  A 

60°.  9.     30°.  10.     45°. 

0  or  60°.  14.    45°. 

15°.  18.     30°.  19.     30°. 

67^°.  23.     45°  or  30°.  24.     0  or  60°. 

Between  45°  and  60°.  34.     Between  30°  and  60°. 

1  -  cos  d  increases  from  0  to  1 ;  sec  6-1  increases  from  0  to  oo  . 

sin  d  4-  cos  6  increases  from  1  to  ^/2  at  45°,  and  then  decreases  to  1  again 

sec  d  -  tan  d  decreases  from  1  to  0. 

a  =  45°,  /3  =  60°.  37.     A  =  37£°,  B  =  7£°. 


2.     i(v/ 
5.    1,0. 


6. 


EXAMPLES  V.     pp.  83—86. 

3. 
If.  7. 


1  4-  tan  J.      cot  A  +  l 


1  -  tan  A  '    cot  J.  -  1 ' 
17.     2  sin  9.4  cos  2J.  18.     2  sin  2^4  cosll^t.        19.     2  cos  4^  cos  J. 

20.     2  sin  5 A  sin  12 A.  21.     2  sin  7Z.4  cos  A. 

22.     2  sin  45°  cos  (2 A  -45°).  23.     2sin^4cos-p. 

24.     2  sin  p  sin  \A.  25.     2  sin  (£0-£0  +  45°)  cos 
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26.  2  cos  (45°  -£0  +  £0)  sin  (45°  -£0-£0).  27.     2  sin  w^  sin  3^4  . 

28.  2  cos  (^-£  +  45°)  sin  (^  +  5  -45°).  29.     sin  (.4+  5)  +  sin  (4  -B). 

30.  cos(4-J5)-cos(^  +  B).  31.     sin  60°  -sin  40°. 

32.  sin  60°+  sin  40°.  33.     sin  40-  sin  6. 

34.  cosB-cosQB.  35.     sin  2a  +  sin  2/3. 

36.  sin  18°  -  sin  4°.  59.    tan  (A  +  B)  =  1T\,  tan  (^4  -  B)  =  -$- 

68.  45°orO.           69.     30°.           70.    0.  71.     0.          72.     45°  or  60° 

73.  30°  or  90°.       74.    20°.          75.    10°.  76.    18°. 


EXAMPLES  VI.     pp.  90,  91. 

1.     8inl35°=4o>    cos  135°=  -i,    tan  135°= -1. 


'=^,    cos  120°= -J,    tan  120°= -V3. 
sinl500  =  |,    cos  150°=-^-,    tan  150°=--^. 

sin  105°  =  ;£  (^6  + v/2),  cos  105°=  -  i  (^6  -  ^2),  tan  105°=  -  2  -  x/3. 
9.     The  relations  of  inequality  hold  numerically,  not  algebraically. 

EXAMPLES  VII.     pp.  Ill,  112. 

1.  13ft.                             2.     60°.                             3.  £  =  45°or  tan£  =  T\. 

4.  6i,  -V-V2,  fW2-         5.     (2v/3±v/5)ft.            6.  45°,  60°,  75°. 

7.  135°,  30°,  15°.  8.     H.  6-  9.     20°  36'  35",  69°  23'  25",  90°. 

10.  54°  and  108°,  or  126°  and  36°.              11.     45°.  12.     7:9:  11.   "" 

13.  3  -  V3,  37J  sq.  ft.                     14.     8.  15.     4m.  or2x/13m. 

16.  a  =  b,  5  =  30°,  C  =  120°.                 17.     60°.  19.    ff ,  llfff,  HI- 

21.  5  =  60°,  a  =(3  +  ^/3)  ft.,  6  =  3^2 ft.,  0  =  2^3 ft.  22.     6  in. 

EXAMPLES  VIII.     pp.  117—121. 

1.     500  ft.  nearly.  2.     1000  ft.  nearly.  3.     2  ft.  3  in. 

4.     18-3ft.          5.     !\/2m-5  /\/2m.  6.     $2  minutes,  1^  miles,  nearly. 

7.     380  ft.,  400  ft. 

5&2  +  8a&-5a2     362+8a6  +  13a2 
13. 


«.  W,         23.  '-- 
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EXAMPLES  X.     pp.   168  —  180. 


72.     (1)   l(B  +  C),l(C  +  A),i(A  +  B).  (2) 

(3)  B  +  C-A,  C  +  A-B,  A  +  B-C. 

125.     3;  4V(2-V2)  =  3-0614;  f  (*/5-l)  =  3-0901;    3  V2  (v/3-  1)  =  3'1058; 
5 


EXAMPLES  XI.  pp.  209—215. 

2.  1,  i,  v/«3>  ^4  5  °'  ~5'  *•  -f          3.  irV,  81,  A.  1- 

3         _3  23    17 

5.  o*,  a;-7,  x  2,  a;°,  a;-1,  s«,  *<*  ;  f,  _7,  -f,  0,  - 1,  ^,  -1/- 

6.  5,  3,  3,  4,  4,  V-,  |,  -|,  f,  -2,  J,  |,  1,  J,  -^,  -f,  -$,  -5,  -1, 
-i,  -1,  -2,1- 

7.  3,  2,  0,  -1,  -3,  4,  4,  3,  3,  2,  11. 

24.  -6020600,  -9030900,  2-1072100,  -1003433,   3-010300,   1-6989700, 
1-6387640,  f-3979400,  2-494850,  2-3010300,  3.3010300. 

25.  -6989700,  1-3979400,  1-6989700,  1-3010300,  3-9030900,  1-4757725, 
3-6989700,  4-6989700. 

26.  -9542426,  1-5228787,  1-4771213,  2-3856065,  2-4771213,  1-0457574. 

27.  -7781513,  1-2552726,  1-1760913,  2-1303339,  2-1583626,  2-8750613, 
1-3467874,  3-6478174. 

28.  2-5352940,  5*5352940,  f-5352940,  3-5352940,  -5352940. 

29.  1-5440680,  10~7  ;  2-3222193,  10~7  ;       2-3891660,  f  .  10~7  ; 
1-4471580,  f  .  10~7  ;  1-6232493,  f .  10~7;     1-7993406,  |  .  10~7 ; 
2-6444386,  2  . 10~7 ;  2-7024306,  3  . 10~7. 

30.  -3424227,  3-5606673,  -6575773. 
33.  1-1760912,  1-0791812,  2-3467875. 

35.  12599-21.          36.  43822080yds.          38.  41. 

39.  -0931432.          40.  -9279516,  2-9279523,  4-9279540. 

41.  5-2721589,  2-2721571,  1-2721513. 

42.  2674-116,  2674-114,  -2674176. 

43.  377-6067,  -003776077,  3-776088. 

44.  -6244781,  -6245500.          45.  1-0578505,  1-0576553. 
46.  9-8048933,  9-8049583.          47.  9-9691068,  9-9690952. 

48.  897-946.          49.  A  =  63°  49'  9",  5  =  26°  10'  51",  c  =  593-601. 

50.  6  =  1613-694,  c  =  3227-388,  JS  =  30°.  51.  6=134-8163. 

52.  a  =  3149-056.         53.  85°  54' 4".  54.  80°  24' 21". 

55.  102°  1'  29". 
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56.  4=48°  11'  23",  5  =  58°  24'  44",  (7  =  73°  23'  53". 

57.  J3  =  118°53'33",  C  =  11°  6'  27". 

58.  5  =  41°  25' 26",  (7=18°  34' 34",  a  =  35-341. 

59.  £  =  126°  52'  11",  C  =  36°  52'  11". 

60.  ^  =  70°  22'  35",  C=62°  24'  25",  or  ^  =  15°  11'  15",  (7  =  117°  35'  35". 

61.  0  =  37°  25'  45",  4  =  95°  21'  15",  a=325-1741. 

62.  C  =  5°  11'  21",  4  =  51°  21'  39",  a  =  327-5311.        63.  63°  26'  6". 
64.  3185-379  ft.          65.  343-9880  ft.         66.  178-1434  ft. 
67.  1000  ft.  nearly. 


EXAMPLES  XII.     pp.  242—244. 


1.  (1)  AE.         (2)  AD.        (3)  BC.         (4)  CA.        (5)  CB.        (6)  0. 

2.  A  and  B  would  meet  at  -  —  miles  from  the  town. 

a-b 

If  (i)   a>&  and  ajo-bjd  or  (ii)  a<6  and  a/c<6/d,  before  reaching  the 

town. 
If  (i)  a  >  b  and  a/c  <  6/d  or  (ii)  a  <  b  and  a/c  >  6/d  after  having  reached 

the  town. 

They  would  meet  at  —  —  ,  hours  from  the  given  moment. 
a-b 

If  (i)  od  and  a>b  or  (ii)  c<d  and  a<b  after  the  given  moment. 
If  (i)  c>  d  and  a<b  or  (ii)  c<d  and  a  >  &  before  the  given  moment. 

9.     W48,  10.     -?.  11.     =. 


13.  {6w  +  (-!)*}  30°.  14.     (6?i  +  l)30°.  15.     (12>i  ±1)30°. 

16.  n  180°  +  19°.  17.     (2n  +  l)45°.  18.     {4n  +  (-!)«}  45°. 

19.  (2n  +  l)45°.       20.   (4w  +  l)45°.        21.    (Gn  ±1)30°.       22.   (6w±l)60°. 

23.  (2n  +  1)  45°  or  (6w  ±  1)  30°.  24.     (2;i  +  1)  45°  or  (6w  ±  1)  30°. 

25.  (2n  +  l)45°.  26.   w  180°  or  (6w±l)60°.  27.    (6n±l)60°. 

28.  (47i  +  3)45°.  29.     (6?i±l)60°.  30.    0= 

31.  «360°.  32. 
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33. 


sin. 

cos. 

tan. 

150° 

i 

v/3 
2 

1 

I            ~73 

47T 

T 

v/3 
2 

-i 

v/3 

2508 

1 

~J2 

1 

~V2 

1 

765° 

1 

72 

1 

V2 

1 

-60° 

v/3 
2 

1 

-x/3 

27T 

3 

v/3 
2 

-i 

N/3 

945° 

1 

'      ~^2 

1 
x/2 

1 

108° 

iV(10  +  2v/5) 

-i(x/5-l) 

-V(5  +  2V5) 

7T 

~8 

-^(2-^/2) 

iv/(2  +  v/2) 

•-v/2  +  1 

2n7r  +  l 

1 

72 

1 

>/2 

1 

(2n  +  l)7r~ 

i 

x/3 
2 

1 

x/3 

2™+5i 

i 

v/3 
2 

1 

x/3 

J.  T. 


32 


498 


ANSWERS   TO   EXAMPLES. 


38. 


sin  A  +  cos  A 

sin  A  -  cos  A 

tan  A  +  cot  A 

tan  A  -  cot  A 

0  to  4o° 

inc.  from 

1  toj2 

inc.  from 
-1  toO 

dec.  from 
oo  to  2 

inc.  from 
-oo  toO 

45°  to  90° 

dec.  from 
v/2to  1 

inc.  from 
0  to  1 

inc.  from 
2  to  oo 

inc.  from 
0  to  oo 

90°  to  135° 

dec.  from 
ItoO 

inc.  from 
1  to  ^/2 

inc.  from 
-oo  to  -2 

inc.  from 
-oo  toO 

135°  to  180" 

dec.  from 
Oto  -1 

dec.  from 
v/2tol 

dec.  from 
-  2  to  -  oo 

inc.  from 
0  to  oo 

180°  to  225° 

dec.  from 
-1  to  -^/2 

dec.  from 
1  to  0 

dec.  from 

oo  to  2 

inc.  from 
-oo  to  0 

225°  to  270° 

inc.  from 
-^2  to  -1 

dec.  from 
Oto  -1 

inc.  from 
2  to  oo 

inc.  from 
0  to  oo 

270°  to  315° 

inc.  from 
-  1  to  0 

dec.  from 
-  1  to  -  ^2 

inc.  from 
-oo  to  -2 

inc.  from 
-oo  to  0 

315°  to  360° 

inc.  from 
Otol 

inc.  from 
-V2to  -1 

dec.  from 

-  2  to  -  oo 

inc.  from 
0  to  oo 
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cos  A  +  sin  A 

cos  A  -  siu  A 

0  to  45° 

inc.  from 
0  to$ 

inc.  from 
Oto^/2 

dec.  from 

"to3 

inc.  from 
1  to  oo 

45°  to  90° 

dec.  from 
|to€ 

inc.  from 

^2  to  oo 

dec.  from 

72'°° 

inc.  from 
-oo  to  --1 

90°  to  135° 

dec.  from 
Oto  -| 

dec.  from 

OOtO^/2 

inc.  from 

ot°72 

inc.  from 
-ItoO 

135°  to  180° 

inc.  from 
-i*oO 

dec.  from 

v/2  toO 

inc.  from 

^'OK 

inc.  from 
Otol 

180°  to  225° 

inc.  from 
OfoJ 

dec.  from 

Oto  -^2 

inc.  from 

:oot°-V2 

inc.  from 
1  to  oo 

225°  to  270° 

dec.  from 
itoO 

dec.  from 
-  ^2  to  -  o> 

inc.  from 
-^2t0° 

inc.  from 
-  oo  to  -  1 

270°  to  315° 

dec.  from 
Otp  -i 

inc.  from 

-  oo  to  -  ^2 

dec.  from 

010  -3 

inc.  from 
-1  toO 

315°  to  360° 

inc.  from 
-itoO 

inc.  from 
-^2  toO 

dec.  from 
-i^to-cc 

inc.  from 
Oto  1 
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EXAMPLES  XIV.     pp.   277—280. 

25.  l-8cos2^  +  8cos4^,  8coss4-4cos4.  48.     (3n±l)60°. 

49.  (2n  ±1)45°.  50.     {4n  +  (-l)n}45°or  (2n  +  l)224°. 

51.  (8w  ±  1)  45°  or  (2rn  +  1)  22£°. 

52.  {6w  +  (-l)M}30°,  {10tt+(-l)n}18°or  {.lOre  -  3(  -  !)»}  18°. 

53.  (4n  +  1)  30°  or  (4w  -  1)  45°. 

54.  w!80°,  ?i!80°  +  674°,  or  w!80°  -  22£°. 

55.  (2n  +  1)  90°,  (lOn  ±  1)  18°  or  nl8Q°  ±  54°. 

56.  (  2n  +  1)90°  or  {4w+  (-!)«}  15°.  57.    w.  180°  or  {4w  +  (-  l)w}15°. 
58.  n.90°or(3n±l)120°.                             59.     n.  180°  or  (6n±l)10°. 

60.     (2w  +  1)90°,  or  (3n±  1)40°.  61.     (2n  +  l)  90°  or  (6n±l)20°. 

62.    n  .  180  or  4  cos'1  x/8~1  .  63.     w  •  180°.  64.     (2n  +  1)  15°. 

£l 


65.     (12n±l)30°.  66. 

67.     (27i+l)22|°or  (4n  +  l)18°.  68.     \-  69.    0  or  £. 

70-    t 


EXAMPLES  XV.     pp.  299—302. 

6.    (12n±l)15°.  c 

g.   (6n±l)20°.  / 

g,   w.60+(-l)M50.          A.   (3re-l)20°.  i.    n.!20°. 

I.   n.60°. 
2.     sin  9°=  +  W(l  +  8^  18°)  -  4^(1  -  sin  18°)  = 

cos  9°=  +  W(l  +  sin  18°)  +  y(l  -  sin  18°)  = 


tan  9°  =  cosec  18°  -  cot  18°  =  ^5  +  1  -  V(5  +  V5)  • 


sin  4^°=sin  (22i°-  IS0)  =  ^(10  +  2^5)^(2-  ^2) 

cos  4i°  =  cos  (22£°  -  18°)  =  V(10  +  V5)v/(2  +  J2)  +  4(^/5  -  1)  v/(2  - 


tan  4i°= 

sin  6°  =  sin  (60°  -  54°)  =  4{  ^(30  +  6^/5)  -  >/5  -  1  }  . 

cos  6°  =  cos  (60°  -  54°)  =  -HV(10  +  2N/5)  +  ^/15  +  v/3}. 

sin  7i°  -  sin  (22^°  -  15°)  =  4(^/6  +  ^2)^(2  -  ^/2)  -  4(^/6  -  ^2)^(2  +  ^2). 

cos  7i°  =  cos  (224°  -  15°)  = 

cot  7|°  =  cox  15°  +  cot  15°  = 

tan  7  J°  =  cox  15°  -  cot  15°  = 

sin  3°=  sin  (18°  -  15°)  =TVCs/6  +  N/2)(N/5  -  1)  -  ^(v/6  -  ^2)^(10  +  2^5). 

cos  3°  =  cos  (18°  -  15°)  =  TV(x/6  +  ^2)^(10  +  2^5)  +  ^(x/6  -  ^2)  (^5  -  -  1). 


ANSWERS   TO    EXAMPLES. 


501 


3.     2  cos  A/2n  =  ^[2 +  ^{2  +  ^(2  to  n  roots  +  2  cos  A)}]. 


A  goes 

sin  ^  A  +  cos  |  A 

sin  \  A  -  cos  \A 

0  to  90° 

inc.  from  1  to  ^/2 

inc.  from  -  1  to  0 

90°  to  180° 

dec.  from  ^2  to  1 

inc.  from  0  to  1 

180°  to  270° 

dec.  from  1  to  0 

inc.  from  1  to  J2 

270°  to  360° 

dec.  from  0  to  -  1 

dec.  from  ^/2  to  1 

27. 
33. 


-  41°  36'  41".  32.     (1  -  2X)  TT,  2/iTr,  2  (X  -  A*)  IT. 

x  =  d  cos  (.?  -  a),  y  =  d  cos  (s  -  /3),  2  =  d  cos  (s  -  7)  if  s  =  ^  (a  +  j8  +  7),  where 
a,  /S,  7  and  d  may  have  either  sign  throughout  ;  and  it  is  assumed  that 
±  o  ±  /3  ±  7  is  not  equal  to  2r?r. 


(a) 


EXAMPLES  XVI.     pp.  318,  319. 
l.  (6) 


6. 

7. 

8. 

9. 
11. 
13. 
15. 
17. 
19. 


2sinj3 
3  sin  {a  +  |(n  -  l)/3}  sin 

4  sin  1/3 
cos  {  4a  +  2  (n  -  1  )/ 


EXAMPLES  XVII.     pp.  323,  324. 


sin  {3a  +  f  (w  -  I)j8}  sin 


4  sin  f/3 


cos  {2a 


8  sin  2/3 

cos  (29  + no.)  sinrm      n 

— =—. — -         —  +  -  cos  a. 
2  sin  a  2 

2  sin  no. 


2sin/3 


+•*•• 


cos(n  +  l)a.  sin  2a  ' 
sin  2a      sin  2re+1a 


3  cos  a  j  cos  3na 

~~  -^' 


i  cosec2  \Q  -  2H~l  cosec2  2n~10. 
2(cota-cot2«a). 


12. 


14. 


cos  (w  +  l)a.  sin2a  ' 
3  sin  a      sin  3na 


16.     cos  28  -cos  2?l+10. 
sec  a  —  sec 


2sino 


-tan2a 
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sin  nd  (3  cos  nO  cot  d  -  sin  nd}  -  Bn  cos  2nd 
21-  2sin0 

1  x  ,     x 

22.    g^=T  cot  Qn^  cosec2  2^-8  cot  2x  .  cosec2  2z. 

sin  ^  (3n  +  1)  a  sin  f  na      sin  ^  (w  -  1)  a  sin  |na 
23'  2  sin  |a  2  sin  |a 

24.     2cosa-2sina.cot2na.  25.     i  [3n  tan  3n  a  -  tan  a]. 

sin  a-xn  sin  (n  +  1)  a  +  xn+1  sin  na 
26.     i  [cot  a  -3*  cot  3  V|.  27.  " 


cos  a  -  x  -  xn  cos  (w  +  1)  a  +  xn+1  cos  na 

l-2#cosa  +  a;2 
sin  a  +  #-(-!c)ncoa  (n+l)  (%ir  -  a)  +  (  -  x)n+  1  cos  n  (%ir  -  a) 

l  +  2zsina  +  a;2 
cos  a  -  icw  sin  (n  +  1)  (  \ir  -  a)  +  xn+1  sin  ?i  (^?r  -  a) 


(w  +  1)  sin  Tia  -  n  sin  (n  +  1)  a 
8X1  2  (1  -  cos  a) 

(n  +  1)  cos  na  —  n  cos  (n  +  1)  a  -  1 
3^'  2  (1  -  cos  a) 

33.     itan2w0.  34.     tan  2n<f>  -  tan  0. 

EXAMPLES  XIX.     pp.  388—393. 

-i  2    ^ 
11.     1,  e~2,  e   f'/32,  e2js*.  17.     l.  ig.     log  a  -log  6. 

19.    1.  20.    2^2/<z2.  21.    1.  22.    1.  23.    0. 

24.     *V  25.     T^T.  26.     im.  27.     2  (n2  -  w2)/2>2. 

28.     -30.  29.    4.  30.     -9.  31.    5~5.  32.    *. 

33-    *          50.    1 

52.    K.-"*"*-^-'-^.  53. 

54.  -|log  (l-2cos^.  cosh  0  +  cos2  (9). 

55.  ^-{l  +  cosa^osh/S  +  sinhjS)}?-!-  {1  +  cosa  (cosh/S-sinhjS)}?  . 


EXAMPLES  XX.     pp.  413—415. 
1.     -0020944,  -008799,  -01745,  -0381.  2. 

4.     1-1090966.  7.     1-4641147.  10.     8-4647449,  8-4647488. 

11.     3°  14'  28"  -1307. 
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EXAMPLES  XXI.     pp.  465—471. 

7.    !*=  +  !«  -!«+««»  -I.    (-!)*=!£  or  ^  „£ 

The  above  eight  quantities  are  the  values  of  1¥. 


or 
13.    a*  +  l=(a?  +  l)(s4-a:8  +  sa-a;  +  l)  =  0  gives  a;=  -1  or 


or 

Trigonometrically  :  (  -  1)    =  cos  i  (2r  +  1)  180°  +  i  sin  i-  (2r  +  1)  180°, 
=  cos  36°  +  i  sin  36°,  or  cos  108°  +  i  sin  108°,  or  cos  180°  +  i  sin  180°,  or 
cos  252°  +  i  sin  252°,  or  cos  324°  +  i  sin  324°. 

14.  l  +  i=j2(co8±ir  +  i8Ui±Tr).  ^3  +  1  =  2  (cos  $w  +  t  sin  $*•). 

1  -  ijS  =  2  (cos  |TT  +  i  sin  |TT).  -  1  -  1  =^2(coa  |TT  +  i  sin  f  TT). 

*/2  +  1  +  i  =  x/(4  +  2^/2)  (cos  £TT  +  i  sin  fa). 
2-^/3  +  1=^(8-  4JB)  (cos  T\TT  +  i  sin  ^T). 

15.  1*=±1 


or  ±i{U/6-N/2)-V(6+A/2)} 
or  ± 


16.  2~3(i-l)  or  2~'(3 

±3.2^  (cos  7|°  -  i  sin  74°)  or  ±3.2^  (sin  7J°  +  i  cos  ?i°). 

2*  (i-JB)  or  2»  (cos  (12n  +  l)  6°  +  i  sin  (12w  +  l)  6°}  where  n  =  0,  1,  3  or  4. 

17.  cos  Id  =  cos7  0-21  cos5  6  sin2  0  +  35  cos3  6  sin4  0  -  7  cos  9  sin6  0  ; 

-  sin  70  =  sin7  0-21  sin5  0  cos2  0  +  35  sin3  0  cos4  0  -  7  sin  0  cos6  0. 

18.  64  cos7  0  =  cos7  0  +  7  cos  50  +  21  cos  30  +  35  cos  0  ; 

-  64  sin7  0  =  sin  70  -  7  sin  50  +  21  sin  30  -  35  sin  0. 

34.     sin  a  cosh  &  +  i  cos  a  sinh  6  ;     cos  a  cosh  &  -  i  sin  a  sinh  b  ; 
sin  2a  +  i  sinh  2&  _    2  cos  a  cosh  6  +  2i  sin  a  sinh  6  ^ 
cos  2a  +  cosh26  '  cos  2a  +  cosh  2& 

sin  2a-i  sinh  26      2  sin  a  cosh  6  -  2i  cos  a  sinh  & 


cosh  26  -  cos  2a  '  cosh  26  -  cos  2a 

4  log,  (a2  +  62)  +  i  tan-1 ;     log  {2  cos  (i  log  x)}+±i  log  a; ; 
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2a 


*  tan 


cos  log,,  a  +  i  sin  loge  a  ;  cos  \air  +  i  sin  \a,ir  ;  ap  (cos  q  log,,  a  +  i  sin  g  log,,  a)  ; 

TT 

e  -  0  (cos  log  r  +  i  sin  log  r)  where  r2  =  a2  +  62  and  tan  0  =  6/a  ;  e  2  . 


1        ftj^^  +  a2).        -ASI+I  AQ      cosa-a;cos(a-^) 

1     a     ;  2x  l  z 


44.     6cosasin(sina).  45.     <TcosaC0^  cos  (cos  a  sin/8). 

46.     ilog(l  +  2sinacosj3  +  sin2a).  47. 


g'  l  +  cosacos/8 

1  -  cos  a  cos  )8  +  COSM  a  {cos  a  cos  (n  -  1)  /3  -  cos  ?ij3  } 

1-2  cos  a  cos  £  +  cos2  a 
ina  +  iC2sin(a-/3)+(-a;)n+1sm  (a+nj3)-(-a;)n+2sin 


50. 


53.  i  {(w  +  l)  sinTia-nsin  (w  +  1)  a}  cosec2^a. 

_.  n2  {cos  wa-  cos  (rt+1)  a}  +2wcosna      sin  a  sin  wa 

54t  ~~2(i"^cosoj"~"  ~  2(l-cosa)2  ' 

55.  2n  cosw  |a  cos  i?ia.  56.     1  +  2#  cos  a  +  2a;'2  cos  2a  -|-  .  .  . 

57.  1  +  rx  cos  (tan-1  ft/a)  +  ir2;c2  cos  2  (tan-1  6/a)  +  .  .  .  where  ?-2  =  a2  +  62. 

58.  l  +  #cos(a  +  £)  +  |a;2cos(a  +  2/3)  +  ... 

a8  - 


.          6s) 

59.  2—  --     cos  -;-  cos       tan-1     ,  ,    I  .  a;w. 

|n  4  [2  2a6  j 

60.  sina  +  icsin  (a  +  j8)  +  a:2  sin  (a  +  2/3)  +  ... 

61.  l- 
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GERALD  BRADSHAW,  M.A.,  Assistant  Master  in  Clifton  College. 
Globe  Svo.  [In  the  press. 

Brook-Smith  (J.).— ARITHMETIC  IN  THEORY  AND 
PRACTICE.  By  j.  BROOK-SMITH,  M.A.,  LL.B.,  St.  John's 
College,  Cambridge ;  Barrister-at-Law ;  one  of  the  Masters  of 
Cheltenham  College.  New  Edition,  revised.  Crown  Svo.  45.  6d. 

Candler. — HELP  TO  ARITHMETIC.    Designed  for  the  use  of 

Schools.     By    H.    CANDLER,    M.A.,    Mathematical    Master    of 
Uppingharn  School.     Second  Edition.     Extra  fcap.  Svo.     2s.  6d. 

Dalt on.  —RULES  AND  EXAMPLES  IN  ARITHMETIC.  By 
the  Rev.  T.  D ALTON,  M.A.,  Assistant-Master  in  Eton  College. 
New  Edition,  with  Answers.  iSruo.  2s.  6d. 

Goyen.— HIGHER   ARITHMETIC  AND    ELEMENTARY 

MENSURATION.      By  P.  GOYEN,  Inspector  of  Schools,  New 
Zealand.     Crown  Svo.     5*. 
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Hall  and  Knight.— ARITHMETICAL  EXERCISES  AND 

EXAMINATION  PAPERS.  With  an  Appendix  containing 
Questions  in  LOGARITHMS  and  MENSURATION.  By  H.  S.  HALL, 
M.A.,  formerly  Scholar  of  Christ's  College,  Cambridge,  Master 
of  the  Military  and  Engineering  Side,  Clifton  College  ;  and  S.  R. 
KNIGHT,  B.A.,  formerly  Scholar  of  Trinity  College,  Cambridge, 
late  Assistant  Master  at  Marlborough  College,  Authors  of 
"Elementary  Algebra,*  "Algebraical  Exercises  and  Examination 
Papers,"  and  "  Higher  Algebra,"  &c.  Globe  8vo.  2s.  6d. 

Lock. — Works  by  Rev.  J.  B.  LOCK,  M.  A.,  Senior  Fellow,  Assistant 
Tutor,  and  Lecturer  in  Gonville  and  Caius  Colleges,  Cambridge, 
formerly  Master  at  Eton. 

ARITHMETIC  FOR  SCHOOLS.  With  Answers  and  1000 
additional  Examples  for  Exercise.  Third  Edition,  revised.  Stereo- 
typed. Globe  8vo.  4*.  6d.  Or  in  Two  Parts  : — Part  I.  Up  to 
and  including  Practice,  with  Answers.  Globe  8vo.  zr.  Part  II. 
With  Answers  and  1000  additional  Examples  for  Exercise.  Globe 
8vo.  S.T. 

%*  The  complete  book  can  also  be  obtained  without  answers  at  the 
same  price,  though  in  different  binding.  But  the  edition  with  answers 
will  always  be  supplied  unless  the  other  is  specially  asked  for. 

A  KEY  TO  MR.  LOCK'S  "ARITHMETIC  FOR  SCHOOLS." 
By  the  Rev.  R.  G.  WATSON,  M.A.,  formerly  Head  Master  of  the 
Dorset  County  School.     Crown  8vo.     los.  6d. 
ARITHMETIC  FOR  BEGINNERS.      A  School  Class  Book  of 
Commercial  Arithmetic.     Globe  8vo.     2s.  6d. 

\A  Key  is  in  preparation. 

Pedley.— EXERCISES  IN  ARITHMETIC  for  the  Use  of 

Schools.      Containing  more  than  7,000  original  Examples.      By 
S.  PEDLEY,  late  of  Tamworth  Grammar  School.    Crown  Svo.    5*. 
Also  in  Two  Parts  2s.  6d.  each. 

Smith. — Works  by  the  Rev.  BARNARD  SMITH,  M.A.,  late  Rector 
of  Glaston,  Rutland,  and  Fellow  and  Senior  Bursar  of  S.  Peter's 
College,  Cambridge. 

ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  Appli- 
cation ;  with  numerous  systematically  arranged  Examples  taken 
from  the  Cambridge  Examination  Papers,  with  especial  reference 
to  the  Ordinary  Examination  for  the  B.A.  Degree.  New  Edition, 
carefully  Revised.  Crown  Svo.  los.  6d. 

ARITHMETIC  FOR  SCHOOLS.  New  Edition.  Crown  Svo. 
4J.  6d. 

A  KEY  TO  THE  ARITHMETIC  FOR  SCHOOLS.  New 
Edition.  Crown  Svo.  Ss.  6d. 

EXERCISES  IN  ARITHMETIC.  Crown  Svo,  limp  cloth,  2s. 
With  Answers,  zr.  6d.  Answers  separately,  6d. 

SCHOOL  CLASS-BOOK  OF  ARITHMETIC.  iSmo,  cloth.  3*. 
Or  sold  separately,  in  Three  Parts,  is.  each. 

KEYS  TO  SCHOOL  CLASS-BOOK  OF  ARITHMETIC. 
Parts  L,  II.,  and  III.,  2s.  6d.  each. 
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Smith.— SHILLING      BOOK      OF      ARITHMETIC      FOR 

NATIONAL  AND  ELEMENTARY  SCHOOLS.    i8mo,  cloth. 

Or  separately,  Part  I.  2ct.  ;  Part  II.  $d.  ;  Part  III.  yd.     Answers, 

6(f. 

THE  SAME,  with  Answers  complete.     i8mo,  cloth,      is.  6d. 
KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.    i8mo.  AS.  6d. 
EXAMINATION  PAPERS  IN  ARITHMETIC.    i8mo.    is.  6d. 

The  same,  with  Answers,  i8mo,  zs.     Answers,  6d. 
KEY    TO     EXAMINATION    PAPERS    IN    ARITHMETIC. 

i8mo.     4^.  6d. 
THE    METRIC    SYSTEM    OF    ARITHMETIC,   ITS    PRIN- 

CIPLES   AND    APPLICATIONS,  with  numerous   Examples, 

written   expressly   for   Standard   V.   in   National   Schools.     New 

Edition.     i8mo,  cloth,  sewed.     "$d. 
A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Sheet,  size  42  in. 

by    34  in.   on   Roller,    mounted   and   varnished.      New   Edition. 

Price  3-r.  6d.  t 

Also  a  Small  Chart  on  a  Card,  price  id. 
EASY   LESSONS   IN   ARITHMETIC,  combining  Exercises  in 

Reading,  Writing,  Spelling,  and  Dictation.     Part  I.  for  Standard 

I.  in  National  Schools.     Crown  8vo.     gd. 
EXAMINATION  CARDS  IN  ARITHMETIC.     (Dedicated  to 

Lord  Sandon.)     With  Answers  and  Hints. 
Standards  I.  and  II.  in  box,  is.     Standards  III.,  IV.,  and  V.,  in 

boxes,  is.  each.  Standard  VI.  in  Two  Parts,  in  boxes,  is.  each. 
A  and  B  papers,  of  nearly  the  same  difficulty,  are  given  so  as  to 
prevent  copying,  and  the  colours  of  the  A  and  B  papers  differ  in  each 
Standard,  and  from  those  of  every  other  Standard,  so  that  a  master  or 
mistress  can  see  at  a  glance  whether  the  children  have  the  proper  papers. 
Todhunter.— MENSURATION  FOR  BEGINNERS.  By  I. 

TODHUNTER,  M.A.,  F.R.S.,  D.Sc.,  late  of  St.  John's    College, 

Cambridge.  With  Examples.    New  Edition.    i8mo.    2s.6d. 
KEY  TO  MENSURATION  FOR  BEGINNERS.     By  the  Rev. 

FR.  LAWRENCE   MCCARTHY,  Professor  of  Mathematics  in   St. 

Peter's  College,  Agra.     Crown  8vo.     7*.  6d. 

ALGEBRA. 

Dalton. — RULES  AND  EXAMPLES  IN  ALGEBRA.     By  the 
Rev.    T.    DALTON,    M.A.,    Assistant-Master    of    Eton   College. 
Part  I.     New  Edition.      i8mo.     2s.     Part  II.     i8mo.     2s.  6d. 
%*  A  Key  to  Part  7.  for  Teachers  only,  "js.  6d. 

Hall    and    Knight. — ELEMENTARY   ALGEBRA   FOR 

SCHOOLS.  By  H.  S.  HALL,  M.A.,  formerly  Scholar  of  Christ's 
College,  Cambridge,  Master  of  the  Military  and  Engineering  Side, 
Clifton  College;  and  S.  R.  KNIGHT,  B.A.,  formerly  Scholar  of 
Trinity  College,  Cambridge,  late  Assistant-Master  at  Marlborough 
College.  Fourth  Edition,  Revised  and  Corrected.  Globe  8vo, 
bound  in  maroon  coloured  cloth,  3-f.  6d. ;  with  Answers,  bound  in 
green  coloured  cloth,  4^.  6d. 
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Hall     and    Knight.— ALGEBRAICAL    EXERCISES    AND 
EXAMINATION  PAPERS.     To  accompany  ELEMENTARY 
ALGEBRA.     Second  Edition,  revised.     Globe  8vo.     2s.  6d. 
HIGHER   ALGEBRA.     A   Sequel   to    "ELEMENTARY    AL- 
GEBRA FOR  SCHOOLS."  Second  Edition.  Crown  8vo.  fs.6d. 

Jones  and  Cheyne. — ALGEBRAICAL  EXERCISES.  Pro- 
gressively Arranged.  By  the  Rev.  C.  A.  JONES,  M.A.,  and  C. 
H.  CHEYNE,  M.A.,  F.R.A.S.,  Mathematical  Masters  of  West- 
minster  School.  New  Edition.  i8mo.  zs.  6d. 
SOLUTIONS  AND  HINTS  FOR  THE  SOLUTION  OF  SOME 
OF  THE  EXAMPLES  IN  THE  ALGEBRAICAL  EXER- 
CISES OF  MESSRS.  JONES  AND  CHEYNE.  By  Rev.  W. 
FAILES,  M.A.,  Mathematical  Master  at  Westminster  School,  late 
Scholar  of  Trinity  College,  Cambridge.  Crown  8vo.  Js.  6d. 

Smith  (Barnard) — ARITHMETIC  AND  ALGEBRA,  in  their 

Principles  and  Application  ;  with  numerous  systematically  arranged 
Examples  taken  from  the  Cambridge  Examination  Papers,  with 
especial  reference  to  the  Ordinary  Examination  for  the  B.  A.  Degree. 
By  the  Rev.  BARNARD  SMITH,  M.  A.,  late  Rector  of  Glaston,  Rut- 
land, and  Fellow  and  Senior  Bursar  of  St.  Peter's  College,  Cam- 
bridge. New  Edition,  carefully  Revised.  Crown  8vo.  lew.  6d. 
Smith  (Charles).— Works  by  CHARLES  SMITH,  M.A.,  Fellow 

and  Tutor  of  Sidney  Sussex  College,  Cambridge. 
ELEMENTARY  ALGEBRA.     Globe  8vo.     4^.  6d. 

In  this  work  the  author  has  endeavoured  to  explain  the  principles  of  Algebra  in  as 
simple  a  manner  as  possible  for  the  benefit  of  beginners,  bestowing  great  care  upon 
the  explanations  and  proofs  of  the  fundamental  operations  and  rules. 

A  TREATISE  ON  ALGEBRA.     Crown  8vo.     7*.  6d. 

[A  Key  is  in  the  press,  nearly  ready. 
Todhunter. — Works  by  I.   TODHUNTER,  M.A.,  F.R.S.,  D.Sc., 

late  of  St.  John's  College,  Cambridge. 

"  Mr.  Todhunter  is  chiefly  known  to  Students  of  Mathematics  as  the  author  of  a 

series  of  admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  being 

clear  in  style  and  absolutely  free  from  mistakes,  typographical  or  other." — SATURDAY 

REVIEW. 

ALGEBRA    FOR    BEGINNERS.      With    numerous  Examples. 

New  Edition.     i8mo.     2s.  6d. 

KEY  TO  ALGEBRA  FOR  BEGINNERS.    Crown  8vo.    6s.  6d. 
ALGEBRA.     For  the  Use  of  Colleges  and  Schools.     New  Edition. 

Crown  Svo.     JS.  6d. 

KEY  TO  ALGEBRA  FOR  THE  USE  OF  COLLEGES  AND 
SCHOOLS.     Crown  Svo.     los.  6d. 


EUCLID,  &  ELEMENTARY  GEOMETRY. 

Constable.— GEOMETRICAL      EXERCISES       FOR      BE- 
GINNERS.     By  SAMUEL  CONSTABLE.     Crown  Svo.     3*.  6d. 

Cuthbertson. — EUCLIDIAN    GEOMETRY.     By  FRANCIS 

CUTHBERTSON,  M.A.,  LL.D.,  Head  Mathematical  Master  of  the 
City  of  London  School.     Extra  fcap.  Svo.     4*.  6d. 
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DodgSOn. — Works  by  CHARLES  L.  DODGSON,  M.A.,  Student  and 

late  Mathematical  Lecturer  of  Christ  Church,  Oxford. 
EUCLID.    BOOKS  I.  AND  II.     Fourth  Edition,  with  words  sub- 
stituted for  the  Algebraical   Symbols  used  in  the  First  Edition. 
Crown  8vo.     2s. 

*#*  The  text  of  this  Edition  has  been  ascertained,  by  counting  the  words,  to  be 
less  than  five-sevenths  of  that  contained  in  the  ordinary  editions. 

EUCLID    AND   HIS    MODERN   RIVALS.      Second    Edition. 
Crown  8vo.     6s. 

CURIOSA    MATHEMATICA.      Part  I.      A    New  Theory    of 
Parallels.     Crown  8vo.     2s. 

Dupuis.— ELEMENTARY  SYNTHETIC  GEOMETRY  OF 
THE  POINT,  LINE,  AND  CIRCLE  IN  THE  PLANE. 
ByN.  F.  DUPUIS,  M.A.,  F.R.S.C.,  Professor  of  Pure  Mathe- 
matics in  the  University  of  Queen's  College,  Kingston,  Canada. 
Globe  8vo.  {In  the  press. 

Eagles. —  CONSTRUCTIVE  GEOMETRY  OF  PLANE 
CURVES.  By  T.  H.  EAGLES,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royal  Indian  En- 
gineering College,  Cooper's  Hill.  With  numerous  Examples. 
Crown  8vo.  I2s. 

Hall    and    Stevens. — A  TEXT  BOOK  OF    EUCLID'S 

ELEMENTS.  Including  alternative  Proofs,  together  with  additional 
Theorems  and  Exercises,  classified  and  arranged.  By  H.  S. 
HALL,  M.A.,  formerly  Scholar  of  Christ's  College,  Cambridge, 
and  F.  H.  STEVENS,  M.A.,  formerly  Scholar  of  Queen's  College, 
Oxford :  Masters  of  the  Military  and  Engineering  Side,  Clifton 
College.  Globe  8vo.  Books  I.— VI.  4*.  6d.  Or  in  Two  Parts. 
Part  L,  Books  I.  and  II.  Second  Edition.  2s.  Part  II., 
Books  III.— VI.  3s. 

Halsted.— THE  ELEMENTS  OF  GEOMETRY.    By  GEORGE 

BRUCE  HALSTED,  Professor  of  Pure  and  Applied  Mathematics 
in  the  University  of  Texas.  8vo.  12s.  6d. 

Kitchener. — A  GEOMETRICAL  NOTE-BOOK,  containing 
Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
of  Geometry.  For  the  Use  of  Schools.  By  F.  E.  KITCHENER, 
M.A.,  Head-Master  of  the  Grammar  School,  Newcastle,  Stafford- 
shire. New  Edition.  4to.  2s. 

Lock.— EUCLID  FOR  BEGINNERS.  Being  an  Introduction 
to  existing  Text-books.  By  Rev.  J.  B.  LOCK,  M.A.,  author 
of  "Arithmetic  for  Schools,"  "Trigonometry,"  "Dynamics," 
"Elementary  Statics,"  &c.  [In preparation. 

Mault. — NATURAL     GEOMETRY:     an    Introduction    to    the 
Logical    Study   of    Mathematics.     For    Schools    and    Technical 
Classes.     With   Explanatory   Models,    based    upon    the    Tachy- 
metrical  works  of  Ed.  Lagout.     By  A.  MAULT.     i8mo.      it. 
Models  to  Illustrate  the  above,  in  Box,  12s.  6d. 
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Millar. — ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.    By 

J.  B.  MILLAR,  M.E.,  Civil  Engineer,  Lecturer  on  Engineering  in 

the  Victoria  University,  Manchester.    Second  Edition.  Cr.  8vo.    6s. 

Syllabus  of  Plane   Geometry  (corresponding  to  Euclid, 

Books  I. — VI.).     Prepared  by  the  Association  for  the  Improve- 
ment of  Geometrical  Teaching.     New  Edition.     Crown  8vo.     is. 

Todhunter. — THE  ELEMENTS  OF  EUCLID.    For  the  Use 

of  Colleges  and  Schools.  By  I.  TODHUNTER,  M.A.,  F.R.S.,  D.Sc., 
of  St.  John's  College,  Cambridge.    New  Edition.     i8mo.     3.1  6d. 
KEY  TO  EXERCISES  IN  EUCLID.     Crown  8vo.     6*.  6d. 

Wilson  (J.  M.). — ELEMENTARY  GEOMETRY.  BOOKS 
I. — V.  Containing  the  Subjects  of  Euclid's  first  Six  Books.  Fol- 
lowing the  Syllabus  of  the  Geometrical  Association.  By  the  Rev. 
J.  M.  WILSON,  M.A.,  Head  Master  of  Clifton  College.  New 
Edition.  Extra  fcap.  8vo.  4*.  6d. 

TRIGONOMETRY. 

Beasley. — AN  ELEMENTARY  TREATISE  ON  PLANE 

TRIGONOMETRY.     With  Examples.     By  R.  D.  BEASLEY, 
M.A.     Ninth  Edition,  revised  and  enlarged.    Crown  8vo.  $s.  6d. 

Johnson.— A  TREATISE  ON  TRIGONOMETRY.    By  w.  E. 

JOHNSON,  M.A.,  formerly  Scholar  of  King's  College,  Cambridge. 
Crown  8vo.  [/«  the  press. 

Lock. — Works  by  Rev.  J.  B.  LOCK,  M.A.,  Senior  Fellow,  Assistant 
Tutor  and  Lecturer  in  Gonville  and  Caius  Colleges,  Cambridge ; 
formerly  Master  at  Eton. 
TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of 

Triangles.     Globe  8vo.     2s.  6d. 

ELEMENTARY     TRIGONOMETRY.     Sixth    Edition  (in    this 

edition  the  chapter   on   logarithms   has  been  carefully  revised.) 

Globe  8vo.     4*.  6d,  [A  Key  is  in  the  press. 

Mr.  E.  J.  ROUTH,  D.Sc.,  F.R.S.,  writes:— "It  is  «tn  able  treatise.    It  takes  the 

difficulties  of  the  subject  one  at  a  time,  and  so  leads  the  young  student  easily  along." 

HIGHER  TRIGONOMETRY.  Fifth  Edition.  Globe  8vo.  ^s.6d. 
Both  Parts  complete  in  One  Volume.     Globe  8vo.     7.?.  6d. 
(See  also  under  Arithmetic,  Higher  Mathematics,  and  Euclid.) 

M'Clelland  and  Preston.— A  TREATISE  ON  SPHERICAL 
TRIGONOMETRY.  With  numerous  Examples.  By  WILLIAM 
J.  M'CLELLAND,  Sch.B.A.,  Principal  of  the  Incorporated  Society's 
School,  Santry,  Dublin,  and  THOMAS  PRESTON,  Sch.B.A.  In 
Two  Parts.  Crown  8vo.  Part  I.  To  the  End  of  Solution  of 
Triangles,  4*.  6d.  Part  II.,  $s. 

Palmer. — TEXT-BOOK  OF  PRACTICAL  LOGARITHMS 

AND     TRIGONOMETRY.     By  J.  H.  PALMER,  Head  School- 
master R.N.,  H.M.S.  Cambridge,  Devonport.   Globe  8vo.   4*.  6d. 
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Snowball. — THE  ELEMENTS  OF  PLANE  AND  SPHERI- 
CAL TRIGONOMETRY.  By  J.  C.  SNOWBALL,  M.A.  Four- 
teenth Edition.  Crown  8vo.  'js.  6d. 

Todhunter. — Works  by  I.  TODHUNTER,  M.A.,  F.R.S.,  D.Sc., 

late  of  St.  John's  College,  Cambridge. 
TRIGONOMETRY     FOR     BEGINNERS.       With      numerous 

Examples.     New  Edition.     i8mo.     2s.  6d. 

KEY  TO  TRIGONOMETRY  FOR  BEGINNERS.  Cr.Svo.  Ss.6d. 
PLANE  TRIGONOMETRY.      For  Schools  and  Colleges.      New 

Edition.     Crown  8vo.     $s. 

KEY  TO  PLANE  TRIGONOMETRY.     Crown  8vo.     icxr,  6,/. 
A  TREATISE   ON   SPHERICAL  TRIGONOMETRY.     New 

Edition,  enlarged.     Crown  8vo.     4^.  6d. 

(See  also  under  Arithmetic  and  Mensuration,  Algebra,  and  Highet 
Mathematics.) 


HIGHER  MATHEMATICS. 

Airy. — Work  s by  Sir  G.B.  A  TRY,  K.C.B.,  formerly  Astronomer- Royal. 

ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.  Designed  for  the  Use  of  Students  in  the  Univer- 
sities. With  Diagrams.  Second  Edition.  Crown  8vo.  $s.  6d. 

ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY 
OF  ERRORS  OF  OBSERVATIONS  AND  THE  COMBI- 
NATION OF  OBSERVATIONS.  Second  Edition,  revised. 
Trown  8vo.  6s.  6d. 

Alexander  (T.). — ELEMENTARY  APPLIED  MECHANICS. 
Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Elemen- 
tary Mathematics.  By  T.  ALEXANDER,  C.E.,  Professor  of  Civil 
Engineering  in  tha  Imperial  College  of  Engineering,  Tokei, 
Japan.  Part  I.  Crown  8vo.  4^.  6d. 

Alexander  and  Thomson.— ELEMENTARY  APPLIED 
MECHANICS.  By  THOMAS  ALEXANDER,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,  Japan  ; 
and  ARTHUR  WATSON  THOMSON,  C.E.,  B.Sc.,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  II.  TRANS- 
VERSE STRESS.  Crown  8vo.  los.  6d. 

Army  Preliminary  Examination,  1882-1887,  Speci- 
mens of  Papers  set  at  the.  With  answers  to  the  Mathematical 
Questions.  Subjects  :  Arithmetic,  Algebra,  Euclid,  Geometrical 
Drawing,  Geography,  French,  English  Dictation.  Cr.  8vo.  3-r.  6d. 

Ball  (W.  W.  R.).— A  SHORT  ACCOUNT  OF  THE  HIS- 
TORY OF  MATHEMATICS.  By  W.  W.  ROUSE  BALL, 
Fellow  and  Assistant  Tutor  of  Trinity  College,  Cambridge,  and  of 
the  Inner  Temple,  Barrister-at-Law.  Crown  8vo.  los.  6d. 
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Ball  (Sir  R.  S.).— EXPERIMENTAL  MECHANICS.  A 
Course  of  Lectures  delivered  at  the  Royal  College  of  Science  for 
Ireland.  By  SIR  ROBERT  STAWELL  BALL,  LL.D.,  F.R.S., 
Astronomer- Royal  of  Ireland.  New  Edition.  With  Illustrations. 
Crown  8vo.  6s. 

Boole. — THE  CALCULUS  OF  FINITE  DIFFERENCES. 
By  G.  BOOLE,  D.C.L.,  F.R.S.,  late  Professor  of  Mathematics  in 
the  Queen's  University,  Ireland.  Third  Edition,  revised  by 
J.  F.  MOULTON.  Crown  8vo.  los.  6d. 

Cambridge  Senate-House  Problems   and   Riders, 

with  Solutions: — 
1875— PROBLEMS   AND   RIDERS.     By  A.   G.    GREENHILL, 

M.A.     Crown  8vo.     Ss.  6d. 

1878— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.  By 
the  Mathematical  Moderators  and  Examiners.  Edited  by  J.  W.  L. 
GLAISHER,  M.A.,  Fellow  of  Trinity  College,  Cambridge.  I2s. 
Carll. — A  TREATISE  ON  THE  CALCULUS  OF  VARIA- 
TIONS. Arranged  with  the  purpose  of  Introducing,  as  well  as 
Illustrating,  its  Principles  to  the  Reader  by  means  of  Problems, 
and  Designed  to  present  in  all  Important  Particulars  a  Complete 
View  of  the  Present  State  of  the  Science.  By  LEWIS  BUFFETT 
CARLL,  A.M.  Demy  8vo.  2is. 

Cheyne. — AN  ELEMENTARY  TREATISE  ON  THE  PLAN- 

ETARY  THEORY.  By  C.  H.  H.  CHEYNE,  M.A.,  F.R.A.S. 
With  a  Collection  of  Problems.  Third  Edition.  Edited  by  Rev. 
A.  FREEMAN,  M.A.,  F.R.A.S.  Crown  8vo.  7*  6d. 

Christie. — A  COLLECTION  OF  ELEMENTARY  TEST- 

QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS  ; 
with  Answers  and  Appendices  on  Synthetic  Division,  and  on  the 
Solution  of  Numerical  Equations  by  Horner's  Method.  By  JAMES 
R.  CHRISTIE,  F.R.S.,  Royal  Military  Academy,  Woolwich. 
Crown  8vo.  Ss.  6ct. 

Clausius. — MECHANICAL  THEORY  OF  HEAT.  By  R. 
CLAUSIUS.  Translated  by  WALTER  R.  BROWNE,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.  Crown  8vo.  los.  6d. 

Clifford. — THE  ELEMENTS  OF  DYNAMIC.  An  Introduction 
to  the  Study  of  Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W. 
K.  CLIFFORD,  F.R.S.,  late  Professor  of  Applied  Mathematics  and 
Mechanics  at  University  College,  London.  Part  I.— KINEMATIC. 
Crown  8vo.  Books  I — III.  7-r.  6d.  ;  Book  IV.  and  Appendix  65-. 

Cockshott    and    Walters. — GEOMETRICAL    CONICS. 

An  Elementary  Treatise.  Drawn  up  in  accordance  with  the 
Syllabus  issued  by  the  Society  for  the  Improvement  of  Geometrical 
Teaching.  By  A.  COCKSHOTT,  M.A.,  formerly  Fellow  and 
Assistant-Tutor  of  Trinity  College,  Cambridge,  and  Assistant- 
Master  at  Eton;  and  Rev.  F.  B.  WALTERS,  M.A.,  Fellow  of 
Queens'  College,  Cambridge,  and  Principal  of  King  William's 
College,  Isle  of  Man.  With  Diagrams.  Crown  8vo. 

[/«  the  press. 
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Cotterill.— APPLIED  MECHANICS  :  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines  By 
JAMES  H.  COTTERILL,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.  Medium  8vo.  iSs. 
ELEMENTARY  MANUAL  OF  APPLIED  MECHANICS. 
By  the  same  Author.  Crown  Svo.  [/» preparation. 

Day  (R.  E.)—  ELECTRIC  LIGHT  ARITHMETIC.    By  R.  E. 

DAY,  M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  London.     Pott  Svo.     2s. 

DodgSOn.— CURTOSA  MATHEMATICA.  Part  I.  A  New 
Theory  of  Parallels.  By  CHARLES  L.  DODGSON,  M.A.,  Student 
and  late  Mathematical  Lecturer  of  Christ  Church,  Oxford,  Author 
of  "Euclid  and  his  Modern  Rivals,"  "Euclid,  Books  I.  and  II.," 
&c.  Crown  Svo.  2s. 

Drew.— GEOMETRIC AL  TREATISE  ON  CONIC  SECTIONS. 
By  W.  H.  DREW,  M.A.,  St.  John's  College,  Cambridge.  New 
Edition,  enlarged.  Crown  Svo.  5*. 

Dyer.— EXERCISES  IN  ANALYTICAL  GEOMETRY.  Com- 
piled  and  arranged  by  J.  M.  DYER,  M.A.  With  Illustrations. 
Crown  Svo.  4^.  6d. 

Eagles.  —CONSTRUCTIVE  GEOMETRY  OF  PLANE 
CURVES.  ByT.  H.  EAGLES,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royal  Indian  En- 
gineering College,  Cooper's  Hill.  With  numerous  Examples. 
Crown  Svo.  I2s. 

Edgar  (J.  H.)  and  Pritchard  (G.  S.). — NOTE-BOOK  ON 
PRACTICAL  SOLID  OR  DESCRIPTIVE  GEOMETRY. 
Containing  Problems  with  help  for  Solutions.  By  J.  H.  EDGAR, 
M.A.,  Lecturer  on  Mechanical  Drawing  at  the  Royal  School  of 
Mines,  and  G.  S.  PRITCHARD.  Fourth  Edition,  revised  by 
ARTHUR  MEEZE.  Globe  Svo.  4^.  6d. 

Edwards. — THE  DIFFERENTIAL  CALCULUS.  With  Ap- 
plications and  numerous  Examples.  An  Elementary  Treatise  by 
JOSEPH  EDWARDS,  M.A.,  formerly  Fellow  of  Sidney  Sussex 
College,  Cambridge.  Crown  Svo.  lew.  6d. 

Ferrers. — Works  by  the  Rev.  N.  M.  FERRERS,  M.A.,  Master  of 

Gonville  and  Caius  College,  Cambridge. 

AN  ELEMENTARY  TREATISE  ON  TRILINEAR  CO- 
ORDINATES, the  Method  of  Reciprocal  Polars,  and  the  Theory 
of  Projectors.  New  Edition,  revised.  Crown  Svo.  6s.  6d. 
AN  ELEMENTARY  TREATISE  ON  SPHERICAL  HAR- 
MONICS, AND  SUBJECTS  CONNECTED  WITH 
THEM.  Crown  Svo.  7*.  6d. 

Forsyth,— A  TREATISE  ON  DIFFERENTIAL  EQUA- 
TIONS. By  ANDREW  RUSSELL  FORSYTH,  M.A.,  F.R.S.,  Fellow 
and  Assistant  Tutor  of  Trinity  College,  Cambridge.  Svo.  14*. 
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Frost. — Works  by  PERCIVAL  FROST,  M.A.,  D.Sc.,  formerly  Fellow 

of  St.  John's   College,    Cambridge  ;    Mathematical   Lecturer  at 

King's  College. 
AN   ELEMENTARY   TREATISE    ON    CURVE   TRACING, 

8vo.     I2s. 

SOLID  GEOMETRY.     Third  Edition.     Demy  8vo.     i6s. 
HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  Third 

Edition  of  SOLID  GEOMETRY.     8vo.     Ss.  6d. 

Greaves. — A  TREATISE  ON  ELEMENTARY  STATICS.  By 

JOHN  GREAVES,  M.A.,    Fellow  and   Mathematical   Lecturer  of 
Christ's  College,  Cambridge.   Second  Edition.  Crown  8vo.  6s.  6J. 
STATICS  FOR  SCHOOLS.    By  the  Same  Author.    [In  the  press. 
Greenhill. —  DIFFERENTIAL     AND     INTEGRAL     CAL- 
CULUS.    With  Applications.     By  A.  G.  GREENHILL,  M.A., 
Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Officers, 
Woolwich,  and  Examiner  in  Mathematics   to   the    University  of 
London.     Crown  8vo.     'js.  6d. 

Hemming. — AN   ELEMENTARY   TREATISE   ON  THE 

DIFFERENTIAL  AND  INTEGRAL  CALCULUS,  for  the 
Use*  of  Colleges  and  Schools.  By  G.  W.  HEMMING,  M.A., 
Fellow  of  St.  John's  College,  Cambridge.  Second  Edition,  with 
Corrections  and  Additions.  8vo.  gs. 

Ibbetson. — THE  MATHEMATICAL  THEORY  OF  PER- 
FECTLY ELASTIC  SOLIDS,  with  a  short  account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  WILLIAM  JOHN  IBBETSON, 
M.A.,  Fellow  of  the  Royal  Astronomical  Society,  and  of  the  Cam- 
bridge Philosophical  Society,  Member  of  the  London  Mathematical 
Society,  late  Senior  Scholar  of  Clare  College,  Cambridge.  8vo.  2is. 

Jellett  (John  H.). — A  TREATISE  ON  THE  THEORY  OF 

FRICTION.  By  JOHN  H.  JELLETT,  B.D.,  late  Provost  of  Trinity 
College,  Dublin;  President  of  the  Royal  Irish  Academy.  8vo. 
8*.  6d. 

Johnson. — Works  by  WILLIAM  WOOLSEY  JOHNSON,  Professor  of 

Mathematics  at  the  U.S.  Naval  Academy,  Annopolis,  Maryland. 
INTEGRAL    CALCULUS,     an    Elementary    Treatise     on    the; 

Founded  on  the  Method  of  Rates  or  Fluxions.     Demy  8vo.     <)s. 
CURVE    TRACING    IN     CARTESIAN    CO-ORDINATES. 
Crown  8vo.     4*.  6d. 

Jones.— EXAMPLES  IN  PHYSICS.  By  D.  E.  JONES,  B.Sc., 
Lecturer  in  Physics  in  University  College  of  Wales,  Aberystwyth. 
Fcap.  8vo.  3-y.  6d. 

Kelland  and  Tait. — INTRODUCTION  TO  QUATER- 
NIONS, with  numerous  examples.  By  P.  KELLAND,  M.A., 
F.R.S.,  and  P.  G.  TAIT,  M.A.,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburgh.  Second  Edition. 
Crown  8vo.  'js.  6d. 

Kempe. — HOW  TO  DRAW  A  STRAIGHT  LINE:  a  Lecture 
on  Linkages.  By  A.  B.  KEMPE.  With  Illustrations.  Crown  8vo. 
is.  6d.  (Aature  Series.) 
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Kennedy.— THE  MECHANICS  OF  MACHINERY.    By  A. 

B.  W.  KENNEDY,  F.R.S.,  M.Inst.C.E.,  Professor  of  Engineering 
and  Mechanical  Technology  in  University  College,  London.  With 
Illustrations.  Crown  8vo.  12s.  6d. 

Knox. — DIFFERENTIAL  CALCULUS  FOR  BEGINNERS. 
By  ALEXANDER  KNOX.  Fcap.  8vo.  3J.  6d. 

Lock.— Works    Ly    the    Rev.    J.  B.    LOCK,     M.A.,    Author    of 

"Trigonometry,"  "Arithmetic  for  Schools,"  &c. 
HIGHER  TRIGONOMETRY.     Sixth  Edition.  Globe  8vo.  4*.  6d. 
DYNAMICS   FOR   BEGINNERS.      Second   Edition.      (Stereo- 
typed.)    Globe  8vo.     3*.  6d. 
ELEMENTARY  STATICS.     Globe  8vo. 

(See  also  under  Arithmetic,  Euclid,  and  Trigonometry.) 

Lupton. — CHEMICAL  ARITHMETIC.  With  1,200  Examples. 
By  SYDNEY  LUPTON,  M.A.,  F.C.S.,  F.I.C.,- formerly  Assistant- 
Master  in  Harrow  School.  Second  Edition.  Fcap.  Svo.  4*.  6d. 

Macfarlane,— PHYSICAL  ARITHMETIC.  By  ALEXANDER 
MACFARLANE,  M.  A.,  D.Sc.,  F.R.S.E.,  Examiner  in  Mathematics 
to  the  University  of  Edinburgh.  Crown  Svo.  'js.  6d. 

MacGregOr.— KINEMATICS  AND  DYNAMICS.  An  Ele- 
mentary Treatise.  By  JAMES  GORDON  MACGREGOR,  M.A., 
D.Sc.,  Fellow  of  the  Royal  Societies  of  Edinburgh  and  of  Canada, 
Munro  Professor  of  Physics  in  Dalhousie  College,  Halifax,  Nova 
Scotia.  With  Illustrations.  Crown  Svo.  ids.  6d. 

Merriman. — A  TEXT  BOOK  OF  THE  METHOD  OF  LEAST 
SQUARES.  By  MANSFIELD  MERRIMAN,  Professor  of  Civil 
Engineering  at  Lehigh  University,  Member  of  the  American 
Philosophical  Society,  American  Association  for  the  Advancement 
of  Science,  &c.  Demy  Svo.  8s.  6d. 

Millar. — ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.    By 

J.B.  MILLAR,  C.E.,  Assistant  Lecturer  in  Engineering  in  Owens 
College,  Manchester.  Second  Edition.  Crown  Svo.  6s. 

Milne. — Works  by  the  Rev.  JOHN  J.  MILNE,  M.A.,  Private  Tutor, 
late  Scholar,  of  St.  John's  College,  Cambridge,  &c.,  &c.,  formerly 
Second  Master  of  Heversham  Grammar  School. 

WEEKLY  PROBLEM  PAPERS.  With  Notes  intended  for  the 
use  of  students  preparing  for  Mathematical  Scholarships,  and  for  the 
Junior  Members  of  the  Universities  who  are  reading  for  Mathematical 
Honours.  Pott  Svo.  4^.  6d. 

SOLUTIONS  TO  WEEKLY  PROBLEM  PAPERS.  Crown 
Svo.  IQS.  6d. 

COMPANION  TO  "  WEEKLY  PROBLEM  PAPERS."     Crown 

Svo.     los.  6d. 

Muir. — A  TREATISE  ON  THE  THEORY  OF  DETERMI- 
NANTS. With  graduated  sets  of  Examples.  For  use  in  Colleges 
and  Schools.  By  THOS.  MUIR,  M.A.,  F.R.S.E.,  Mathematical 
Master  in  the  High  School  of  Glasgow.  Crown  Svo.  Js.  6d. 
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Palmer. — TEXT  BOOK  OF  PRACTICAL  LOGARITHMS 

AND  TRIGONOMETRY.  By  J.  H.  PALMER,  Head  School- 
master R.N.,  II. M.S.  Cambridge,  Devonport.  Globe  8vo.  4*.  6d. 
Parkinson. — AN  ELEMENTARY  TREATISE  ON  ME- 
CHANICS.  For  the  Use  of  the  Junior  Classes  at  the  University 
and  the  Higher  Classes  in  Schools.  By  S.  PARKINSON,  D.D., 
F.R.S.,  Tutor  and  Pnelector  of  St.  John's  College,  Cambridge. 
With  a  Collection  of  Examples.  Sixth  Edition,  revised.  Crown 
Svo.  gs.  6d.-* 

Pirie.— LESSONS  ON  RIGID  DYNAMICS.   By  the  Rev.  G. 

PIRIE,  M.A.,  late  Fellow  and  Tutor  of  Queen's  College,  Cam- 
bridge ;  Professor  of  Mathematics  in  the  University  of  Aberdeen. 
Crown  8vo.  6s. 

Puckle.— AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS AND  ALGEBRAIC  GEOMETRY.  With  Numerous 
Examples  and  Hints  for  their  Solution  ;  especially  designed  for  the 
Use  of  Beginners.  By  G.  H.  PUCKLE,  M.A.  Fifth  Edition, 
revised  and  enlarged.  Crown  8vo.  *]s.  6d. 

Reuleaux.— THE  KINEMATICS  OF  MACHINERY.    Out 

lines  of  a  Theory  of  Machines.  By  Professor  F.  REULEAUX 
Translated  and  Edited  by  Professor  A.  B.  W.  KENNEDY,  F.R.S. 
C.E.  With  450  Illustrations.  Medium  Svo.  2is. 

Rice  and  Johnson — DIFFERENTIAL    CALCULUS,    an 

Elementary  Treatise  on  the  ;  Founded  on  the  Method  of  Rates  or 
Fluxions.  By  JOHN  MINOT  RICE,  Professor  of  Mathematics  in 
the  United  States  Navy,  and  WILLIAM  WOOLSEY  JOHNSON,  Pro- 
fessor of  Mathematics  at  the  United  States  Naval  Academy. 
Third  Edition,  Revised  and  Corrected.  Demy  Svo.  iSs. 
Abridged  Edition,  qs. 

Robinson. — TREATISE  ON  MARINE  SURVEYING.  Pre- 
pared for  the  use  of  younger  Naval  Officers.  With  Questions  for 
Examinations  and  Exercises  principally  from  the  Papers  of  the 
Royal  Naval  College.  With  the  results.  By  Rev.  JOHN  L. 
ROBINSON,  Chaplain  and  Instructor  in  the  Royal  Naval  College, 
Greenwich.  With  Illustrations.  Crown  Svo.  7^.  6d. 

CONTENTS. — Symbols  used  in  Charts  and  Surveying — The  Construction  and  Use 
of  Scales — Laying  off  Angles — Fixing  Positions  by  Angles  —  Charts  and  Chart- 
Drawing — Instruments  and  Observing — Base  Lines — Triangulation — Levelling  — 
Tides  and  Tidal  Observations— Soundings — Chronometers — Meridian  Distances 
—Method  of  Plotting  a  Survey—  Miscellaneous  Exercises— Index. 

Routh. — WTorks  by    EDWARD    JOHN    ROUTH,    D.Sc.,    LL.D., 

F.R.S.,  Fellow  of  the  University  of  London,  Hon.  Fellow  of  St. 

Peter's  College,  Cambridge. 
A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF 

RIGID    BODIES.      With   numerous    Examples.       Fourth   and 

enlarged  Edition.     Two  Vols.     Svo.     Vol.  I. — Elementary  Parts. 

14*.     Vol.  II.— The  Advanced  Parts.     14^. 
STABILITY   OF   A   GIVEN    STATE    OF   MOTION,    PAR- 

TICULARLY  STEADY  MOTION.     Adams'  Prize  Essay  for 

1877.     Svo.     8j.  6d. 
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Smith  (C.). — Works  by  CHARLES  SMITH,    M.A.,    Fellow   and 

Tutor  of  Sidney  Sussex  College,  Cambridge. 
CONIC  SECTIONS.    Fourth  Edition.     Crown  8vo.     >js.  6d. 
SOLUTIONS  TO  CONIC  SECTIONS.     Crown  8vo.     los.  6d 
AN  ELEMENTARY  TREATISE  ON   SOLID  GEOMETRY. 
Second  Edition.     Crown  8vo.     ()s.  6d.     (See  also  under  Algebra.) 

Tait  and  Steele. — A  TREATISE  ON  DYNAMICS  OF  A 

PARTICLE.     With   numerous    Examples.     By  Professor  TAIT 
and  Mr.  STEELE.     Fifth  Edition,  revised.     Crown  8vo.     12s. 

Thomson. — Works  by  J.  J.  THOMSON,  Fellow  of  Trinity  College, 
Cambridge,  and  Professor  of  Experimental  Physics  in  the  University. 

A  TREATISE  ON  THE  MOTION  OF  VORTEX  RINGS.  An 
Essay  to  which  the  Adams  Prize  was  adjudged  in  1882  in  the 
University  of  Cambridge.  With  Diagrams.  Svo.  6s. 

APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND 
CHEMISTRY.  Crown  Svo.  •js.  6d. 

Todhunter. — Works  by  I.  TODHUNTER,  M.A.,  F.R.S.,  D.Sc., 

late  of  St.  John's  College,  Cambridge. 

"  Mr.  Todhunter  is  chiefly  known  to  students  of  Mathematics  as  the  author  of  a 
series  of  admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  being 
clear  in  style  and  absjlutely  free  from  mistakes,  typographical  and  other." — 
SATURDAY  REVIEW. 

MECHANICS  FOR  BEGINNERS.      With  numerous  Examples. 

New  Edition.     iSrno.     4?.  6d. 

KEY  TO  MECHANICS  FOR  BEGINNERS.   Crown  Svo.  6s.  6d. 
AN   ELEMENTARY   TREATISE    ON   THE   THEORY   OF 

EQUATIONS.     New  Edition,  revised.     Crown  Svo.     js.  6d. 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 

Line  and  the  Conic  Sections.     With  numerous  Examples.     New 

Edition,  revised  and  enlarged.     Crown  Svo.     "js.  6d. 
KEY  TO  PLANE  CO-ORDINATE  GEOMETRY.     By  C.  W. 

BOURNE,  M.A.  Head  Master  of  the  College,  Inverness.     Crown 

Svo.     los.  6d. 
A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.    With 

numerous  Examples.     New  Edition.     Crown  Svo.     los.  6d. 
A  KEY   TO   DIFFERENTIAL   CALCULUS.      By  H.   ST.  J. 

HUNTER,  M.A.     Crown  Svo.     los.  6d. 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 

APPLICATIONS.     With  numerous  Examples.      New  Edition, 

revised  and  enlarged.     Crown  Svo.     los.  6d. 
EXAMPLES   OF  ANALYTICAL  GEOMETRY   OF  THREE 

DIMENSIONS.     New  Edition,  revised.     Crown  Svo.     4*. 
A  TREATISE  ON  ANALYTICAL  STATICS.     With  numerous 

Examples.     Fifth  Edition.     Edited  by  Professor  J.  D.  EVERETT, 

F.R.S.     Crown  Svo.     ioj.  6d. 
A    HISTORY    OF    THE    MATHEMATICAL    THEORY    OF 

PROBABILITY,  from  the  time  of   Pascal    to  that    of  Laplace. 

Svo.     i8.f. 
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Todhunter.— continued. 

A  HISTORY   OF  THE  MATHEMATICAL  THEORIES  OF 

ATTRACTION,  AND  THE  FIGURE  OF  THE  EARTH, 

from  the  time  of  Newton  to  that  of  Laplace.     2  vols.     8vo.     24^. 

AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S, 

AND  BESSEL'S  FUNCTIONS.     Crown  8vo.     10*.  6d. 
(See  also  under  Arithmetic  and  Mensuration,  Algebra,  and  Trigonometry. ) 

Wilson  (J.  M.). — SOLID  GEOMETRY  AND  CONIC  SEC- 
TIONS.  With  Appendices  on  Transversals  and  Harmonic  Division. 
For  the  Use  of  Schools.  By  Rev.  J.  M.  WILSON,  M.A.  Head 
Master  of  Clifton  College.  New  Edition.  Extra  fcap.  8vo.  $s.  6d. 

Woolwich   Mathematical    Papers,  for  Admission  into 

the  Royal  Military  Academy,  Woolwich,   1880 — 1884  inclusive. 
Crown  8vo.     3*.  6d. 

Wolstenholme. — MATHEMATICAL  PROBLEMS,  on  Sub- 
jects included  in  the  First  and  Second  Divisions  of  the  Schedule  of 
subjects  for  the  Cambridge  Mathematical  Tripos  Examination. 
Devised  and  arranged  by  JOSEPH  WOLSTENHOLME,  D.Sc.,  late 
Fellow  of  Christ's  College,  sometime  Fellow  of  St.  John's  College, 
and  Professor  of  Mathematics  in  the  Royal  Indian  Engineering 
College.  New  Edition,  greatly  enlarged.  8vo.  i8.r. 
EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  For  the  Use  of  Colleges  and 
Schools.  By  the  same  Author.  8vo.  5-r. 


SCIENCE. 

(i)  Natural  Philosophy,  (2)  Astronomy,  (3) 
Chemistry,  (4)  Biology,  (5)  Medicine,  (6)  Anthro- 
pology, (7)  Physical  Geography  and  Geology,  (8) 
Agriculture. 

NATURAL  PHILOSOPHY. 

Airy. — Works  by  Sir  G.  B.  AIRY,  K.C.B.,  formerly  Astronomer- 
Royal. 

ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.  With 
the  Mathematical  Elements  of  Music.  Designed  for  the  Use  of 
Students  in  the  University.  Second  Edition,  revised  and  enlarged. 
Crown  8vo.  9*. 

A  TREATISE  ON  MAGNETISM.  Designed  for  the  Use  of 
Students  in  the  University.  Crown  8vo.  9*.  6d. 

GRAVITATION  :  an  Elementary  Explanation  of  the  Principal  Per- 
turbations in  the  Solar  System.  Second  Edition.  Crown  8vo.  JS.  6d. 


SCIENCE.  17 

Alexander  (T.).— ELEMENTARY  APPLIED  MECHANICS. 

Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Ele- 
mentary Mathematics.  By  T.  ALEXANDER,  C.E.,  Professor  of 
Civil  Engineering  in  the  Imperial  College  of  Engineering,  Tokei, 
Japan.  Crown  8vo.  Part  I.  4^.  6d. 

Alexander  —  Thomson.  —  ELEMENTARY    APPLIED 

MECHANICS.  By  THOMAS  ALEXANDER,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,  Japan  ; 
and  ARTHUR  WATSON  THOMSON,  C.E.,  B.Sc.,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  II.  TRANS- 
VEKSE  STRESS  ;  upwards  of  150  Diagrams,  and  200  Examples 
carefully  worked  out.  Crown  8vo.  lor.  6d. 

Ball  (R.  S.). — EXPERIMENTAL  MECHANICS.  A  Course  of 
Lectures  delivered  at  the  Royal  College  of  Science  for  Ireland. 
By  Sir  R.  S.  BALL,  LL.D.,  F.R.S.,  Astronomer  Royal  of  Ireland. 
Second  and  Cheaper  Edition.  Crown  8vo.  6s. 

Bottomley. — FOUR-FIGURE  MATHEMATICAL  TABLES. 

Comprising  Logarithmic  and  Trigonometrical  Tables,  and  Tables 
of  Squares,  Square  Roots,  and  Reciprocals.  By  J.  T.  BOTTOMLEY, 
M.A.,  F.R.S.E.,  F.C.S.,  Lecturer  in  NaturaLPhilosophy  in  the 
University  of  Glasgow.  8vo.  2s.  6d. 

Chisholm.  —  THE  SCIENCE  OF  WEIGHING  AND 
MEASURING,  AND  THE  STANDARDS  OF  MEASURE 
AND  WEIGHT.  By  H.W.  CHISHOLM,  Warden  of  the  Standards. 
With  numerous  Illustrations.  Crown  8vo.  4*.  6d.  (Nature  Series}. 

Clausius. — MECHANICAL  THEORY  OF  HEAT.  By  R. 
CLAUSIUS.  Translated  by  WALTER  R.  BROWNE,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.  Crown  8vo.  los.  6d. 

Cotterill. — APPLIED  MECHANICS  :  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  By 
JAMES  H.  COTTERILL,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.  Medium  8vo.  i8j. 
ELEMENTARY  MANUAL  OF  APPLIED  MECHANICS. 
By  the  same  Author.  Crown  8vo.  [fn  preparation. 

Gumming. — AN  INTRODUCTION  TO  THE  THEORY  OF 

ELECTRICITY.  By  LINNAEUS  GUMMING,  M.A.,  one  of  the 
Masters  of  Rugby  School.  With  Illustrations.  Crown  8vo.  Ss.  6d. 

Daniell.— A  TEXT-BOOK  OF  THE  PRINCIPLES  OF 
PHYSICS.  By  ALFRED  DANIELL,  M.A.,  LL.B.,  D.Sc., 
F.R.S.E.,  late  Lecturer  on  Phy.-ics  in  the  School  of  Medicine, 
Edinburgh.  With  Illustrations.  Second  Edition.  Revised  and 
Enlarged.  Medium  8vo.  2is. 

Day.— ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E.  DAY, 
M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  London.  Pott  8vo.  2s. 
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Everett. — UNITS  AND  PHYSICAL  CONSTANTS.  By  J.  D. 
EVERETT,  M.A.,  D.C.L.,  F.R.S.,  F.R.S.E.,  Professor  of 
Natural  Philosophy,  Queen's  College,  Belfast.  Second  Edition. 
Extra  fcap.  8vo.  5-r. 

Gray — THE  THEORY  AND  PRACTICE  OF  ABSOLUTE 

MEASUREMENTS  IN  ELECTRICITY  AND  MAGNET- 
ISM.  By  ANDREW  GRAY,  M.A.,  F.R.S.E.,  Professor  of  Physics 
in  the  University  College  of  North  Wales.  Two  Vols.  Crown 
8vo.  Vol.  I.  12s.  6d.  [Vol.  II.  In  the  press. 

Greaves.— STATICS   FOR  SCHOOLS.      By  JOHN  GREAVES, 

M.A.,    Fellow  and   Mathematical   Lecturer   of  Christ's   College, 

Cambridge.  [In  preparation. 

ELEMENTARY  STATICS,  A  TREATISE  ON.     By  the  same. 

Second  Edition,  revised.     Crown  8vo.     6s.  6d. 

Grove.— A  DICTIONARY  OF  MUSIC  AND  MUSICIANS. 
(A.D.  1450 — 1888).  By  Eminent  Writers,  English  and  Foreign. 
Edited  by  Sir  GEORGE  GROVE,  D.C.L.,  Director  of  the  Royal 
College  of  Music,  &c.  Demy  8vo. 

Vols.  I.,  II.,  and  III.     Price  2is.  each. 

Vol.  I.  A  to  IMPROMPTU.  Vol.  II.  IMPROPERIA  to 
PLAIN  SONG.  Vol.  III.  PLANCHE  TO  SUMER  IS 
ICUMEN  IN.  Demy  8vo.  cloth,  with  Illustrations  in  Music 
Type  and  Woodcut.  Also  published  in  Parts.  Parts  I.  to  XIV., 
Parts  XIX— XXII.,  price  $s.  6d.  each.  Parts  XV.,  XVI.,  price  7*. 
Parts  XVII.,  XVIII.,  price  7*. 

%*  (Part  XXII.)  just  published,  completes  the  DICTIONARY  OF 
Music  AND  MUSICIANS  as  originally  contemplated.  But  an  Appendix 
and  a  full  general  Index  are  in  the  press. 

"Dr.  Grove's  Dictionary  will  be  a  boon  to  every  intelligent  lover  of  music. "— 
SATURDAY  REVIEW. 

Huxley. — INTRODUCTORY  PRIMER  OF  SCIENCE.  By  T. 
H.  HUXLEY,  F.R.S.,  &2.  i8mo.  is. 

Ibbetson.— THE  MATHEMATICAL  THEORY  OF  PER- 
FECTLY ELASTIC  SOLIDS,  with  a  Short  Account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  WILLIAM  JOHN  IBBETSON, 
B.A.,F.R.A.S.,  Senior  Scholar  of  Clare  College,  Cambridge.  8vo. 
Price  2is. 

Jones.— EXAMPLES  IN  PHYSICS.  By  D.  E.  JONES,  B.Sc, 
Lecturer  in  Physics  in  University  College  of  Wales,  Aberystwyth. 
Fcap.  8vo.  %s.  6d. 

Kempe. — HOW  TO  DRAW  A  STRAIGHT  LINE;  a  Lecture 
on  Linkages.  By  A.  B.  KEMPE.  With  Illustrations.  Crown 
8vo.  is.  6d.  (Nature  Series.) 

Kennedy. — THE  MECHANICS  OF  MACHINERY.  By  A.  B. 

W.  KENNEDY,  F.R.S.,  M.lnst.C.E.,  Professor  of  Engineering  and 
Mechanical  Technology  in  University  College,  London.  With 
numerous  Illustrations.  Crown  8vo.  I2J.  6d. 
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Lang.— EXPERIMENTAL  PHYSICS.  By  P.  R.  SCOTT  LANG, 
M.A.,  Professor  of  Mathematics  in  the  University  of  St.  Andrews. 
With  Illustrations.  Crown  8vo.  [/«  the  press. 

Lock. — Works  by  Rev.  J.  B.  LOCK,  M.  A.,  Senior  Fellow,  Assistant 
Tutor  and  Lecturer  in  Gonville  and  Caius  College,  Cambridge, 
formerly  Master  at  Eton,  &c. 

DYNAMICS  FOR  BEGINNERS.     Globe  8vo.     3s.  6d. 

ELEMENTARY  STATICS.     Globe  8vo.     4*.  6d. 

Lodge.— MODERN  VIEWS  OF  ELECTRICITY.  By  OLIVER 
J.  LODGE,  F.R.S.,  Professor  of  Physics  in  University  College, 
Liverpool.  Illustrated.  Crown  8vo.  [In  preparation. 

Loewy. — QUESTIONS  AND  EXAMPLES  ON  EXPERI- 
MENTAL PHYSICS  :  Sound,  Light,  Heat,  Electricity,  and 
Magnetism.  By  B.  LOEWY,  F.R.A.S.,  Science  Master  at  the 
London  International  College,  and  Examiner  in  Experimental 
Physics  to  the  College  of  Preceptors.  Fcap.  8vo.  2s. 

Lupton.— NUMERICAL  TABLES  AND  CONSTANTS  IN 
ELEMENTARY  SCIENCE.  By  SYDNEY  LUPTON,  M.A,. 
F.C.S.,  F.I.C.,  Assistant  Master  at  Harrow  School.  Extra  fcap. 
8vo.  2s.  6d. 

Macfarlane, — PHYSICAL  ARITHMETIC.    By  ALEXANDER 

MACFARLANE,  D.Sc.,  Examiner  in  Mathematics  in  the  University 
of  Edinburgh.     Crown  8 vo.     *]s.  6d. 

MaCgregOF.— KINEMATICS  AND  DYNAMICS.  An  Ele- 
mentary Treatise.  By  JAMES  GORDON  MACGREGOR,  M.A.,  D.  Sc., 
Fellow  of  the  Royal  Societies  of  Edinburgh  and  of  Canada,  Munro 
Professor  of  Physics  in  Dalhousie  College,  Halifax,  Nova  Scotia. 
With  Illustrations.  Crown  8vo.  los.  6d. 

Mayer. — SOUND  :  a  Series  of  Simple,  Entertaining,  and  Inex- 
pensive Experiments  in  the  Phenomena  of  Sound,  for  the  Use  of 
Students  of  every  age.  By  A.  M.  MAYER,  Professor  of  Physics 
in  the  Stevens  Institute  of  Technology,  &c.  With  numerous 
Illustrations.  Crown  8vo.  2s.  6d.  (Nature  Series.) 

Mayer  and  Barnard. — LIGHT:  a  Series  of  Simple,  Entertain- 
ing, and  Inexpensive  Experiments  in  the  Phenomena  of  Light,  for  the 
Use  of  Students  of  every  age.  By  A.  M.  MAYER  and  C.  BARNARD. 
With  numerous  Illustrations.  Crown  8 vo.  2s.  6d.  (Nature  Series.) 

Newton. — PRINCIPIA.     Edited  by  Professor  Sir  W.  THOMSON 

and  Professor  BLACKBURNE.     4to,  cloth.     31*.  6d. 
THE   FIRST   THREE   SECTIONS   OF    NEWTON'S  PRIN- 
CIPIA.    With  Notes  and  Illustrations.       Also  a  Collection  of 
Problems,  principally  intended  as  Examples  of  Newton's  Methods. 
By  PERCIVAL  FROST,  M.A.     Third  Edition.     8vo.     12s. 

Parkinson. — A  TREATISE  ON  OPTICS.    By  s.  PARKINSON, 

D.D.,  F.R.S.,  Tutor  and  Prelector  of  St.  John's  College,  Cam- 
bridge. Fourth  Edition,  revised  and  enlarged.  Crown  8vo.  lew.  6d. 
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Perry. — STEAM.    AN  ELEMENTARY  TREATISE.     By 

JOHN  PERRY,  C.E.,  Whitworth  Scholar,  Fellow  of  the  Chemical 
Society,  Professor  of  Mechanical  Engineering  and  Applied  Mech- 
anics at  the  Technical  College,  Finsbury.  With  numerous  Wood- 
cuts and  Numerical  Examples  and  Exercises.  i8mo.  45.  6d. 

Ramsay.— EXPERIMENTAL  PROOFS  OF  CHEMICAL 
THEORY  FOR  BEGINNERS.  By  WILLIAM  RAMSAY,  Ph.  D., 
Professor  of  Chemistry  in  University  Coll.,  Bristol.  PottSvo.  2s.  6d. 

Rayleigh.— THE  THEORY  OF  SOUND.  By  LORD  RAYLEIGH, 
M.A.,  F.R.S.,  formerly  Fellow  of  Trinity  College,  Cambridge, 
8vo.  Vol.  I.  I2s.  6d.  Vol.  II.  I2s.  6d.  [Vol.  ///.  in  the  press. 

Reuleaux. — THE  KINEMATICS  OF  MACHINERY.    Out. 

lines  of  a  Theory  of  Machines.  By  Professor  F.  REULEAUX. 
Translated  and  Edited  by  Professor  A.  B.  W.  KENNEDY,  F.R.S., 
C.E.  With  450  Illustrations.  Medium  8vo.  2is. 

Roscoe  and  Schuster.— SPECTRUM  ANALYSIS.  Lectures 

delivered  in  1868  before  the  Society  of  Apothecaries  Jof  London. 
By  Sir  HENRY  E.  ROSCOE,  LL.D.,  F.R.S.,  formerly  Professor  of 
Chemistry  in  the  Owens  College,  Victoria  University,  Manchester. 
Fourth  Edition,  revised  and  considerably  enlarged  by  the  Author 
and  by  ARTHUR  SCHUSTER,  F.R.S.,  Ph.D.,  Professor  of  Applied 
Mathematics  in  the  Owens  College,  Victoria  University.  With  Ap- 
pendices, numerous  Illustrations,  and  Plates.  Medium  8vo.  21  s. 

Shann. — AN  ELEMENTARY  TREATISE  ON  HEAT,  IN 

RELATION  TO   STEAM    AND    THE    STEAM-ENGINE. 

By  G.  SHANN,  M.  A.     With  Illustrations.     Crown  8vo.     4*.  6d. 
SpOttiswOOde.— POLARISATION  OF  LIGHT.     By  the  late 

W.    SPOTTISWOODE,   F.R.S.      WTith  many  Illustrations.     New 

Edition.     Crown  8vo.     3*.  6d.     (Nature  Series.) 
Stewart  (Balfour). — Works  by  BALFOUR  STEWART,  F.R.S., 

late  Langworthy   Professor  of    Physics  in    the    Owens    College, 

Victoria  University,  Manchester. 
PRIMER   OF   PHYSICS.     With  numerous   Illustrations.      New 

Edition,  with  Questions.     l8mo.     is.     (Science  Primers.) 
LESSONS   IN   ELEMENTARY    PHYSICS.       With  numerous 

Illustrations  and  Chrornolitho  of  the  Spectra  of  the  Sun,  Stars, 

and  Nebulse.     New  and  Enlarged  Edition.     Fcap.  8vo.     4^.  6d. 
QUESTIONS  ON  BALFOUR   STEWART'S  ELEMENTARY 

LESSONS  IN  PHYSICS.     By  Prof.  THOMAS  H.  CORE,  Owens 

College,  Manchester.     Fcap.  8vo.     2s. 

Stewart  and  Gee. — ELEMENTARY  PRACTICAL  PHY- 
SICS, LESSONS  IN.     By  BALFOUR  STEWART,  M.A.,  LL.D., 
F.R.S.,  and  W.  W.  HALDANE  GEE,  B.Sc.     Crown  8vo. 
Vol.  I.— GENERAL  PHYSICAL  PROCESSES.     6s. 
Vol.  II.— ELECTRICITY  AND  MAGNETISM.     7*.  6d. 
Vol.  III.— OPTICS,  HEAT,  AND  SOUND.       [///  the  press. 
PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JUNIOR 
STUDENTS  OF  COLLEGES.  By  the  same  Authors.  Globe  8vo. 
Vol.  I.- ELECTRICITY  AND  MAGNETISM.     2s.  6d. 


SCIENCE.  21 

Stokes.-— ON  LIGHT.  Being  the  Burnett  Lectures,  delivered  in 
Aberdeen  in  1883,  1884,  1885.  By  GEORGE  GABRIEL  STOKES, 
M.A.,  P.R.S.,  &c.,  Fellow  of  Pembroke  College,  and  Lucasian 
Professor  of  Mathematics  in  the  University  of  Cambridge.  First 
Course:  ON  THE  NATURE  OF  LIGHT.— Second  Course:  ON 
LIGHT  AS  A  MEANS  OF  INVESTIGATION.— Third  Course  :  ON  THE 
BENEFICIAL  EFFECTS  OF  LIGHT.  Complete  in  one  volume. 
Crown  8vo.  'js.  6d. 

***  The  Second  and  Third  Courses  may  be  had  separately.     Crown 
8vo.     2s.  6d.  each. 

Stone. — AN  ELEMENTARY  TREATISE  ON  SOUND.  By 
W.  H.  STONE,  M.D.  With  Illustrations.  i8mo.  y.  6d. 

Tait— HEAT.  By  P.  G.  TAIT,  M.A.,  Sec.  R.S.E.,  formerly 
Fellow  of  St.  Peter's  College,  Cambridge,  Professor  of  Natural 
Philosophy  in  the  University  of  Edinburgh.  Crown  8vo.  6s. 

Thompson. — ELEMENTARY  LESSONS  IN  ELECTRICITY 

AND  MAGNETISM.  By  SILVANUS  P.  THOMPSON,  Principal 
and  Professor  of  Physics  in  the  Technical  College,  Finsbury.  With 
Illustrations.  New  Edition,  Revised.  Twenty-Eighth  Thousand. 
Fcap.  8vo.  4J.  6d. 

Thomson,  Sir  W. — ELECTROSTATICS  AND  MAG- 
NETISM,  REPRINTS  OF  PAPERS  ON.  By  Sir  WILLIAM 
THOMSON,  D.C.L.,  LL.D  ,  F.R.S.,  F.R.S.E.,  Fellow  of  St. 
Peter's  College,  Cambridge,  and  Professor  of  Natural  Philosophy 
in  the  University  of  Glasgow.  Second  Edition.  Medium  8vo.  iSs. 

Thomson,  J.  J. — Works  by  J.  J.  THOMSON,  Fellow  of  Trinity 
College,  Cavendish  Professor  of  Experimental  Physics  in  the 
University. 

THE  MOTION  OF  VORTEX  RINGS,  A  TREATISE  ON. 
An  Essay  to  which  the  Adams  Prize  was  adjudged  "in  1882  in 
the  University,  of  Cambridge.  With  Diagrams.  8vo.  6s. 

APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND 
CHEMISTRY.  By  the  same  Author.  Crown  8vo.  'js.  6d. 

Todhunter.— NATURAL  PHILOSOPHY  FOR  BEGINNERS. 

By  I.  TODHUNTER,  M.A.,  F.R.S.,  D.Sc. 

Part  I.  The  Properties  of  Solid  and  Fluid  Bodies.      i8mo.     3*.  6d. 
Part  II.  Sound,  Light,  and  Heat.     i8mo.     3^.  6d. 

Turner.— HEAT  AND  ELECTRICITY,  A  COLLECTION  OF 
EXAMPLES  ON.  By  II.  H.  TURNER,  B.A.,  Fellow  of  Trinity 
College,  Cambridge.  Crown  Svo.  2r.  6d. 

Wright  (Lewis).  —  LIGHT  ;  A  COURSE  OF  EXPERI- 
MENTAL OPTICS,  CHIEFLY  WITH  THE  LANTERN. 
By  LEWIS  WRIGHT.  With  nearly  200  Engravings  and  Coloured 
Plates.  Crown  Svo.  ?s.  6J. 
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ASTRONOMY. 

Airy. — POPULAR  ASTRONOMY,    with  illustrations  by  sir 

G.  B.  AIRY,  K.(_.B.,  formerly  Astronomer-Royal.     New  Edition. 
i8mo.     4*-  &*• 

Forbes. — TRANSIT  OF  VENUS.  By  G.  FORBES,  M.A., 
Professor  of  Natural  Philosophy  in  the  Andersonian  University, 
Glasgow.  Illustrated.  Crown  8vo.  3J.  6d.  (Nature  Series.) 

Godfray. — Woiks    by    HUGH    GODFRAY,    M.A.,    Mathematical 

Lecturer  at  Pembroke  College,  Cambridge. 
A  TREATISE  ON  ASTRONOMY,  for  the  Use  of  Colleges  and 

Schools.  Fourth  Edition.  8vo.  12s.  6d. 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 

with  a  Brief  Sketch  of  the  Problem  up  to  the  time  of  Newton. 

Second  Edition,  revised.     Crown  8vo.     $s.  6d. 

Lockyer. — Works  by  J.  NORMAN  LOCKYER,  F.R.S. 
PRIMER    OF    ASTRONOMY.       With    numerous    Illustrations. 

New  Edition.     i8mo.     is.     (Science  Primers.) 
ELEMENTARY  LESSONS  IN  ASTRONOMY.     With  Coloured 
Diagram   of  the  Spectra  of  the   Sun,    Stars,    and   Nebulae,  and 
numerous  Illustrations.  New  Edition,  revised.   Fcap.  8vo.    5-y.  6d. 
QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS  IN 
ASTRONOMY.     For  the  Use  of  Schools.     By  JOHN  FORBES- 
ROBERTSON.     i8mo,  cloth  limp.     is.  6d. 

THE  CHEMISTRY  OF  THE  SUN.  With  Illustrations.  8vo.   14*. 
Newcomb. — POPULAR  ASTRONOMY.     By  S.   NEWCOMB, 
LL.D.,  Professor  U.S.  Naval  Observatory.    With  112  Illustrations 
and  5  Maps  of  the  Stars.     Second  Edition,  revised.     8vo.     i8j. 
"It  is  unlike  anything  else  of  its  kind,  and  will  be  of  more  use  in  circulating  a 
knowledge  of  Astronomy  than  nine-tenths  of  the  books  which  have  appeared  on  the 
subject  of  late  years."— SATURDAY  REVIEW. 

CHEMISTRY. 

Armstrong. — A  MANUAL  OF  INORGANIC  CHEMISTRY. 
By  HENRY  ARMSTRONG,  Ph.D.,  F.R.S.,  Professor  of  Chemistry 
in  the  City  and  Guilds  of  London  Technical  Institute.  Crown  8vo. 

{In  preparation. 

Cohen.— THE  OWENS  COLLEGE  COURSE  OF  PRAC- 
TICAL ORGANIC  CHEMISTRY.  By  JULIUS  B.  COHEN, 
Ph.D.,  F.C.S.,  Assistant  Lecturer  on  Chemistry  in  the  Owens 
College,  Manchester.  With  a  Preface  by  SIR  HENRY  ROSCOE, 
F.R.S.,  and  C.  SCHORLEMMER,  F.R.S.  Fcap.  8vo.  zs.  6d. 

Cooke. — ELEMENTS  9F  CHEMICAL  PHYSICS.  By  JOSIAH 
P.  COOKE,  Junr.,  Erving  Professor  of  Chemistry  and  Mineralogy 
in  Harvard  University.  Fourth  Edition.  Royal  8vo.  2is. 
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Fleischer.— A  SYSTEM  OF  VOLUMETRIC  ANALYSIS. 

By  EMIL  FLEISCHER.  Translated,  with  Notes  and  Additions, 
from  the  Second  German  Edition  by  M.  M.  PATTISON  MUIR, 
F.R.S.E.  With  Illustrations.  Crown  Svo.  >js.6d. 

Frankland.— AGRICULTURAL  CHEMICAL  ANALYSIS 

A  Handbook  of.  By  PERCY  FARADAY  FRANKLAND,  Ph.D., 
B.Sc.,  F.C.S.  Associate  of  the  Royal  School  of  Mines,  and 
Demonstrator  of  Practical  and  Agricultural  Chemistry  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  Founded  upon  Leitfaden  fiir  die  Agriculture 
Chemiche  Analyse,  von  Dr.  F.  KROCKER.  Crown  Svo.  7-r.  6d. 

Hartley. — A  COURSE  OF  QUANTITATIVE  ANALYSIS 
FOR  STUDENTS.  By  W.  NOEL  HARTLEY,  F.R.S.,  Professor 
of  Chemistry,  and  of  Applied  Chemistry,  Science  and  Art  Depart 
ment,  Royal  College  of  Science,  Dublin.  Globe  Svo.  5*. 

Hiorns. — Works  by  ARTHUR  H.  HIORNS,  Principal  of  the  School 
of  Metallurgy,  Birmingham  and  Midland  Institute. 

PRACTICAL  METALLURGY  AND  ASSAYING.  A  Text-Book 
for  the  use  of  Teachers,  Students,  and  Assayers.  With  Illustra- 
tions. Globe  Svo.  6s. 

A  TEXT-BOOK  ON  ELEMENTARY  THEORETICAL 
METALLURGY.  Globe  Svo.  [In  the  press. 

Jones. — Works  by  FRANCIS  JONES,  F.R.S.E.,  F.C.S.,  Chemical 
Master  in  the  Grammar  School,  Manchester. 

THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRAC- 
TICAL CHEMISTRY.  With  Preface  by  Sir  HENRY  ROSCOE, 
F.R.S.,  and  Illustrations.  New  Edition.  iSmo.  zs.  6d. 

QUESTIONS  ON  CHEMISTRY.  A  Series  of  Problems  and 
Exercises  in  Inorganic  and  Organic  Chemistry.  Fcap.  Svo.  3-y. 

Landauer. — BLOWPIPE  ANALYSIS.     By  j.   LANDAUER. 

Authorised  English  Edition  by  J.  TAYLOR  and  W.  E.  KAY,  of 
Owens  College,  Manchester.  Extra  fcap.  Svo.  qs.  6d. 

Lupton. — CHEMICAL  ARITHMETIC.  With  1,200  Problems. 
By  SYDNEY  LUPTON,  M.A.,  F.C.S.,  F.I.C.,  formerly  Assistant- 
Master  at  Harrow.  Second  Edition,  Revised  and  Abridged. 
Fcap.  Svo.  4s.  6d. 

Meldola.— PHOTOGRAPHIC  CHEMISTRY.  By  RAPHAEL 
MELDOLA,  F.R.S.,  Professor  of  Chemistry  in  the  Technical 
College,  Finsbury.  Crown  Svo.  (Nature  Scries.}  [In  the  press. 

Muir.— PRACTICAL  CHEMISTRY  FOR  MEDICAL  STU- 
DENTS. Specially  arranged  for  the  first  M.B.  Course.  By 
M.  M.  PATTISON  MUIR,  F.R.S.E.  Fcap.  Svo.  is.  6J. 

Muir  and  Wilson. — THE  ELEMENTS  OF  THERMAL 

CHEMISTRY.  By  M.  M.  PATTISON  MUIR,  M.A.,  F.R.S.E., 
Fellow  and  Prselector  of  Chemistry  in  Gonville  and  Caius  Colleges, 
Cambridge  ;  Assisted  by  DAVID  MUIR  WILSON.  Svo.  12s.  6d. 
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Remsen. — Works  by  IRA  REMSEN,  Professor  of  Chemistry  in  the 
Johns  Hopkins  University. 

COMPOUNDS  OF  CARBON  ;  or,  Organic  Chemistry,  an  Intro- 
duction to  the  Study  of.  Crown  8vo.  6s.  6d. 

AN  INTRODUCTION  TO  THE  STUDY  OF  CHEMISTRY 
(INORGANIC  CHEMISTRY).  Crown  8 vo.  6s.  6d. 

THE  ELEMENTS  OF  CHEMISTRY.  A  Text  Book  for 
Beginners.  Fcap.  8vo.  2s.  6d. 

ROSCOC. — Works  by  Sir  HENRY  E.  ROSCOE,  F.R.S.,  formerly 
Professor  of  Chemistry  in  the  Victoria  University  the  Owens  College, 
Manchester. 

PRIMER  OF  CHEMISTRY.  With  numerous  Illustrations.  New 
Edition.  With  Questions.  i8mo.  is.  (Science  Primers.) 

LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 
AND  ORGANIC.  With  numerous  Illustrations  and  Chromolitho 
of  the  Solar  Spectrum,  and  of  the  Alkalies  and  AlkaHne  Earths. 
New  Edition.  Fcap.  8vo.  4*.  6d.  (See  under  THORPE.  ) 

Roscoe  and  Schorlemmer. — INORGANIC  AND  OR- 
GANIC CHEMISTRY.  A  Complete  Treatise  on  Inorganic  and 
Organic  Chemistry.  By  Sir  HENRY  E.  ROSCOE,  F.R.S.,  and  Prof. 
C.  SCHORLEMMER,  F.R.S.  With  Illustrations.  Medium  8vo. 

Vols.  I.  and  II.— INORGANIC  CHEMISTRY. 

Vol.  I. — The  Non-Metallic  Elements.  Second  Edition,  revised. 
2U.  Vol.  II.  Part  I.— Metals.  i8j.  Vol.  II.  Part  II.—  Metals. 
18*. 

Vol.  III.— ORGANIC  CHEMISTRY. 

THE  CHEMISTRY  OF  THE  HYDROCARBONS  and  their 
Derivatives,  or  ORGANIC  CHEMISTRY,  With  numerous 
Illustrations.  Five  Parts.  Parts  I.,  II.,  and  IV.  zis.  each. 
Part  III.  iSs.  [Part  V.  Immediately. 

Thorpe. — A  SERIES  OF  CHEMICAL  PROBLEMS,  prepared 

with  Special  Reference  to  Sir  H.  E.  Roscoe's  Lessons  in  Elemen- 
tary Chemistry,  by  T.  E.  THORPE,  Ph.D.,  F.R.S.,  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  South  Kensington, 
adapted  for  the  Preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Examinations.  With  a  Preface  by  Sir 
HENRY  E.  ROSCOE,  F.R.S.  New  Edition,  with  Key.  i8mo.  zs. 

Thorpe  and  Rucker. — A  TREATISE  ON  CHEMICAL 
PHYSICS.  By  T.  E.  THORPE,  Ph.D.,  F.R.S.  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  and  Professor  A.  W. 
RUCKER.  Illustrated.  8vo.  [In  preparation. 

Wright.— METALS  AND  THEIR  CHIEF  INDUSTRIAL 
APPLICATIONS.  BY  C.  ALDER  WRIGHT,  D.Sc.,  &c., 
Lecturer  on  Chemistry  in  St.  Mary's  Hospital  Medical  School. 
Extra  fcap.  8vo.  3^.  6d. 
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BIOLOGY. 

Allen.— ON  THE  COLOUR  OF  FLOWERS,  as  Illustrated  in 
the  British  Flora.  By  GRANT  ALLEN.  With  Illustrations. 
Crown  8 vo.  ^s.6d.  (Nature  Series.) 

Balfour.  —  A  TREATISE  ON  COMPARATIVE  EMBRY. 

OLOGY.  By  F.  M.  BALFOUR,  M.A.,  F.R.S.,  Fellow  and 
Lecturer  of  Trinity  College,  Cambridge.  With  Illustrations. 
Second  Edition,  reprinted  without  alteration  from  the  First 
Edition.  In  2  vols.  8vo.  Vol.  I.  iSs.  Vol.  II.  2 LT. 

Balfour  and  Ward. — A  GENERAL  TEXT  BOOK  OF 
BOTANY.  By  ISAAC  BAYLEY  BALFOUR,  F.R.S.,  Professor  of 
Botany  in  the  University  of  Edinburgh,  and  H.  MARSHALL  WARD, 
F.R.S.,  Fellow  of  Christ's  College,  Cambridge,  and  Professor  of 
Botany  in  the  Royal  Indian  Engineering  College,  Cooper's  Hill. 
8vo.  '  [In  preparation. 

Bettany.— FIRST    LESSONS    IN    PRACTICAL   BOTANY. 

By  G.  T.  BETTANY,  M.A.,  F.L.S.,  formerly  Lecturer  in  Botany 

at  Guy's  Hospital  Medical  School.     iSmo.     is. 
Bower.— A  COURSE  OF  PRACTICAL  INSTRUCTION  IN 

BOTANY.     By  F.  O.  BOWER,  D.Sc.,  F.L.S.,  Regius  Professor 

of  Botany  in  the  University  of  Glasgow.     Crown  8vo.     Part  I. 

Second  Edition,  revised  and  enlarged.      Phanerogamae — Pterido- 

phyta.     6s.  6d.     Part  II.     Bryophyta — Thallophyta.     4^.  6d.    Or 

both  Parts  in  one  volume,  IGJ-.  6d. 

Darwin  (Charles).— MEMORIAL  NOTICES  OF  CHARLES 

DARWIN,  F.R.S.,  &c.  By  THOMAS  HENRY  HUXLEY,  F.R.S., 
G.  J.  ROMANES,  F.R.S.,  ARCHIBALD  GEIKIE,  F.R.S.,  and 
W.  T.  THISELTON  DYER,  F.R.S.  Reprinted  from  Nature. 
With  a  Portrait,  engraved  by  C.  H.  JEENS.  Crown  8vo. 
zs.  6d.  (Nature  Series.) 

Fearnley.— A  MANUAL  OF  ELEMENTARY  PRACTICAL 
HISTOLOGY.  By  WILLIAM  FEARNLEY.  With  Illustrations. 
Crown  8vo.  Js.  6d. 

Flower  and  Gadow.— AN  INTRODUCTION  TO  THE 
OSTEOLOGY  OF  THE  MAMMALIA.  By  WILLIAM  HENRY 
FLOWER,  LL.D.,  F.R.S.,  Director  of  the  Natural  History  De- 
partments of  the  British  Museum,  late  Hunterian  Professor  of  Com- 
parative Anatomy  and  Physiology  in  the  Royal  College  of  Surgeons 
of  England.  With  numerous  Illustrations.  Third  Edition.  Re- 
vised with  the  assistance  of  HANS  GADOW,  Ph.D.,  M.A.,  Lecturer 
on  the  Advanced  Morphology  of  Vertebrates  and  Strickland 
Curator  in  the  University  of  Cambridge.  Crown  8vo.  IQJ.  6d. 

Foster. — Works  by  MICHAEL  FOSTER,  M.D.,  Sec.  R.S.,  Professor 

of  Physiology  in  the  University  of  Cambridge. 

PRIMER    OF    PHYSIOLOGY.       With   numerous    Illustrations. 
New  Edition.     iSmo.      is. 
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Foster — continued. 

A  TEXT-BOOK  OF  PHYSIOLOGY.  With  Illustrations.  Fifth 
Edition,  largely  revised.  In  Three  Parts.  Part  I.,  comprising 
Book  I.  Blood— The  Tissues  of  Movement,  The  Vascular 
Mechanism.  los.  6d. 

Parts  II.  and  III.  are  in  the  press  preparing  for  early  publication. 

Foster  and  Balfour.— THE  ELEMENTS  OF  EMBRY- 
OLOGY. By  MICHAEL  FOSTER,  M.A.,  M.D.,  LL.D.,  Sec.  R.S., 
Professor  of  Physiology  in  the  University  of  Cambridge,  Fellow 
of  Trinity  College,  Cambridge,  and  the  late  FRANCIS  M.  BALFOUR, 
M.A.,  LL.D.,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge, 
and  Professor  of  Animal  Morphology  in  the  University.  Second 
Edition,  revised.  Edited  by  ADAM  SEDGWICK,  M.A.,  Fellow 
and  Assistant  Lecturer  of  Trinity  College,  Cambridge,  and  WALTER 
HEAPE,  Demonstrator  in  the  Morphological  Laboratory  of  the 
University  of  Cambridge.  With  Illustrations.  Crown  8vo .  lor.  6d. 

Foster  and  Langley. — A  COURSE  OF  ELEMENTARY 

PRACTICAL  PHYSIOLOGY.  By  Prof.  MICHAEL  FOSTER, 
M.D.,  Sec.  R.S.,  &c.,  and  J.  N.  LANGLEY,  M.A.,  F.R.S.,  Fellow 
of  Trinity  College,  Cambridge.  Fifth  Edition.  Crown  8vo.  ^s.  6d. 

Gamgee. — A  TEXT-BOOK  OF   THE  PHYSIOLOGICAL 

CHEMISTRY  OF  THE  ANIMAL  BODY.  Including  an 
Account  of  the  Chemical  Changes  occurring  in  Disease.  By  A. 
GAMGEE,  M.D.,  F.R.S.,  formerly  Professor  of  Physiology  in  the 
Victoria  University  the  Owens  College,  Manchester.  2  Vols.  8vo. 
With  Illustrations.  Vol.  I.  18*.  [Vol.  II.  in  the  press. 

Gray.— STRUCTURAL  BOTANY,  OR  ORGANOGRAPHY 
ON  THE  BASIS  OF  MORPHOLOGY.  To  which  are  added 
the  principles  of  Taxonomy  and  Phytography,  and  a  Glossary  of 
Botanical  Terms.  By  Professor  ASA  GRAY,  LL.D.  8vo.  los.  6d. 

Hamilton. — A  PRACTICAL  TEXT-BOOK  OF  PATHO- 
LOGY. By  D.  J.  HAMILTON,  Professor  of  Pathological  Anatomy 
(Sir  Erasmus  Wilson  Chair),  University  of  Aberdeen.  Illustrated. 
8vo.  [In  the  press. 

Hooker. — Works  by  Sir  J.  D.  HOOKER,  K.C.S.I.,  C.B.,  M.D., 

F.R.S.,  D.C.L. 

PRIMER  OF  BOTANY.  With  numerous  Illustrations.  New 
Edition.  i8mo.  is.  (Science  Primers.) 

THE  STUDENT'S  FLORA  OF  THE  BRITISH  ISLANDS. 
Third  Edition,  revised.  Globe  8vo.  IQJ.  6d. 

Howes. — AN  ATLAS  OF  PRACTICAL  ELEMENTARY 
BIOLOGY.  By  G.  B.  PI  OWES,  Assistant  Professor  of  Zoology, 
Normal  School  of  Science  and  Royal  School  of  Mines.  With  a 
Preface  by  THOMAS  HENRY  HUXLEY,  F.R.S.  Royal  4to.  14*. 
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Huxley. — Works  by  THOMAS  HENRY  HUXLEY,  F.R.S. 
INTRODUCTORY    PRIMER    OF     SCIENCE.       i8mo.       is. 

(Science  Primers.) 
LESSONS  IN  ELEMENTARY  PHYSIOLOGY.  With  numerous 

Illustrations.     New  Edition  Revised.     Fcap.  8vo.     AS.  6d. 
QUESTIONS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 

By  T.  ALCOCK,  M.D.     New  Edition.     i8mo.     is.  6d. 

Huxley  and  Martin.— A  COURSE  OF  PRACTICAL  IN- 
STRUCTION IN  ELEMENTARY  BIOLOGY.  By  T.  H. 
HUXLEY,  F.R.S. ,  LL.D.,  assisted  by  H.  N.  MARTIN,  M.A., 
M.B.,  D.Sc.,  F.R.S.,  Fellow  of  Christ's  College,  Cambridge. 
New  Edition,  revised  and  extended  by  G.  B.  HOWES,  Assistant 
Professor  of  Zoology,  Normal  School  of  Science,  and  Royal  School 
of  Mines,  and  D.  H.  SCOTT,  M.A.,  PH.D.,  Assistant  Professor  of 
Botany,  Normal  School  of  Science,  and  Royal  School  of  Mines. 
New  Edition,  thoroughly  revised.  With  a  Preface  by  T.  H. 
HUXLEY,  F.R.S.  Crown  8vo.  IQJ.  6d. 

Kane.— EUROPEAN  BUTTERFLIES,  A  HANDBOOK  OF. 

By  W.  F.  DE  VISMES  KANE,  M.A.,  M.R.I.A.,  Member  of  the 
Entomological  Society  of  London,  &c.  With  Copper  Plate  Illustra- 
tions. Crown  8vo.  los.  6d. 

A  LIST  OF  EUROPEAN  RHOPALOCERA  WITH  THEIR 
VARIETIES  AND  PRINCIPAL  SYNONYMS.  Reprinted 
from  the  Handbook  of  European  Butterflies.  Crown  8vo.  I s. 

Klein.— MICRO-ORGANISMS  AND  DISEASE.  An  Intro- 
duction into  the  Study  of  Specific  Micro-Organisms.  By  E. 
KLEIN,  M.D.,  F.R.S,,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
With  121  Illustrations.  Third  Edition,  Revised.  Crown  8 vo.  6s. 
THE  BACTERIA  IN  ASIATIC  CHOLERA.  By  the  Same. 
Crown  8vo.  \In  preparation. 

Lankester. — Works  by  Professor  E.  RAY  LANKESTER,  F.R.S. 
A  TEXT  BOOK  OF  ZOOLOGY.     8vo.  {In  preparation. 

DEGENERATION  :  A  CHAPTER  IN  DARWINISM.  Illus- 
trated. Crown  8 vo.  2s.  6d.  (Nature  Series.) 

Lubbock. — Works  by  SIR  JOHN  LUBBOCK,  M.P.,  F.R.S.,  D.C.L. 

THE  ORIGIN  AND  METAMORPHOSES  OF  INSECTS. 
With  numerous  Illustrations.  New  Edition.  Crown  8vo.  3*.  6d. 
(Nature  Series.) 

ON  BRITISH  WILD  FLOWERS  CONSIDERED  IN  RE- 
LATION TO  INSECTS.  With  numerous  Illustrations.  New 
Edition.  Crown  8vo.  45.  6d.  (Nature  Series. ) 

FLOWERS,  FRUITS,  AND  LEAVES.  With  Illustrations. 
Second  Edition.  Crown  8vo.  4*.  6d.  (Nature  Series.) 

Martin  and  Moale.— ON  THE  DISSECTION  OF  VERTE- 
BRATE ANIMALS.  By  Professor  H.  N.  MARTIN  and  W.  A. 
MOALE.  Crown  8 vo.  [In  preparation. 
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Mivart. — Works  by  ST.  GEORGE  MIVART,   F.R.S.,  Lecturer  on 

Comparative  Anatomy  at  St.  Mary's  Hospital. 
LESSONS  IN  ELEMENTARY  ANATOMY.     With  upwards  of 

400  Illustrations.     Fcap.  8vo.     6s.  6d. 
THE  COMMON  FROG.  Illustrated.  Cr.Svo.  3*.  6d.  (Nature Series.} 

Miiller. — THE  FERTILISATION  OF  FLOWERS.  By  Pro- 
fessor HERMANN  MULLER.  Translated  and  Edited  by  D'ARCY 
W.  THOMPSON,  B.A.,  Professor  of  Biology  in  University  College, 
Dundee.  With  a  Preface  by  CHARLES  DARWIN,  F.R.S.  With 
numerous  Illustrations.  Medium  8vo.  21  s. 

Oliver. — Works  by  DANIEL   OLIVER,   F.R.S.,    &c.,   Professor  of 

Botany  in  University  College,  London,  &c. 

FIRST  BOOK  OF  INDIAN  BOTANY.     With  numerous  Illus- 
trations.    Extra  fcap.  8vo.     6s.  6d. 

LESSONS    IN    ELEMENTARY  BOTANY.      With  nearly  200 
Illustrations.     New  Edition.     Fcap.  8vo.  4^.  6d. 

Parker.— A  COURSE  OF  INSTRUCTION  IN  ZOOTOMY 
(VERTEBRATA).  By  T.  JEFFREY  PARKER,  B.Sc.  London, 
Professor  of  Biology  in  the  University  of  Otago,  New  Zealand. 
With  Illustrations.  Crown  8vo.  8V.  6d. 

LESSONS  IN  ELEMENTARY  BIOLOGY.  By  the  same  Author. 
With  Illustrations.     8vo.  [In  the  press. 

Parker  and  Bettany. — THE  MORPHOLOGY  OF  THE 
SKULL.  By  Professor  W.  K.  PARKER,  F.R.S.,  and  G.  T. 
BETTANY.  Illustrated.  Crown  8vo.  los.  6d. 

Romanes. — THE  SCIENTIFIC  EVIDENCES  OF  ORGANIC 

EVOLUTION.  By  GEORGE  J.  ROMANES,  M.A.,  LL,D., 
F.R.S.,  Zoological  Secretary  of  the  Linnean  Society.  Crown 
Svo.  2s.  6d.  (Nature  Series.) 

Sedgwick. — A  SUPPLEMENT  TO  F.  M.  BALFOUR'S 
TREATISE  ON  EMBRYOLOGY.  By  ADAM  SEDGWICK, 
I^.  A.,  F.R.S.,' Fellow  and  Lecturer  of  Trinity  College,  Cambridge. 
Svo.  Illustrated.  [/« preparation. 

Smith  (W.  G.).— DISEASES  OF  FIELD  AND  GARDEN 
CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY  FUNGI. 
By  WORTHINGTON  G.  SMITH,  F.L.S.,  M.A.I.,  Member  of  the 
Scientific  Committee  R.H.S.  With  143  New  Illustrations  drawn 
and  engraved  from  Nature  by  the  Author.  Fcap.  Svo.  4*.  6d. 

Stewart— Corry.— A  FLORA  OF  THE  NORTH-EAST  OF 

IRELAND.  Including  the  Phanerogamia,  the  Cryptogamia 
Vascularia,  and  the  Muscinese.  By  SAMUEL  ALEXANDER 
STEWART,  Fellow  of  the  Botanical  Society  of  Edinburgh,  Curator 
of  the  Collections  in  the  Belfast  Museum,  and  Honorary  Associate 
of  the  Belfast  Natural  History  and  Philosophical  Society ;  and  the 
late  THOMAS  HUGHES  CORRY,  M.A.,  F.L.S.,  F.Z.S.,  M.R.T.A., 
F.B.S.  Edin.,  Lecturer  on  Botany  in  the  University  Medical  and 
Science  Schools,  Cambridge.  Assistant  Curator  of  the  University 
Herbarium,  &c.,  &c.  Crown  Svo.  5-r.  6d. 
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Ward.— TIMBER  AND  ITS  DISEASES.  By  H.  MARSHALL 
WARD,  F.R.S.,  Professor  of  Botany  in  the  Royal  Indian  Engineer- 
ing College,  Cooper's  Hill.  Illustrated.  Crown  8vo. 

[In  preparation. 

Wiedersheim  (Prof.).— ELEMENTS  OF  THE  COM- 
PARATIVE ANATOMY  OF  VERTEBRATES.  Adapted 
from  the  German  of  ROBERT  WIEDERSHEIM,  Professor  of  Ana- 
tomy, and  Director  of  the  Institute  of  Human  and  Comparativ  e 
Anatomy  in  the  University  of  Freiburg-in-Baden,  by  W. 
NEWTON  PARKER,  Professor  of  Biology  in  the  University  College 
of  South  Wales  and  Monmouthshire.  With  Additions  by  the 
Author  and  Translator.  With  Two  Hundred  and  Seventy  Wood- 
outs.  Medium  8vo.  12s.  6d. 


MEDICINE. 

Brunton. — Works  by  T.  LAUDER  BRUNTON,  M.D.,  D.Sc., 
F.R.C.P.,  F.R.S.,  Assistant  Physician  and  Lecturer  on  Materia 
Medica  at  St.  Bartholomew's  Hospital  ;  Examiner  in  Materia 
Medica  in  the  University  of  London,  in  the  Victoria  University, 
and  in  the  Royal  College  of  Physicians,  London ;  late  Examiner 
in  the  University  of  Edinburgh. 

A  TEXT-BOOK  OF  PHARMACOLOGY,  THERAPEUTICS, 
AND  MATERIA  MEDICA.  Adapted  to  the  United  States 
Pharmacopoeia,  by  FRANCIS  H.  WILLIAMS,  M.D.,  Boston,  Mass. 
Third  Edition.  Adapted  to  the  New  British  Pharmacopoeia,  1885. 
Medium  Svo.  2is. 

TABLES  OF  MATERIA  MEDICA  :  A  Companion  to  the  Materia 
Medica  Museum.  With  Illustrations.  New  Edition  Enlarged. 
Svo.  ioj.  6d. 

Griffiths.— LESSONS  ON  PRESCRIPTIONS  AND  THE 
ART  OF  PRESCRIBING.  By  W.  HANDSEL  GRIFFITHS, 
PH.D.,  L.R.C.P.E.  New  Edition.  Adapted  to  the  Pharmacopoeia, 
1885.  i8mo.  3*.  6d. 

Hamilton.— A  TEXT-BOOK  OF  PATHOLOGY.  By  D.  J. 
HAMILTON,  Professor  of  Pathological  Anatomy  (Sir  Erasmus 
Wilson  Chair)  University  of  Aberdeen.  With  Illustrations.  Svo. 

[In  the  press. 

Klein. — MICRO-ORGANISMS  AND  DISEASE.  An  Intro- 
duction into  the  Study  of  Specific  Micro- Organisms.  By  E. 
KLEIN,  M.D.,  F.R.S.,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
With  1 21  Illustrations.  Third  Edition,  Revised.  Crown  Svo.  6s. 

THE  BACTERIA  IN  ASIATIC  CHOLERA.  By  the  Same 
Author.  Crown  Svc.  [In  preparation. 
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Ziegler-Macalister. — TEXT-BOOK  OF  PATHOLOGICAL 

ANATOMY  AND  PATHOGENESIS.  By  Professor  ERNST 
ZIEGLER  of  Tiibingen.  Translated  and  Edited  for  English 
Students  by  DONALD  MACALISTER,  M.A.,M.D.,  B.Sc.,F.R.C.P., 
Fellow  and  Medical  Lecturer  of  St.  John's  College,  Cambridge, 
Physician  to  Addenbrooke's  Hospital,  and  Teacher  of  Medicine  in 
the  University.  With  numerous  Illustrations.  Medium  8vo. 

Part  I.— GENERAL  PATHOLOGICAL  ANATOMY.  Second 
Edition.  12s.  6d. 

Part  II.— SPECIAL  PATHOLOGICAL  ANATOMY.  Sections 
I.— VIII.  Second  Edition.  12S.6J.  Sections  IX.— XII.  12s.  6d. 


ANTHROPOLOGY. 

Flower. — FASHION  IN  DEFORMITY,  as  Illustrated  in  the 
Customs  of  Barbarous  and  Civilised  Races.  By  Professor 
FLOWER,  F.R.S.,  F.R.C.S.  With  Illustrations.  Crown  8vo. 
2s.  6d.  (Nature  Serifs.) 

TylOF. — ANTHROPOLOGY.  An  Introduction  to  the  Study  of 
Man  and  Civilisation.  ByE.  B.  TYLOR,  D.C.L.,  F.R.S.  With 
numerous  Illustrations.  Crown  8vo.  Is.  6d. 


PHYSICAL  GEOGRAPHY  &  GEOLOGY. 

Blanford.— THE  RUDIMENTS  OF  PHYSICAL  GEOGRA- 
PHY  FOR  THE  USE  OF  INDIAN  SCHOOLS  ;  with  a 
Glossary  of  Technical  Terms  employed.  By  H.  F.  BLANFORD, 
F.R.S.  New  Edition,  with  Illustrations.  Globe  8 vo.  2s.  6d. 

Geikie. — Works  by  ARCHIBALD  GEIKIE,  LL.D.,  F.R.S.,  Director 

General  of  the  Geological  Survey  of  Great  Britain  and  Ireland,  and 

Director  of  the  Museum  of  Practical  Geology,  London,  formerly 

Murchison  Professor  of  Geology  and  Mineralogy  in  the  University 

of  Edinburgh,  &c. 
PRIMER  OF  PHYSICAL    GEOGRAPHY.      With    numerous 

Illustrations.      New   Edition.       With    Questions.       l8mo.      is. 

(Science  Primers.) 
ELEMENTARY  LESSpNS   IN  PHYSICAL  GEOGRAPHY. 

With  numerous  Illustrations.     New  Edition.     Fcap.  8vo.     4?.  6d. 

QUESTIONS  ON  THE  SAME.     is.  6d. 
PRIMER  OF  GEOLOGY.      With  numerous  Illustrations.     New 

Edition.     i8mo.     is.     (Science  Primers.) 
CLASS  BOOK   OF  GEOLOGY.      With  upwards  of  2OO  New 

Illustrations.     Crown  Svo.     lOf.  6d.  , 

TEXT-BOOK  OF    GEOLOGY.       With   numerous    Illustrations. 

Second  Edition,  Sixth  Thousand,  Revised  and  Enlarged.  Svo.  2&. 


SCIENCE.  31 

Geikie — continued. 

OUTLINES  OF  FIELD  GEOLOGY.  With  Illustrations.  New 
Edition.  Extra  fcap.  8vo.  3*.  6d. 

THE  SCENERY  AND  GEOLOGY  OF  SCOTLAND, 
VIEWED  IN  CONNEXION  WITH  ITS  PHYSICAL 
GEOLOGY.  With  numerous  Illustrations.  Crown  8vo.  12s.  6d. 
(See  also  under  Geography.'] 

Huxley. — PHYSIOGRAPHY.  An  Introduction  to  the  Study 
of  Nature.  By  THOMAS  HENRY  HUXLEY,  F.R.S.  With 
numerous  Illustrations,  and  Coloured  Plates.  New  and  Cheaper 
Edition.  Crown  8vo.  6s. 

Lockyer.— OUTLINES  OF  PHYSIOGRAPHY— THE  MOVE- 
MENTS OF  THE  EARTH.  By  J.  NORMAN  LOCKYER,  F.R.S., 
Correspondent  of  the  Institute  of  France,  Foreign  Member  of 
the  Academy  of  the  Lyncei  of  Rome,  &c.,  &c.  ;  Professor  of 
Astronomical  Physics  in  the  Normal  School  of  Science,  and 
Examiner  in  Physiography  for  the  Science  and  Art  Department. 
With  Illustrations.  Crown  8vo.  Sewed,  is.  6d. 

Phillips.— A  TREATISE  ON  ORE  DEPOSITS.  By  J.  ARTHUR 
PHILLIPS,  F.R.S.,  V.P.G.S.,  F.C.S.,  M.Inst.C.E.,  Ancien  Eleve 
de  1'Ecole  des  Mines,  Paris  ;  Author  of  "  A  Manual  of  Metallurgy," 
"The  Mining  and  Metallurgy  of  Gold  and  Silver,"  &c.  With 
numerous  Illustrations.  8vo.  25*. 


AGRICULTURE. 

Frankland.— AGRICULTURAL  CHEMICAL  ANALYSIS, 
A  Handbook  of.  By  PERCY  FARADAY  FRANKLAND,  Ph.D., 
B.Sc.,  F.C.S.,  Associate  of  the  Royal  School  of  Mines,  and 
Demonstrator  of  Practical  and  Agricultural  Chemistry  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  Founded  upon  Leitfadenfilr  die  Agriculture 
Chemiche  Analyse,  von  Dr.  F.  KROCKER.  Crown  8vo.  7*.  6d. 

Smith  (Worthington  G.).— DISEASES  OF  FIELD  AND 
GARDEN  CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY 
FUNGI.  By  WORTHINGTON  G.  SMITH,  F.L.S.,  M.A.I., 
Member  of  the  Scientific  Committee  of  the  R.H.S.  With  143 
Illustrations,  drawn  and  engraved  from  Nature  by  the  Author. 
Fcap.  8vo.  4J.  6d. 

Tanner.— Works  by  HENRY  TANNER,  F.C.S.,  M.R.A.C., 
Examiner  in  the  Principles  of  Agriculture  under  the  Government 
Department  of  Science  ;  Director  of  Education  in  the  Institute  of 
Agriculture,  South  Kensington,  London ;  sometime  Professor  of 
Agricultural  Science,  University  College,  Aberystwith. 
ELEMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRI- 
CULTURAL PRACTICE.  Fcap.  8vo.  3*.  6d. 
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Tanner — continued. 

FIRST  PRINCIPLES  OF  AGRICULTURE.     i8mo.     is. 

THE  PRINCIPLES  OF  AGRICULTURE.   A  Series  of  Readin 

Books  for  use  in    Elementary   Schools.      Prepared  by   HENR 

TANNER,  F.C.S.,  M.R.A.C.     Extra  fcap.  8vo. 

I.  The  Alphabet  of  the  Principles  of  Agriculture.     6d. 
II.   Further  Steps  in  the  Principles  of  Agriculture,     is. 
III.  Elementary  School  Readings  on  the  Principles  of  Agricultur 
for  the  third  stage,     is. 

POLITICAL  ECONOMY. 

Cairnes.— THE  CHARACTER  AND  LOGICAL  METHOI 

OF  POLITICAL  ECONOMY.     By  J.   E.   CAIRNES,   LL.D 
Emeritus  Professor  of  Political  Economy  in  University  College, 
London.     New  Edition.     Crown  8vo.     6s. 

Cossa.— GUIDE  TO  THE  STUDY  OF  POLITICAL 
ECONOMY.  By  Dr.  LUIGI  COSSA,  Professor  in  the  University 
of  Pavia.  Translated  from  the  Second  Italian  Edition.  With  a 
Preface  by  W.  STANLEY  JEVONS,  F.R.S.  Crown  8vo.  4^.  6d. 

Fawcett  (Mrs.) — Works  by  MILLICENT  GARRETT  FAWCETT:— 
POLITICAL  ECONOMY  FOR  BEGINNERS,  WITH  QUES- 
TIONS.    Fourth  Edition.     iSmo.     2s.  6d. 
TALES  IN  POLITICAL  ECONOMY.     Crown  8vo.     35. 

Fawcett. — A  MANUAL  OF  POLITICAL  ECONOMY.    By 

Right  Hon.  HENRY  FAWCETT,  F.R.S.     Sixth  Edition,  revised, 
with    a   chapter   on    "State    Socialism    and   the  Nationalisation 
of  the  Land,"  and  an  Index.     Crown  Svo.     12s. 
AN  EXPLANATORY  DIGEST  of  the  above.     By  CYRIL  A. 
WATERS,  B.  A.     Crown  Svo.     2s.  6d. 

Gunton. — WEALTH  AND  PROGRESS  :  A  CRITICAL  EX- 
AMINATION OF  THE  WAGES  QUESTION  AND  ITS 
ECONOMIC  RELATION  TO  SOCIAL  REFORM.  By 
GEORGE  GUNTON.  Crown  Svo.  6s. 

Jevons. — Works  by  W.  STANLEY  JEVONS,  LL.D.  (Edinb.),  M.A. 

(Lond.),  F.R.S.,  late  Professor  of  Political  Economy  in  University 

College,  London,  Examiner  in  Mental  and  Moral  Science  in  the 

University  of  London. 

PRIMER  OF  POLITICAL  ECONOMY.     New  Edition.     i8mo. 

is.     (Science  Primers.) 

THE  THEORY  OF  POLITICAL  ECONOMY.     Third  Edition. 
Revised.     Demy  Svo.     lew.  6d. 

Marshall. — THE  ECONOMICS  OF  INDUSTRY.  By  A. 
MARSHALL,  M.A.,  Professor  of  Political  Economy  in  the  Uni- 
versity of  Cambridge,  and  MARY  P.  MARSHALL,  late  Lecturer  at 
Newnham  Hall,  Cambridge.  Extra  fcap.  Svo.  2s.  6d. 

Marshall. — ECONOMICS.  By  ALFRED  MARSHALL,  M.A., 
Professor  of  Political  Economy  in  the  University  of  Cambridge. 
2  vols.  Svo.  [/«  ttu  press. 
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Sidgwick. — THE  PRINCIPLES  OF  POLITICAL  ECONOMY*. 
By  Professor  HENRY  SIDGWICK,  M.A.,  LL.D.,  Knightbridje 
Professor  of  Moral  Philosophy  ia  the  University  of  Cambridge, 
&c.,  Author  of  "The  Methods  of  Ethics."  Second  Edition, 
revised.  8vo.  i6s. 

Walker. — Works  by  FRANCIS  A.  WALKER,  M.A.,  Ph.D.,  Author 

of  "Money,"  "Money  in  its  Relation  to  Trade,"  &c. 
POLITICAL  ECONOMY.     Second  Edition,  revised  and  enlarged. 
8vo.     I2s.  6d. 

A     BRIEF     TEXT-BOOK     OF     POLITICAL     ECONOMY. 

Crown  8vo.     6s.  6d. 
THE  WAGES  QUESTION.     8vo.     14^. 

Wicksteed.— ALPHABET  OF  ECONOMIC  SCIENCE.  By 
PHILIP  H.  WICKSTEED,  M.  A.  Globe  8vo.  [Just  ready. 


MENTAL  &  MORAL  PHILOSOPHY. 

Boole.— THE  MATHEMATICAL  ANALYSIS  OF  LOGIC. 
Being  an  Essay  towards  a  Calculus  of  Deductive  Reasoning.  By 
GEORGE  BOOLE.  8vo.  Sewed.  5-r. 

Calderwood,— HANDBOOK  OF  MORAL  PHILOSOPHY. 
By  the  Rev.  HENRY  CALDERWOOD,  LL.D.,  Professor  of  Moral 
Philosophy,  University  of  Edinburgh.  Fourteenth  Edition,  largely 
rewritten.  Crown  8vo.  6s. 

Clifford. — SEEING  AND  THINKING.  By  the  late  Professor 
W.  K.  CLIFFORD,  F.R.S.  With  Diagrams.  Cro\vn  8vo.  3*.  6J. 
(Nahire  Series.) 

Jardine.— THE  ELEMENTS  OF  THE  PSYCHOLOGY  OF 
COGNITION.  By  the  Rev.  ROBERT  JARDINE,  B.D.,  D.Sc. 
(Edin.),  Ex-Principal  of  the  General  Assembly's  College,  Calcutta. 
Third  Edition,  revised  and  improved.  Crown  8vo.  6s.  6-/. 

Jevons. — Works  by  the  late  W.  STANLEY  JEVONS,  LL.D.,  M.A., 

F.R.S. 

PRIMER  OF  LOGIC.    New  Edition.    i8mo.    is.    (Science Primers.) 
ELEMENTARY  LESSONS  IN   LOGIC  ;   Deductive  and  Indue- 

tive,  with  copious  Questions  and   Examples,  and  a  Vocabulary  of 

Logical  Terms.     New  Edition.     Fcap.  8vo.     "$s.  6d. 
THE   PRINCIPLES    OF    SCI  1-:  VCR*.     A  Treatise  on  Logic  and 

Scientific  Method.  New  and  Revi  ed  Edition.    Crown  8vo.    I2J.  6J. 
STUDIES  IN  DEDUCTIVE  LOGIC.   Second  Edition.  Cr.  8vo.  6s. 

Keynes. — FORMAL  LOGIC,  Studies  and  Exercises  in.  Including 
a  Generalisation  of  Logicil  Proces-es  in  their  application  to 
Complex  Inferences.  By  JOHN  NEVILLE  KEYNES,  M.A.,  late 
Fellow  of  Pembroke  College,  Cambridge.  Second  Edition, 
Revised  and  Enlarged.  Crown  8vo.  ioj  6J. 
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Kant— Max  Miiller.— CRITIQUE  OF  PURE  REASON. 
By  IMMANUEL  KANT.  In  com.nemoration  of  the  Centenary  of 
its  first  Publication.  Translated  into  English  by  F.  MAX  MULLER. 
With  an  Historical  Introduction  by  LUDWIG  NOIRE.  2  volsf 
8vo,  i6s.  each. 
Volume  I.  HISTORICAL  INTRODUCTION,  by  LUDWIG 

NOIRE  ;  &c.,  &c. 
Volume  II.     CRITIQUE    OF    PURE    REASON,  translated  by 

F.  MAX  MULLER, 
For  the  convenience  of  students  these  volumes  are  now  sold  separately. 

Kant — Mahaffy  and  Bernard. — COMMENTARY  ON 
KANT'S  CRITIQUE.  By  J.  P.  MAHAFFY,  M.A.,  Professor  of 
Ancient  History  in  the  University  of  Dublin,  and  J.  H.  BERNARD, 
M.A.  New  and  completed  Edition.  Crown  8vo.  [7;z  preparation. 

McCosh.— PSYCHOLOGY.  By  JAMES  McCosn,  D.D.,  LL.D., 
Litt.D.  President  of  Princeton  College,  Author  of  "Intuitions  of 
the  Mind,"  "  Laws  of  Discursive  Thought,"  &c.  Crown  8vo. 

I.  THE  COGNITIVE  POWERS.     6r.  6d. 

II.  THE  MOTIVE  POWERS.     Crown  8vo.     6s.  6J. 

Ray. — A  TEXT-BOOK  OF  DEDUCTIVE  LOGIC  FOR  THE 

USE  OF  STUDENTS.    By  P.  K.  RAY,  D.Sc.  (Lon.  and  Edin.), 

Professor  of  Logic  and  Philosophy,  Presidency  College   Calcutta. 

Fourth  Edition.     Globe  8vo.     4*.  6d. 

The  SCHOOLMASTER  says:— "This  work  .  .  .  is  deservedly  taking  a  place  among 

;he  recognised  text-books  on  Logic." 

Sidgwick. — Works  by  HENRY  SIDGWICK,  M.A.,LL.D.,  Knight- 
bridge  Professor  of  Moral  Philosophy  in  the  University  of 
Cambridge. 

THE  METHODS  OF  ETHICS.     Third  Edition.     Svo.     14*.     A 

Supplement  to  the  Second  Edition,  containing  all  the  important 

Additions  and  Alterations  in  the  Third  Edition.     Demy  Svo.     6s. 

OUTLINES  OF   THE    HISTORY    OF    ETHICS,  for  English 

Readers.     Second  Edition,  revised.     Crown   Svo.     3-r.  6d. 

Venn. — THE  LOGIC  OF  CHANCE.  An  Essay  on  the  Founda- 
tions and  Province  of  the  Theory  of  Probability,  with  special 
Reference  to  its  Logical  Bearings  and  its  Application  to  Moral  and 
Social  Science.  By  JOHN  VENN,  M.A.,  Fellow  and  Lecturer  in 
Moral  Sciences  in  Gonville  and  Caius  College,  Cambridge,  Ex- 
aminer in  Moral  Philosophy  in  the  University  of  London.  Second 
Edition,  rewritten  and  greatly  enlarged.  Crown  Svo.  IOJ.  6J. 
SYMBOLIC  LOGIC.  By  the  same  Author.  Crown  Svo.  10*.  6d. 


GEOGRAPHY. 

Bartholomew. — THE  ELEMENTARY  SCHOOL  ATLAS. 

By  JOHN  BARTHOLOM  EW,  F.  R.  G.  S.     T s. 

This  Elementary  Atlas  is  designed  to  illustrate  the  principal  text- 
books on  Elementary  Geography. 
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Clarke. — CLASS-BOOK  OF  GEOGRAPHY.    By  C.  B.  CLARKE 

M.A.,    F.L.S.,    F.G.S.,    F.R.S.     New    Edition,   with  Eighteen 

Coloured  Maps.     Fcap.  8vo.     3^. 
.Geikie. — Works  by  ARCHIBALD  GETKIE,  F.R.S.,  Director-General 

of  the  Geological  Survey  of  the  United  Kingdom,  and  Director  of 

the    Museum    of    Practical    Geology,    Jermyn    Street,    London  ; 

formerly  Murchison  Professor  of  Geology  and  Mineralogy  in  the 

Univer-ity  of  Edinburgh. 
THii  TEACHING  OF  GEOGRAPHY.     A  Practical  Handbook 

for  the  use  of  Teachers.     Crown  8vo.     2s.     Being  Volume  I.  of  a 

New  Geographical  Series  Edited  by  ARCHIBALD  GEIKIE,  F.R.S. 
%*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography  as 

an  educational  discipline  of  a  high  order,  and  to  show  how  these 

claims  mav  be  practically  recognised  by  teachers 
AN     ELEMENTARY     GEOGRAPHY     OF    THE    BRITISH 

ISLES.     iSmo.     is. 
Green.  —  A    SHORT    GEOGRAPHY     OF    THE    BRITISH 

ISLANDS.     By  JOHN  RICHARD  GREEN  and  ALICE  STOPFORD 

GREEN.      With  Maps.     Fcap.  8vo.     3^.  6J. 

Grove.— A  PRIMER  OF  GEOGRAPHY.     By  sir  GEORGE 

GROVE,  D.C.L.    With  Illustrations.    iSrno.    is.   (Science Primers.} 

Hughes. — MAPS  AND  MAP  MAKING.    By  ALFRED  HUGHES, 

M.A.,  late  Scholar  of  Corpus  Christi  College,   Oxford,   Assistant 

Master  at  Manchester  Grammar  School.     Cr.  8vo.      [/«  the  press. 

Kiepert. — A  MANUAL  OF  ANCIENT  GEOGRAPHY.    From 

the  German  of   Dr.  H.  KIEPERT.     Crown  8vo.     $s. 
Macmillan's  Geographical  Series.  Edited  by  ARCHIBALD 
GEIKIE,  F.R.S.,  Director-General  of  the  Geological  Survey  of  the 
United  Kingdom. 

The  following  List  of  Volumes  is  contemplated  : — 

THE  TEACHING  OF  GEOGRAPHY.  A  Practical  Handbook 
for  the  use  of  Teachers.  By  ARCHIBALD  GEIKIE,  F.R.S., 
Director-General  of  the  Geological  Survey  of  the  United  Kingdom, 
and  Director  of  the  Museum  of  Practical  Geology,  Jermyn  Street, 
London  ;  formerly  Murchison  Professor  of  Geology  and  Mineralogy 
in  the  University  of  Edinburgh.  Crown  8vo.  2s. 

*#*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography 
as  an  educational  discipline  of  a  high  order,  .and  to  show  how 
these  cliims  may  be  practically  recognized  by  te-chers. 

AN  ELEMENTARY  GEOGRAPHY  OF  THE  BRITISH 
ISLKS.  By  ARCHIBALD  GEIKIE,  F.R.S.  i8mo.  is. 

THE  ELEMENTARY  SCHOOL  ATLAS.  With  24  Maps  in 
Colours,  specially  designed  to  illustrate  all  Elementary  Text-bocks 
of  Geography.  By  JOHN  BARTHOLOMEW.  F.R.G.S.  4to.  is. 

MAPS  AND  MAP  MAKING.  By  ALFRED  HUGHES,  M.A., 
late  Scholar  of  Corpus  Christi  College,  Oxford,  Assistant  Master 
at  Manchester  Grammar  School.  Crown  8vo.  [In  the  press. 

AN  ELEMENTARY  GENERAL  GEOGRAPHY.  By  HUGH 
ROBERT  MILL,  D.Sc.  Edin.  Crown  8vo.  [/«  the  pre^. 

A  GEOGRAPHY  OF  THE  BRITISH   COLONIES. 
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Macmillan's  Geographical  Series— continued. 
A  GEOGRAPHY  OF  EUROPE.     By  JAMES  SIME,  M.A. 

\In  preparation. 

A  GEOGRAPHY  OF  AMERICA. 
A  GEOGRAPHY  OF  ASIA. 
A  GEOGRAPHY  OF  AFRICA. 
A  GEOGRAPHY  OF  THE  OCEANS  AND  OCEANIC 

ISLANDS. 
ADVANCED  CLASS-BOOK  OF  THE  GEOGRAPHY  OF 

BRITAIN. 

GEOGRAPHY  OF  AUSTRALIA  AND  NEW  ZEALAND. 
GEOGRAPHY  OF  BRITISH  NORTH  AMERICA. 
GEOGRAPHY  OF  INDIA. 
GEOGRAPHY  OF  THE  UNITED  STATES 
ADVANCED  CLASS-BOOK  OF  THE  GEOGRAPHY  OF 

EUROPE. 

Mill. — AN  ELEMENTARY  GENERAL  GEOGRAPHY.  By 

HUGH  ROBERT  MILL,  D.Sc.  Edin.     Crown  8vo.       \In  the  press. 

Sime. — A  GEOGRAPHY  OF  EUROPE.     By  JAMES  SIME,  M.A. 

[/n  preparation. 

Strachey.— LECTURES  ON  GEOGRAPHY.  By  General  R. 
STRACHEY,  R.E.,  C.S.I.,  President  of  the  Royal  Geographical 
Society.  Crown  8vo.  4*.  6d. 

HISTORY. 

Arnold  (T.). — THE  SECOND  PUNIC  WAR.   Being  chapters 

from  THE  HISTORY  OF  ROMP:.  By  THOMAS  ARNOLD, 
D.D.  Edited,  with  Notes,  by  W.  T.  ARNOLD,  M.A.  With  8 
Maps.  Crown  Svo.  8s.  6d. 

Arnold  (W.  T.).— THE  ROMAN  SYSTEM  OF  PROVINCIAL 

ADMINISTRATION  TO  THE  ACCESSION  orCONSTAN- 
TINE  THE  GREAT.   By  W.  T.  ARNOLD,  M.A.    Crown  Svo.  6s. 
"Ought    to  prove  a  valuable  handbook  to   the  student   of  Roman    history." — 
GUARDIAN. 

Beesly. — STORIES    FROM    THE    HISTORY    OF    ROME. 

By  Mrs.  BEESLY.     Fcap.  Svo.     2s.  6d. 

Bryce. — THE  HOLY  ROMAN  EMPIRE.    By  JAMES  BRYCE, 

D.C.L.,  Fellow  of  Oriel  College,  and  Regius  Professor  of  Civil  Law 

in  the  University  of  Oxford.    Eighth  Edition.    Crown  Svo.   JS.  6d. 
Buckland.— OUR  NATIONAL   INSTITUTIONS.      A    Short 

Sketch    for   Schools.     By  ANNA  BUCKLAND.     With   Glossary. 

i8mo.     is. 
Buckley. — A  HISTORY  OF  ENGLAND  FOR  BEGINNERS. 

By   ARABELLA  B.    BUCKLEY.     Author  of  "A  Short  History  of 

Na'ural  Science,"  &c.     With  Coloured  Maps,   Chronological  and 

Genealogical  Tables.     Globe  Svo.     3^. 
Bury.— A   HISTORY  OF   THE  LATER  ROMAN   EMPIRE 

FROM  ARCADIUS  TO  IRENE,  A.D.  395-800.     By  JOHN  F. 

BURY,  Fellow  of  Trinity  Coll.,  Dublin.   2  vols.  Svo.    {In  the  press. 
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Dicey. — LECTURES  INTRODUCTORY  TO  THE  STUDY 

OF  THE  LAW  OF  THE  CONSTITUTION.  By  A.  V.  DICEY, 
B.C.L.,  of  the  Inner  Temple,  Barrister-at-Law  ;  Vinerian  Professor 
of  English  Law ;  Fellow  of  All  Souls  College,  Oxford ;  Hon.  LL.D. 
Glasgow.  Second  Edition.  Demy  8vo.  12s.  6d. 

English  Statesmen,  Twelve. — A  Series  of  Short  Bio- 
graphies, not  designed  to  be  a  complete  roll  of  Famous  Statesmen, 
but  to  present  in  historic  order  the  lives  and  work  of  those  leading 
actors  in  our  affairs  who  by  their  direct  influence  have  left  an 
abiding  mark  on  the  policy,  the  institutions,  and  the  position  of 
Great  Britain  among  States. 

The  following  list  of  subjects  is  the  result  of  careful  selection.  The 
great  movements  of  national  history  are  made  to  follow  one 
another  in  a  connected  course,  and  the  series  is  intended  to  form  a 
continuous  narrative  of  English  freedom,  order,  and  power.  The 
volumes  as  follow,  Crown  8vo,  2s.  6d.  each,  are  ready  or  in 
preparation : — 

WILLIAM  THE  CONQUEROR.  By  EDWARD  A.  FREEMAN,  D.C.L., 
LL.D.  [Ready. 

HENRY  II.     By  Mrs.  J.  R.  GREEN.  [Ready. 

EDWARD  I.    By  F.  YORK  POWELL. 

HENRY  VII.     By  JAMES  GAIRDNER. 

CARDINAL  WOLSEY.     By  Professor  M.  CREIGHTON.  [Ready. 

ELIZABETH.     By  the  DEAN  OF  ST.  PAUL'S. 

OLIVER  CROMWELL.     By  FREDERIC  HARRISON.  [Ready. 

WILLIAM  III.     By  H.  D.  TRAILL.  [Ready 

WALPOLE.     By  JOHN  MORLEY.  [In  the  press. 

CHATHAM.     By  JOHN  MORLEY. 

PITT.     By  JOHN  MORLEY. 

PEEL.     By  J.  R.  THURSFIELD. 

Freeman. — Works  by  EDWARD  A.  FREEMAN,  D.C.L.,  LL.D., 

Regius  Professor  of  Modern  History  in  the  University  of  Oxford,  &c. 
OLD  ENGLISH  HISTORY.     With  Five  Coloured  Maps.     New 

Edition.     Extra  fcap.  8vo.     6s. 

A  SCHOOL  HISTORY  OF  ROME.   Crown  8 vo.    [In preparation. 
METHODS  OF  HISTORICAL  STUDY.     A  Course  of  Lectures. 

8vo.     los.  6d. 
THE  CHIEF    PERIODS    OF    EUROPEAN    HISTORY.     Six 

Lectures  read  in  the  University  of  Oxford  in  Trinity  Term,  1885. 

With  an  Essay  on  Greek  Cities  under  Roman  Rule.    8vo.    IGJ.  6J. 
HISTORICAL  ESSAYS.     First  Series.     Fourth  Edition.      Svo. 

ioj.  6d. 

Contents :— The  Mythical  and  Romantic  Elements  in  Early  English  History— 
The   Continuity  of  English    History — The  Relations  between  the  Cr.,wn   of 
England  and  Scotland — St.  Thomas  of  Canterbury  and  his  Biographers,  &c. 
HISTORICAL  ESSAYS.     Second  Series.     Second  Edition,  with 
additional  Essays.     Svo.      ioj.  6d. 

Contents  .-—Ancient  Greece  and  Mediaeval  Italy — Mr.  Gladstone's  Homer  and 
the  Homeric  Ages — The  Historians  of  Athens — The  Athenian  Democracy — 
Alexander  the  Great — Greece  during  the  Macedonian  Period — Mommsen's 
History  of  Rome — Lucius  CorneLus  Sulla — The  Flav.an  Caesars,  &c.,  &c. 
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Freem  an — continued. 

HISTORICAL  ESSAYS.     Third  Series.     8vo.     I2.r. 
Contents: — First  Impressions  of  Rome — The  Illyrian  Emperors  and  their  Land 
— Augusta  Treverorum — The  Goths  at  Ravenna — Race  and  Language — The 
Byzantine    Empire — First    Impressions  of   Athens — Mediaeval   and    Modern 
Greece — The  S  uthern  Slaves — Sicilian  Cycles— The  Normans  at  Palermo. 

THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM 
THE  EARLIEST  TIMES.  Fourth  Edition.  Crown  8vo.  5-r. 

GENERAL  SKETCH  OF  EUROPEAN  HISTORY.  New 
Edition.  Enlarged,  with  Maps,  &c.  i8mo.  *$s.  6d.  (Vol.  I.  of 
Historical  Course  for  Schools.) 

EUROPE.     i8mo.     is.     (History  Primers.') 

Fyffe.— A  SCHOOL  HISTORY  OF  GREECE.  By  C.  A.  FYFFE, 
M.A.     Crown  8vo.  [In  preparation. 

Green.  —  Works   by    JOHN    RICHARD   GREEN,    M.A.,     LL.D., 
late  Honorary  Fellow  of  Jesus  College,  Oxford. 

A  SHORT  HISTORY  OF  THE  ENGLISH  PEOPLE.  New 
and  Thoroughly  Revised  Edition.  With  Coloured  Maps,  Genea- 
logical Tables,  and  Chronological  Annals.  Crown  8vo.  8s.  6d. 
1 36th  Thousand. 

Also  the  same  in  Four  Parts.  Parts  I.  and  II.  ready  ;  Parts  III. 
and  IV.  shortly.  With  the  corresponding  portion  of  Mr.  Tail's 
"Analysis."  Crown  8vo.  $s.  6>J.  each.  Part  I.  607 — 1265.  Part 

II.  1265—1540.    Part  III.   1540 — 1660.    Part  IV.  1660 — 1873. 
HISTORY  OF  THE  ENGLISH  PEOPLE.     In  four  vols.     8vo. 

Vol.  I.— EARLY    ENGLAND,    449-1071— Foreign    Kings, 
1071-1214 — The  Charter,  1214-1291 — The  Parliament,  1367- 
1461.     With  eight  Coloured  Maps.     8vo.      i6s. 
Vol.  II.— THE  MONARCHY,  1461-1540— The  Reformation, 

1540-1603.     8vo.     1 6s. 

Vol   III.— PURITAN  ENGLAND,  1603-1660— The  Revolu- 
tion, 1660-1688.     With  four  Maps.     8vo.     i6s. 
THE  MAKING  OF  ENGLAND.     With  Maps.     8vo.      i6s. 
THE  CONQUEST  OF  ENGLAND.     With  Maps  and  Portrait. 

8vo.     iSs. 

ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "  Short 
History  of  the  English  People."  By  C.  W.  A.  TAIT,  M.A., 
Assistant-Master,  Clifton  College.  Crown  8vo.  3^.  6d. 
READINGS  FROM  ENGLISH  HISTORY.  Selected  and 
Edited  by  JOHN  RICHARD  GREEN.  Three  Parts.  Globe  8vo. 
is.  6d.  each.  I.  Hengist  to  Cressy.  II.  Cressy  to  Cromwell. 

III.  Cromwell  to  Balaldava. 

Guest. — LECTURES  ON  THE  HISTORY  OF  ENGLAND. 

By  M.  J.  GUEST.     With  Maps.     Crown  8vo.     6s. 
Historical  Course  for  Schools — Edited  by  EDWARD  A. 
FREEMAN,  D.C.L.,  LL.D.,  late  Fellow  of  Trinity  College,  Oxford, 
Regius  Professor  of  Modern  History  in  the  University  of  Oxford. 

I.— GENERAL  SKETCH  OF  EUROPEAN  HISTORY.  By 
EDWARD  A.  FREEMAN,  D.C.L.  New  Edition,  revised  and 
enlarged,  with  Chronological  Table,  Maps,  and  Index.  iSmo.  3-r.  6d. 

II.— HISTORY  OF  ENGLAND.  By  EDITH  THOMPSON.  New 
Ed.,  revised  and  enlarged,  with  Coloured  Maps.  181110.  2s.  6d. 
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Historical  Course  for  Schools — continued 
III.— HISTORY  OF  SCOTLAND.    By  MARGARET  MACARTHUR. 

New  Edition.     i8mo.     2s. 
IV. -HISTORY  OF  ITALY.     By  the   Rev.    W.    HUNT,    M.A. 

New  Eriition,  with  Coloured  Maps.      i8mo.     $s.  6d. 
V.— HISTORY  OF  GERMANY.      By  J.    SIME,    M.A.      New 

Edition  Revi-ed.      i8mo.     y. 
VI.— HISTORY  OF  AMERICA.     By  JOHN  A.  DOYLE.     With 

Maps.     i8mo.     4*.  6d. 
VII.— EUROPEAN  COLONIES.     By  E.  J.  PAYNE,  M.A.     With 

Maps.     181110.     4?.  6d. 
VI II.— FRANCE.      By  CHARLOTTE  M.  YONGE.      With    Maps. 

i8mo.     3^.  6</. 

GREECE.     By  EDWARD  A.  FREEMAN,  D.C.L.      [In preparation. 

ROME.     By  EDWARD- A.  FREEMAN,  D.C.L.  [In preparation. 

History   Primers— Edited  by  JOHN  RICHARD  GREEN,  M.A., 

LL.D.,  Author  of  "A  Short  History  of  the  English  People." 
ROME.    By  the  Rev.  M.  CREIGHTON,  M.A.,    Dixie   Professor   of 

Ecclesiastical   History  in  the    University  of  Cambridge.       With 

Eleven  Maps.     i8mo.      is. 
GREECE.     By  C.   A.    FYFFE,   M.A.,    Fellow  and  late  Tutor  of 

University  College,  Oxford.     With  Five  Maps.     i8mo.     is. 
EUROPEAN  HISTORY.      By  E.  A.  FREEMAN,  D.C.L.,  LL.D. 

With  Maps.      iSmo.      is. 
GREEK  ANTIQUITIES.     By  the  Rev.  J.  P.  MAHAFFY,  M.A. 

Illustrated.     i8mo.     is. 

CLASSICAL  GEOGRAPHY.   By  H.  F.  TOZER,  M.A.  iSmo.   is. 
GEOGRAPHY.     By  Sir  G.  GROVE,  D.C.L.     Maps.     iSmo.     is. 
ROMAN    ANTIQUITIES.       By    Professor    WILKINS.       Illus- 
trated.    181110.     is. 

FRANCE.     By  CHARLOTTE  M.  YONGE.     i8mo.     u. 
Hole.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 

ENGLAND   AND   FRANCE.     By  the   Rev.    C.    HOLE.     On 

Sheet,     is. 
Jennings— CHRONOLOGICAL     TABLES.       A    synchronistic 

arrangement  of  the  events  of  Ancient  History  (with  an  Index). 

By  the  Rev.   ARTHUR  C.  JENNINGS,  Rector  of  King's  Stanley, 

Gloucestershire,    Author   of    "A    Commentary   on   the   Psalms," 

"Ecclesia    Anglicana,"     "Manual    of    Church      History,"    &c. 

8vo.     5j. 

Labberton.— NEW  HISTORICAL  ATLAS  AND  GENERAL 

HISTORY.     By  R.  H.  LABBERTON,  LittHum.D.     410.     New 
Edition  Revised  and  Enlarged.      15^. 

Lethbridge. — A  SHORT  MANUAL  OF  THE  HISTORY  OF 
INDIA.  With  an  Account  of  INDIA  AS  IT  is.  The  Soil, 
Climate,  and  Productions  ;  the  People,  their  Races,  Religions, 
Public  Works,  and  Industries;  the  Civil  Services,  and  System  of 
Admini.-tration.  By  Sir  ROPER  LETHBRIDGE,  M.A..  CM.  E.,  late 
Scholar  of  Exeter  College,  Oxford,  formerly  Principal  of  Kishn  .^hur 
College,  Bengal,  Fellow  and  sometime  Examiner  of  the  Calcutta 
University.  With  Maps.  Crown  8vo.  5^ 
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Mahaffy. — GREEK  LIFE  AND  THOUGHT  FROM  THE 
AGE  OF  ALEXANDER  TO  THE  ROMAN  CONQUEST. 
By  the  Rev.  J.  P.  MAHAFFY,  M.A.,  D.D.,  Fellow  of  Trinity  Coll., 
Dublin,  Author  of  "  Social  Life  in  Greece  from  Homer  to  Menan- 
der,"  "  Rambles  and  Studies  in  Greece,"  &c.  Crown  8vo.  I2s.  6d. 

Michelet. — A  SUMMARY  OF  MODERN  HISTORY.  Trans- 
lated  from  the  French  of  M.  MICHELET,  and  continued  to  the 
Present  Time,  by  M.  C.  M.  SIMPSON.  Globe  8vo.  4*.  6d. 

Norgate.— ENGLAND  UNDER  THE  ANGEVIN  KINGS. 
By  KATE  NORGATE.  With  Maps  and  Plans.  2  vols.  8vo.  32*. 

Ott^.— SCANDINAVIAN  HISTORY.  By  E.  C.  OFTE.  With 
Maps.  Globe  8vo.  6s.  . 

Ramsay. — A   SCHOOL   HISTORY   OF  ROME.      By  G?G. 

RAMSAY,    M.  A.,    Professor   of  Humanity    in   the    University  of 

Glasgow.     With  Maps.     CrownSvo.  \Jnpreparation. 

Seeley. — Works  by  J.  R.    SEELEY,    M.A.,  Regius   Professor  of 

Modern  History  in  the  University  of  Cambridge.   „ 
THE  EXPANSION  OF  ENGLAND.     Crown  8vo.     4^.  6d. 
OUR   COLONIAL    EXPANSION.      Extracts  from   the  above. 
Crown  8vo,     Sewed,     is. 

Tait. — ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's 
"Short  History  of  the  English  People."  By  C.  W.  A.  TAIT, 
M.A.,  Assistant-Master,  Clifton  College.  Crown  8vo.  35.  6d. 

Wheeler. — A  SHORT  HISTORY  OF  INDIA  AND  OF  THE 

FRONTIER  STATES  OF  AFGHANISTAN,  NEPAUL, 
AND  BURMA.  By  J.  TALBOYS  WHEELER.  With  Maps. 
Crown  8vo.  I2S. 

COLLEGE  HISTORY  OF  INDIA,  ASIATIC  AND  EURO- 
PEAN By  the  same.  With  Maps.  Crown  8vo.  $s.  6d. 

Yonge  (Charlotte  M,).  —  CAMEOS  FROM  ENGLISH 
HISTORY.  By  CHARLOTTE  M.  YONGE,  Author  of  "The  Heir 
of  Redclyffe,"  Extra  fcap.  8vo.  New  Edition.  $s.  each,  (i) 
FROM  ROLLO  TO  EDWARD  II.  (2)  THE  WARS  IN 
FRANCE.  (3)  THE  WARS  OF  THE  ROSES.  (4)  REFOR- 
MATION TIMES.  (5)  ENGLAND  AND  SPAIN.  (6)  FORTY 
YEARS  OF  STUART  RULE  (1603—1643). 

EUROPEAN  HISTORY.  Narrated  in  a  Series  of  Historical 
Selections  from  the  Best  Authorities.  Edited  and  arranged  by 
E.  M.  SEWELL  and  C.  M.  YONGE.  First  Series,  1003 — 1154. 
New  Edition.  Crown  8vo.  6s.  Second  Series,  1088 — 1228. 
New  Edition.  Crown  8vo.  6s. 

THE  VICTORIAN  HALF  CENTURY— A  JUBILEE  BOOK. 
With  a  New  Portrait  of  the  Queen.  Crown  8vo.,  paper  covers,  is. 
Cloth,  is.  6d. 

RICHARD   CLAY    AND   SONS,    LIMITED,    J.ONDON    AND    \JVUGAY. 
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